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Abstract

The diameter of a graph equals the longest distance between any pair of ver-
tices. A graph can be oriented by assigning a direction to each edge. A strongly
connected orientation includes a directed path from each vertex u € V(G) to each
other vertex v € V(G). The oriented diameter of a graph G is the minimum
diameter of all strongly connected orientations of G. Let f(d) be the maximum
oriented diameter of all graphs of diameter d. In other words, every 2-edge-
connected graph of diameter d admits an orientation of diameter f(d) or less.
Chvétal and Thomassen [2] showed the following bounds:

%dZ +d < f(d) <242+ 2d.

A recent paper by Babu, Benson, Rajendraprasad and Vaka improves the upper
bound for all d > 8 and d = 4 [1]. By using a similar approach, I improve the
upper bounds for all 4 > 5. None of these upper bounds could be shown to be
tight, so there is room for further improvement. Additionally this thesis gives an
overview of the current best results and techniques used to prove the current best
results.
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1 Introduction

For every undirected graph G, we denote V(G) the set of vertices of G and E(G)
the set of edges. The distance between two vertices u,v € V(G) is the length of the
shortest path between them and is denoted as dg(u,v). The length of a path in an
unweighted graph is equal to the number of edges that are on the path. The diameter
of a graph G is the longest of those distances between any two vertices u, v for all
u,v € V(G). We denote the diameter of G as d(G). This means that no pair of
vertices u, v exists such that dg(u,v) > d(G) and a pair of vertices u, v exists such that
dg(u,v) = d(G). In an undirected graph, dg(u,v) = dg(v,u) and dg(u, u) = 0 for all
vertices u, v.

The eccentricity of a vertex is the largest distance between that vertex and any
other vertex in the graph. The smallest of all eccentricities is the radius of a graph.
Hence an undirected graph of radius r has at least one vertex u such that dg(u,v) <r
for every vertex v € V(G). In a directed graph G we also demand that dg(v,u) < r.
The vertex u and all vertices with the same eccentricity are called center of G.

When orienting a graph we assign each edge a direction, thus imposing restric-
tions on the shortest path we might find between any two vertices. Every graph
admits 2/E(®)l such orientations. Many of those are not strongly connected so their
diameter is not well-defined. By strongly connected we mean that for every pair of
vertices u,v € V(G) a directed path from u to v exists.

Robbins [6] showed in 1939 that a connected graph admits at least one strong
orientation if and only if it is a 2-edge-connected graph. A 2-edge-connected graph
allows us to remove any edge without the graph becoming unconnected.

In directed graphs the equation dg(u,v) = dg(v,u) is not generally true. The
diameter of an orientation D of a graph G is the maximum of all distances, that is

d(D) = max{dp(u,v)|u,v € V(D)}.

The oriented diameter of a graph G is the minimum of the diameters of all strong ori-

entations of G and is denoted as ?(G) Let f(d) be the maximum oriented diameter
of all graphs with diameter d, so every 2-edge-connected graph of diameter d admits
an orientation with diameter at most f(d). It is desireable to bound f(d) for a generic
diameter d. Chvéatal and Thomassen [2] were the first to provide the following bounds
in 1978:

Theorem 1. [2] )
Edz +d < f(d) < 2d° +2d.

This leaves a wide gap between upper and lower bounds. Kwok, Liu and West [4]
studied a special case, namely d = 3 and showed that

9< f(3) <11,

which is an improvement over 7.5 < f(3) < 24 given by Theorem 1.

Their approach was used in recent paper by Babu, Benson, Rajendraprasad and
Vaka [1] who designed an algorithm that returns an oriented subgraph which im-
proves the general upper bound to

f(d) <1.373d* +6.971d — 1.
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This is an improvement for diameters 8 and bigger. They also showed that
f(4) <21,

which is an improvement to their general upper bound and the upper bound provided
by Theorem 1. The authors of that paper did not show either of those to be tight,
instead they expressed their belief that these can be further improved. Using their
algorithm, I will improve the upper bounds of f(d) for 5 < d < 11. I will also extend
their approach for the general bounds for all diameters and improve the upper bounds
to

f(d) <1.284° +6.8d — 3.

