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Problem description
Given a graph G = (V,E) on n vertices its

Gram dimension is the minimum k ∈ N such
that: for every family of vectors {pi}ni=1 ⊆ Rd

there exist {qi}ni=1 ⊆ Rk satisfying

ij ∈ V ∪ E ⇒ pTi pj = qTi qj .

This graph parameter is denoted by gd(G).
Since gd(G) is minor-monotone, the class of
graphs for which gd(G) ≤ k can be charac-
terized by a finite set of forbidden minors.

The main goal of this project is to identify
the forbidden minors for k = 4.

Applications
The graph parameter gd(G) can be used

to guarantee the existence of bounded rank
solutions to semidefinite programs (SDP).
Specifically, consider the SDP:

max
X�0

〈A0, X〉 s.t. 〈Al, X〉 = bl ∀l ∈ [m],

and let G = ∪ml=0G(Al). Here, G(A) denotes
the support graph of matrix A, where i, j form
an edge iff Aij 6= 0.

Then, whenever the SDP is feasible, it has
an optimal solution of rank at most gd(G).

Examples
1. gd(Kn) = n.

2. For G a partial k-tree, gd(G) ≤ k + 1.

3. gd(K2,2,2) = 5.

4. gd(G) ≤ 2 ⇐⇒ K3 � G.

5. gd(G) ≤ 3 ⇐⇒ K4 � G.

Related parameters
Let ed(G) = min k s.t. ∀ p1, . . . , pn ∈ Rd

there exist q1, . . . , qn ∈ Rk satisfying:

ij ∈ E ⇒ ||pi − pj || = ||qi − qj ||.

The graph parameter ed(G) is minor-
monotone. It is shown in [1, 2] that

(∗) ed(G) ≤ 3 ⇐⇒ K5,K2,2,2 � G.

The parameters ed(G) and gd(G) are related
as follows:

1. gd(G) = ed(∇G).

2. gd(∇G) = gd(G) + 1.

3. ed(∇G) ≥ ed(G) + 1.

Remarks
The crux of the proof of theorem (∗) is the

inequality ed(C2 × C5) ≤ 3. Our main theo-
rem combined with (1) and (3) above, imply
this. If moreover ed(∇G) ≤ ed(G) + 1 holds,
we have that gd(G) ≤ 4 ⇐⇒ ed(G) ≤ 3.

Main Theorem: gd(G) ≤ 4 ⇐⇒ K5, K2,2,2 � G
The proof consists of three main steps:

1. gd(K5) = gd(K2,2,2) = 5.

2. If G is 2-connected and is {K5,K2,2,2} minor-free then it is contained in the clique sum
of copies of K4, V8, C2 × C5.

3. gd(V8),gd(C2 × C5) ≤ 4.

As in [1, 2] the most tedious part is to show that gd(C2 × C5) ≤ 4.

Rough sketch of the proof
To prove that gd(C2 × C5) ≤ 4 we follow a line of attack similar to [1]. We "stretch" the

initial vector configuration p = {p1, . . . , pn} ⊆ Rd along a non-edge (i0, j0), while preserving
the norms and the inner products on the edges of the graph. As suggested in [3] (in the context
of Euclidean distance realizations) this can be achieved by solving an SDP.

The stretched vector configuration q = {q1, . . . , qn} in general will not lie in R4. However,
using an optimal solution of the dual SDP (a stress matrix) and the corresponding optimality
condition we can infer the existence of linear dependencies among the qi. Using these we can
show that the configuration can be "folded" in R4.

Stress via SDP duality
Consider the pair of primal-dual SDP’s:

max
X�0

Xi0j0 s.t. Xij = aij ∀ij ∈ V ∪ E,

min
∑

ij∈V ∪E
aijwij s.t.

∑
ij∈V ∪E

wijEij−Ei0j0 � 0.

Here, aij = pTi pj and Eij = (eie
T
j + eje

T
i )/2.

Since the primal program is bounded and
the dual is strictly feasible, there is no dual-
ity gap and the primal attains its maximum.
Assuming that the primal is also strictly fea-
sible, the dual value is also attained. Then,
the optimality condition translates into:

wiipi +
∑

j∈N(i)

wijpj = 0 ∀i ∈ V.

Two basic lemmas
Let G = (V,E) denote V8 or C2 ×C5. Ad-

ditionally, let p = {pi}ni=1 and for T ⊆ V
set pT = {pi | i ∈ T}. For i ∈ V with
N(i) = {i1, i2}, let G/i be the graph obtained
by contracting the edge ii1.

Lemma 1: Let T ⊆ V s.t. V \ T is stable in G.
If dim〈pT 〉 ≤ 4, then p can be folded in R4.

Lemma 2: Let i be a vertex of degree 2
in the stressed subgraph. Then, dim〈p〉 =
dim〈pV \i〉. Moreover, if Ω is a psd stress ma-
trix for (G,p), its Schur complement (w.r.t.
wii) is a psd stress matrix for (G/i,pV \i).

Proof sketch of gd(V8) ≤ 4
We stretch along the pair (1, 4).
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In any of the following cases we are done:

• ∃ T ⊆ V with |T | = 4 and dim〈pT 〉 ≤ 2.

• ∃ T ⊆ V with |T | = 3 and not con-
secutive on the outer circuit such that
dim〈pT 〉 ≤ 2.

Sketch of gd(C2 × C5) ≤ 4
We stretch along the pair (3, 8).
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By considering all possible stressed sub-
graphs we can conclude in every case.

Similarly to [1] there is one exceptional
case, namely, when nodes 1,2,9 and 10 are
not stressed and every other edge is stressed.
To deal with this case we have to stretch for a
second time along the pair (4, 9). This can be
done again by an SDP, but the formulation
is more involved since we have to accommo-
date the presence of pinned nodes, as in [3].
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