2 Known Results

In this section, known results from the literature will be summarized, citing important
theorems and lemmas. We will review and clarify some proofs, expand arguments
that were very compact in the original paper and add illustrations. In Section 2.1,
we will look into the results from the paper written by Chvéatal and Thomassen [2].
Section 2.2 shortly summarizes the findings of the paper by Kwok, Liu and West
dealing with the special case d = 3 [4]. In Section 2.3, we will take a look at the
results of the paper by Babu, Benson, Rajendraprasad and Vaka that improved the
upper bounds that Chvétal and Thomassen provided [1]. Finally, we will give an
overview of all known results in Section 2.4.

2.1 First work by Chvatal and Thomassen

Chvatal and Thomassen were the first to provide bounds for f(d) in a paper published
in 1978. They showed that every 2-edge-connected graph of radius r has an orientation
with radius at most 7> + r and this bound is tight. They continued to prove that
1d? +d < f(d) < 2d% 4 2d which leaves a large gap between upper and lower bound

[2].

2.1.1 Oriented Radius

Chvétal and Thomassen started by showing the following theorem which was used
by other papers as well and will be used in this work too.

Theorem 2. [2] Let h(k) = (k—2)-2L0c=D/2) 4 2. For every graph G there is an orientation
D such that the following holds for every edge uv: If uv belongs to a cycle of length k in G,
then there is a directed cycle in D including uv or vu with length at most h(k).

We will review the proof for Theorem 2 from [2] adding some intermediate steps to
clarify parts that were very compact in the original. We start by constructing a series
of graphs Hs, Hy, ..., H;. Here Hj is the maximum oriented subgraph of G with all
edges being part of a directed triangle. To obtain H;, take H;_; and add the maximum
set of vertices and edges from G such that every edge in H; is in a cycle of length at
most i. Then D = |2, H;.

D is not necessarily an orientation of G. If G has bridges, then these bridges will never
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get added to D. However, to prove the theorem, we do not need to direct the bridges.
Let uv be an edge such that the smallest cycle in G that includes the edge uv is of
length k. We need to show that uv or vu is in Hy, ;). This is equivalent to the following:

Lemma 3. If neither uv nor vu belongs to Hy,, then n < h(k).

Proof. Let the smallest cycle in G that contains uv be uy, uy, ...ux, u; with u; = u and
ux = v and let H, be a subgraph that does neither include uv nor vu. Let 3 < m < n.
Let H;, be the graph obtained from H,, be adding vu and all directed edges uju; 1
unless u;,1u; is already in Hy,. The length of a directed cycle in Hy, that includes vu
is then 1+ Z;:ll dy; (4j,uj11). The distance from u; to ujq is 1 if the edge is directed
from lower to higher subscript and for the edge vu. For all edges that were oriented
from higher to lower subscript, we need to find an alternative path to connect the two
incident vertices and close the cycle.

Let u;1u; be such an edge that is oriented against the direction of the directed cycle
we are trying to find. Let i be an integer such that the edge u;,qu; is in H; but not in
H;_1. Then, a directed path from u; to u;;; with length exactly i — 1 exists, because
u;+1u; is in a directed cycle of length i (because it was added to H; but is not in H;_1).
Let x; (resp. y;) be the number of such edges that were directed from higher to lower
subscript (resp. from lower to higher subscript) and belong to H; but not to H;_;. In
the undirected cycle uy, u, ...ux, 11 there are (k — Y1 5 x;) edges that are directed from
u;j to ujy1 and Y/’ 5 x; edges that were directed the other way, each with a distance
from u; to uj,1 of i — 1. Hence

k-1 m m
1+ Z dH;l(uj, u]'+1) = (k — le) -+ Z(Z — 1)Xi.
=1 i=3 i=3

An integer m was chosen such that H;,, does not include vu or uv. Hence the
smallest directed cycle including uv or vu must be of length at least m + 1, otherwise
it would be in H,,. Therefore

(k—ixi> +i(i—1)xi2m+1
i(i—l)xi—ixiZm%—l—k

i=3 =3

m
Y (i—2)xj>m+1—k forall3<m<n. (1)

Il
e

Let m(t) = (k—2)-2"1 4+ 2 for t € N* and m(0) = 2. We show that

m(t)
m(t) <n = inZt. (2)
i=3

Assume that the statement is incorrect, so t € Ny exists such that m(t) < n but

Z;":(;) x; < tso ZT:(;) x; <t — 1. If several such t exist, choose the smallest one, so

(t-1) m(t)
t—1< ), <) x<t—1L (3)
=3 i=3
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This implies equality, in particular Z;.ﬂz(é_l) X = 2?1:(;)) x;. Since x; can not be negative,

we have x; = 0 for m(t — i) < i < m(t). Therefore,

m(t) m(t—1)

Z(i—z)xi = Z (i—Z)xi

=3 =3
=3 -2)x3+ (4 —2)xg + .. + (m(1) = 2) X1y + oo + (m(2) = 3)Xpy2)-1
+ (m(2) = 2)xp2) + -+ (m(t = 1) = 3)xy )1+(m(t—1)—2)xm(t_1)
<(m ()—2)x3+( (1) =2)xg + oo 4+ (m(1) = 2) X1y + oo + (M(2) = 2)Xp2)1
+ (m(2) = 2)xp) + . + (m(t = 1) = 2)Xp-1)1 +( (t=1) = 2)xp (1)

Xm(t

t—1 m(s)
=) (m(s) —2) X;
s=1 i=m(s—1)+1
-1 m(t—1) m(t—1)
=) (m(s) =2) ( Xi— ), xz>
s=1 i=m(s—1)+1 i=m(s)+1
1 m(t—1) t—1 m(t—1)
= X(mis)-2) )}, xz') - (Z(W(S) -2) ) xz’)
s=1 i=m(s—1)+1 s=1 i=m(s)+1
f-1 m(t—1) t m(t—1)
= (m(s) —2) ) xi> - (Z(m(s—l)—Z) ) xi>
s=1 i=m(s—1)+1 s=2 i=m(s—1)+1
t—1 m(t—1)
=Y (m(s)—2)—(m(s—=1)—=2) Y «x
s=1 i=m(s—1)+1
=1 (t=1)
=Y s -mis—1) ¥ w
s=1 i=m(s— 1)+1
—1 m(s—1)
=Y (m(s) —m(s—1)) < Z Xi— Yy )
s=1 j=3
t—1
< ) (m(s) —m(s—1))(t—s) (by (3))

Il
_

— ((m(E=1) = m(t—2)) -1+ ((mt—2) — m(t—3)) -2+ o+ ((m(1) —m(0)) - (E—1)
- (tlm(s)> — (t=1)m(0)

s=1
:(k—2)Cézs—l>+2(t—1)—2(t—1) <withm(0):2andm(s) k2225+2>
= (k- )( —1)

=(k-2)-2""—k+2

=m(t) —k,

which is a contradiction to (1).
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Similarly, we can show that

m(t)
m(t)<n = ) yi >t 4)
i=3

Assume that Lemma 3 is incorrect, so n > h(k). Note that h(k) = m([(k+1)/2]).
Hence

m(|(k+1)/2]) m(|(k+1)/2])

XY viz ), x+ )Y, v 5)
3 i=3

i=3 i=3

=

1

2
> k. )

>2 V‘“J (by (2) and (4) ©)

This is a contradiction because the smallest undirected cycle including vu is of
length k but neither vu nor uv are in Hy,, hence /" s x; + Y 1 sy; <k —1.
O

This concludes the proof of Lemma 3. With that we can show Theorem 2. Let uv
be an edge in D such that the smallest undirected cycle containing uv is of length k.
By Lemma 3 we know that uv ¢ H, Avu ¢ H, = n < h(k). This is equivalent to
n > h(k) = wuv € H, Vou € Hy, in particular n = h(k) = uv € H, Vou € H,
which can be simplified to uv € Hy,x) V vu € Hy). By the definition of H; this means
that vu or uv are included in a directed cycle of length at most h(k). This proves
Theorem 2.

Theorem 2 admits the following corollary:

Corollary 4. [2] Let k be an integer such that every edge in a graph G belongs to a cycle of
length at most k, then G admits an orientation H such that dg(u,v) < (h(k) —1)dg(u,v).

Proof. Let wo, w1, ..., Wa, (4,0) b€ the shortest path between u = wo and v = wy () In
G. Each edge wjw;,; is part of a directed cycle of length at most h(k) so either the
directed edge w;w; 1 exists or a path with length at most h1(k) — 1 exists. O

The authors of [2] continue to show the following theorem. We will review the
proof by expanding the inductive argument including a base case and adding some
figures to illustrate the approach.

Theorem 5. [2] Let G be a 2-edge-connected graph with radius r. Then, an orientation H
with radius r(H) < 12 + r exists.

Proof. G has radius r so a vertex u exists such that Vo € G : dg(u,v) < r. By in-
duction on r we prove that G admits an orientation H with dy(u,v) < r? 4+ r and
dy(v,u) < 1?4+ r for each vertex v.

Base Case. Let G be a 2-edge-connected graph of radius r = 1. Hence a vertex u

exists that is adjacent to every other vertex of G. Now we will construct an orientation
of radius at most 7> 4+ r = 2. Let N(v) denote the set of vertices adjacent to a vertex v.
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Start with any vertex v # u and direct the edge vu towards v. Now direct all
other edges incident to v away from v. At least one such edge exists because G is
2-edge-connected. Finally, direct the edges between all w € N(v) \ {u} and u towards
u. Hence v and every neighbor of v is now part of a directed triangle including u, so
d(u,w) <2and d(w,u) <2forall w € {v,u} UN(v).

Repeat this for every vertex v # u unless the edge vu is already directed. It
is important to note that for such vertices v, all vertices w € N(v) \ {u} have yet
undirected edges incident to u or wu is already oriented towards u (if the edge wu was
oriented towards w, then all neighbors would already be part of a directed triangle
including u, so the edge vu would already be oriented).

When every edge incident to u was directed, every neighbor of u is part of a tri-
angle that includes u. Since N(u) U {u} = V(G), every vertex has a distance to and
from u of at most 2. Hence the oriented radius of every graph G with radius 1 is at
most 2. An example is shown in Figure 1.

_—-—"'F,/

Figure 1: Orientation of a graph with radius 1. Here u is
the center and vu is the first edge that gets oriented, after
that we proceed clockwise. Note that some edges are not
oriented yet. These can be oriented arbitrarily.

Induction hypothesis. For every 2-edge-connected graph G with radius » — 1 and a
vertex u that has distance at most r — 1 to every other vertex in G, an orientation H
with dg(u,0) < (r—1)2+ (r —1) = 1> —r and dy(v,u) < r? — r exists.

Inductive Step. For every v adjacent to u let k(v) be the length of the shortest cycle
including the edge uv. Such a cycle exists because G is 2-edge-connected. Consider
the two vertices x, y that are part of the cycle and have the biggest distance to u. Their
distance to u is at most 7, so k(v) < 2r + 1.

Let A be an orientation of a subgraph of G, so V(A) C V(G) and let S be a subset
of the neighbors of u and C, be a directed cycle including the edge vu or uv for every
v € S. A will be called admissible if

- each C, has length k(v) and

- A is the union of all C,.
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Due to the fact that k(v) < 2r +1 we know that for every vertex w € A we have
da(u,w) <2rand da(w,u) < 2r, hence the following fact holds:

Fact 6. [2] The radius of the directed graph A is at most 2r.
We also should note the following fact:
Fact 7. [2] The largest admissible graph contains all neighbors of u.

Proof. We assume that a vertex w exists that is adjacent to u but not in A. We know that
a cycle u, w, wq,wy, ..., Wi (w)—2, U €Xists in G. If none of the vertices wq,ws, ..., W (w)—2
are in A yet, we can easily orient all edges to form a directed cycle and add them
to A. The orientation A would still be admissible but larger, a contradiction to the
assumption that A is already the largest admissible graph.

When at least one vertex from wy, wo, ..., W(w)—2 18 already in A, we need to con-
sider two cases. Let w; be the vertex with the lowest index that is already in A. There
must be another vertex v that is adjacent to u and whose smallest cycle C, contains
w;. Cycle G, has the form u — v1 — v2 = ... = Uy(y)—1 — u with either v = v; or
U = U(w)—1- By symmetry, we might assume that v = v;. Also w; = v; for any v; € C,.

Case 1.  Wy(y)—p = 0. In this case the edge wy(,)_ou is already oriented from u to
Wy (w)—2- Hence we define Cy, as following:

u—>v:wk(w)_2—>vz—>...—>vj:w,-—>wi,1—>...—>w1—>w—>u

In order to show that the cycle C, really has length k(w), we only need
to show that v = wy)—» = v2 = ... = v; = w; is the shortest path
between wy(,)_, and w; (by definition of w;, 1 <1 < i we know that the
path v; = w; = w; 1 — ... = w1 — w — u is optimal already).

Assume that a shorter path from v = wy (), to v; = w; exists. This shortcut
would also shorten C,, a contradiction to the fact that C, is the smallest cycle
including the edge vu.

Case 2. Wy(y)—p # 0. Define Cy, as following:
u—>w—>w1—>...—>wi:v]-—>v]-+1—>...—>vk(w)_1—>u
As in case 1, the cycle C,, has length k(w).

We can see that in both cases, adding C,, to A creates a larger admissible graph
which is a contradiction. Two examples are shown in Figure 2. O

Now, Chvétal and Thomassen create a new graph G* that is obtained by taking
G and contracting all vertices in A into a single vertex u*. The idea of contracting
vertices to create a new smaller graph is used frequently in papers dealing with this
problem. By definition G had a radius r and the vertex u was chosen such that the
distance between u and any other vertex was at most r. By Fact 7, the vertex u and all
of its neighbors were contracted into u*. Hence the distance from u* to every other
vertex in G* is at most ¥ — 1, so G* has radius r — 1.

Fact 8. By the induction hypothesis we know that an orientation H* of G* with dy-(u*,v) <
12 —rand dg-(v,u*) < r? — r exists.
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Case 1 Case 2

Figure 2: Vertices in A are black, vertices not in A are white.

Case 1: Adding the directed cycle u — wy — w3z — wy — w1 — W — U
to A creates a larger admissible graph.

Case 2: Adding the directed cycle u — w — w; — wy — ... = w5 — u to
A creates a larger admissible graph.

Now, by combining the orientations of A and H* and orienting the remaining
edges arbitrarily, we obtain an orientation H of G. By Fact 8 we know that for every
v € V(G), a vertex w € V(A) exists such that dy: (w,v) < 1> —r and dy- (v, w) < r? —
r. By Fact 6 we also know that for this vertex w, dy- (1, w) < 2r and dy-(w,u) < 2r.
Hence we know that for every vertex v € V(G) we have

dy+(v,u) < P —r+2r=r>+r,

and
dp(u,0) <r* —r+2r =1 +r,

hence
r(H)Y<r*—r+2r=r>+r.

O]

This bound can be shown to be tight as stated in the following theorem. Chvatal
and Thomassen constructed a series of graphs with oriented radius of > + r, but they
omitted the proof that no better orientation exists. We will look into their construction
and show that no orientation with a radius lower than r? + r exists.

Theorem 9. [2] For every r € N there is a graph G, of radius r such that every orientation
of G, has radius 1> + r.

Proof. Construct a series of rooted graphs Hy, Hp,... . Let H; be a triangle with any
vertex as root. To obtain H,, take two copies of H,_1 and a cycle ug, uq,...,us, .
Identify the roots of the copies of H,_; with u; (resp. u,) and set 1 as the root. Now,
to obtain G,, identify the roots of two copies of H,. Figure 3 shows G3 as an example.

16



Figure 3: The graph Gz (left) and an example orientation (right)

Let u be the root vertex of the copies of H,. We need to show that a vertex v € V(G)
exists such that for every orientation of G,, d(u,v) = r2+7ror d(v,u) = r2 4.

We only need to consider one of the copies of H, to find such a vertex (by symme-
try the other copy has another such vertex).

Consider the vertices of all copies of H; that are not root and call them roots of
copies of Hp (which is a subgraph consisting of a single vertex, the root). Any path
from u to a copy of Hp must include the root of H, (that is u), a root of one copy of
H,_4, a root of one copy of H,_», ..., a root of one copy of H; and finally the root of
one copy of Hy.

The root u is adjacent to two root nodes p,_1, g,—1 of subgraphs H,_;. In order to
obtain a strong orientation, one of those edges has to be directed towards u, the other
one away from u. By symmetry we can assume that the edge incident to p,_; and
u is directed towards u. We still need to allow paths from u to p,_1, hence the path
between q,_1 and p,_; needs to be directed towards p,_1. This path has length 2r — 1,
hence the shortest directed path from u to p,_; has length 2r. This argument can be
repeated for the paths between p,_; and the roots of the H; , graphs. This time the
shortest path to one of the roots is of length 2(r — 1). Hence to obtain a path from u
(the root of H,) to the copy of Hy with the largest distance to u, we need to sum the
distances between the roots of different levels. We obtain

d — 4 2(r—1)+2(r—2 2o ()
gwo)=2r+2(r=1)+2(r-=2)+...+2-1= 5 =r+r.

2.1.2 Oriented Diameter

We know that for any graph G with diameter d and radius r, we have d < 2r. This
also holds for oriented graphs. Using this fact together with Theorem 5, we get the
first upper bound for f(d):

17



Corollary 10. [2] f(d) < 2d? + 2d.

Consider again the graph G, that was defined in the proof of Theorem 9. This
graph has diameter d = 2r. Let u be the center vertex. As shown above, both copies
of H, have a vertex v, w with dz (v, u) = dg (u, w) = r2 +r. It is obvious that any path

from v to w must pass u, hence dz (v, w) = 2(r? +r) = 21> 4+ 2r. With d = 2r we get

2
an oriented diameter of 2r2 + 2r = 2 (%) +d= 2%2 +d = 1d* + d. Hence we get the

following lemma:

Lemma 11. [2] For every r € N, a 2-edge-connected graph of radius r exists such that
every orientation of G has a diameter of at least 3d° + d.

This gives us a lower bound for the function f(d):
Corollary 12. [2] f(d) > 1d* +d.

Finally, Chvétal and Thomassen prove the following theorem. First, they show
that every graph of diameter 2 admits an orientation with diameter at most 6 by par-
titioning and directing such a graph. The proof that their orientation has a diameter
of at most 6 was not included. We will review their construction and show that in-
deed this is the case. They continue to show that the Petersen graph has an oriented
diameter of exactly 6. We will review their proof and add illustrations for clarity.

Theorem 13. [2] f(2) = 6.

Proof. At first we prove that f(2) < 6, so every 2-edge-connected graph of diameter
2 admits an orientation of diameter at most 6. Let G be a 2-edge-connected graph
of diameter 2. If every edge lies in a triangle, the maximum oriented diameter is
6, according to Corollary 4. Hence we only have to consider the case that G has
at least one edge uv that is not contained in any triangle. Define B = N(v) \ {u},
A=Nu)\{v}, C=V(G)\ {AUBU{u,v}}. Partition A into A; and A, where A;
includes all vertices in A that have no neighbor in B and A; contains the other vertices
in A. Define Bj, B, similarly. Consider the orientations as shown in Figure 4.

Figure 4: Orientations for a graph of diameter 2

Now we need to show that d=(x,y) < 6 for all x,y € V(G). Many distances are
easy to see:
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e dz(u,v)=1landdz(v,u) <4

° da(Al U A, UCU By, u) < 2 (the distance for ¢ € C follows from d = 2, hence
a path of length 2 between ¢ and u# must exist. In this orientation, that path is
directed towards u)

° da(v, B1 UB,UCU Ay) < 2 (the distance for ¢ € C can be explained as above)
Hence, by forming a path via u and v we get
da(AUAUCUB U{v}, BiUBUCUAU{u}) <2+1+42=5

Now the only distances that we have not bounded yet are dz(x,y) for x € By or
y € Ay. Let x € By. Since d = 2, we know that a path from x to every a € A
exists. In our orientation that path is directed towards a, hence dg(x, A) < 2. Hence
da (x,u) <3, da (x,v) <4, da (x,ByUB;) < 5and da (x,C) < 6. A similar case can
be made for d=(p,q) where q € A;.

It was shown that for all vertices x,y we have da(x,y) < 6 and da(y,x) < 6,
hence the oriented diameter of G is at most 6.

The fact that this upper bound is tight was shown using the Petersen graph as an
example. The authors of [2] first showed the following lemma:

Lemma 14. [2] Every strongly connected orientation admitted by the Petersen graph contains
a directed cycle that has a length of 5.

Using this lemma, we show that all orientations of the Petersen graph have di-
ameter 6. Assume that an orientation H exists, such that d(H) < 5. Without loss of
generality we may assume that the directed cycle of length 5 is as shown in Figure 5.

1 1

Figure 5: Every Petersen graph with a directed cycle of
length 5 is equivalent to (1). With the cross edges oriented
such that no 3 consecutive edges have the same direction
(2), we can see that the oriented diameter is 6.

Now consider the cross edges 16, 27, 38, 49 and 50. We can observe two things:
First, at least one edge of those must be directed towards the pentagon and at least
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one edge must be directed away from the pentagon. Second, there must be two
consecutive cross edges that are directed in the same direction. We may assume that
those two edges are 0 — 5 and 6 — 1. Now consider the edge 27. If we direct it
from 7 to 2, then d(5,7) < 6, a contradiction. We can find a similar example for every
other orientation with 3 cross edges. Hence we can assume that no 3 consecutive
cross edges oriented in the same direction exist. There is only one way to direct the
other cross edges then. Thatis2 — 7, 8 — 3 and 4 — 9. This is shown in Figure
5. We want to find an orientation with diameter 5, hence we need dy(3,6) < 5. This
forces 9 — 6. Similarly, to get di(5,0) < 5, we need 7 — 0. To get dy(9,7) < 5, we
need 9 — 7. This forces 0 — 8, so di(7,9) < 5. Now we can see that dy(5,6) = 6, a
contradiction. The edge 56 may by oriented arbitrarily and we obtain an orientation
of diameter 6. O

2.2 First Improvement for diameter d = 3

In a paper published in 2010, Kwok, Liu and West improved the bounds for graphs
with diameter 3 to 9 < f(3) < 11 [4]. This is a significant improvement over 8 <
f(3) < 24 given by Chvatal and Thomassen’s inequality for d = 3. We will shortly
summarize their approach.

2.2.1 Lower Bounds

Since f(d) bounds the maximum of all oriented diameters for graphs with diameter d,
it is sufficient to show an example of a graph with diameter 3 and oriented diameter 9
or more to proof that f(3) > 9. Kwok, Liu and West provide such a graph and prove
that all strong orientations have a diameter of 9 or more [4].

We start with G = K4 with V(G) = {w, x,y,z} and replace all edges incident to w
with paths of length 3. The resulting graph has diameter 3.

X y X ¥ X ¥ X ¥
W O rd W rd W C . Z W Z
Figure 6: Possible orientation of the remaining three edges.

Not included are those that include a sink or a source

To obtain a strong orientation we have to direct all edges without creating a source
or a sink, otherwise the source cannot be reached from any other point and the sink
cannot reach any other point. We can reverse any strong orientation without changing
its diameter, thus we can assume that w has an indegree of 2 and outdegree 1 without
loss of generality. This only leaves 3 edges undirected, hence 8 possibilities. By
removing those orientations that include a sink or a source, only the four possibilities
shown in Figure 6 remain. In all of them we can see that a path from the white to the
green vertex has length 9.
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2.2.2 Upper Bounds

We will quickly summarize the steps the authors of [4] took to show the upper bound
f(3) < 11 without going into detail.

At first we observe that all graphs of diameter 3 in which every edge is part of
a triangle admit an orientation of diameter 9 by Corollary 4. That is lower then the
upper bound we want to show, so we assume that G is a graph of diameter 3 with an
edge uv that is not part of a triangle.

We partition the vertices of G into disjoint sets S;x = {w € V(G) : dg(w,u) =
jAdg(w,v) =k} and define T;(u) (resp. T;(v)) to be the set of vertices with a distance
i to u (resp. v).

Since the diameter of G is 3, we know that all sets S;; with j > 3 or k > 3 are
empty and since uv is not part of any triangle, 511 = @. So we have

V(G) ={u,v}US12USy1 US20USy3US35US33

Let N(S) be the set of all neighbor vertices of S, so all vertices that are incident to
at least one vertex in S. We define the following disjoint sets of vertices:

A= 51,2 N N(Tz(u)) A* = 51,2 —A

B = 52,1 N N(TZ(U)) B* = Sz/] —B

I= 52,3 N N(Tg(u) U 52,2) A = 52,3 —1

I=53,N N(T3(v) U 52/2) B = S3p—]

X =833 N (N(I) = N(])) Y =S33N(N(J) = N(I))
Z = S335NN(I)NN(J) C=533—(XUYUZ)

We then oriented some edges following the scheme in Figure 7.

Figure 7: Partition of a graph with diameter 3 including
some orientations [4].

An oriented edge from set N to set M means that all edges between n € N and
m € M are oriented towards m.

From this schematic orientation the following upper bounds for distances to u and
v arise:
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for w in A[B|I|]|Sp|X|Y|Z|C|A|B|A"|B"

The authors of [4] continue to prove the following lemma:

Lemma 15. [4] In a graph H, let S and S’ be disjoint vertex sets such that S C Ny(S), so
all u € S’ are incident to at least one v € S. Let [S,S'] be the set of edges uv with u € S and
v € §'. If the induced subgraph H[S'] is connected and nontrivial, then there is an orientation
Fof H[S'|U[S,S'] such that Vw € S’ : dp(S,w) <2 A dp(w,S) < 2.

By considering some special cases, they obtain the following:
Lemma 16. [4] If A’ and B’ are not empty, then:
| forwin |A[B|I|]]|Sp|[X|Y[Z|C|A]|B|A|B

dp(wu)< | 1|4 2[4 2 [3[3[3[4[3]6] 27
dp(v,w)< | 4 | 1|4]|2| 2 [3]3[3 (4|6 |37 ]2

They now show that a path between every x € B* U A* and every vertex y of
length 11 exists. Next they showed that the same is true for x € B’ and y € A’. For
all other pairs of vertices we can use the triangle inequality to bound their distance:
dp(x,y) < dp(x,u)+1+dp(v,y) < 11 With this they have shown the following
lemma:

Lemma 17. If A’ and B’ are not empty, we get an oriented diameter of 11 at most.

Kwok, Liu and West then continue to show the same for the case that A’ = @ or
B’ = @. Hence they showed the following theorem:

Theorem 18. [4]9 < f(3) < 11.

2.3 Recent improvement for diameter d > 8 and d = 4

In their paper written in 2020 the authors Babu, Benson, Rajendraprasad and Vaka
[1] describe an algorithm that uses a similar approach to Kwok, Liu and West in their
study of graphs of diameter 3 [4]. Their algorithm will be used again in Section 3, so
the algorithm itself will be explained. We will also summarize the results of [1] and
review some proofs.

2.3.1 Algorithm OrientedCore

The algorithm designed by [1] takes as input a 2-edge-connected graph G and a spec-
ified edge pq € E(G) in the graph. It returns a 2-edge-connected oriented subgraph

of G. Similar to the approach by Kwok, Liu and West [4], we partition the vertices
into sets S; ; which contain all vertices that have distance i to the vertex p and distance
j to the vertex g in G. It is important to notice that |i — j| < 1, because if v has distance
i to vertex p, a path from v to g via p with length 7 + 1 exists and vice versa.
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Let L(v) = j—i be the level of vertex v. Again this can only be 1, 0 or —1.
Let W(v) = max(i,j) be the width of vertex v. An edge uv is called horizontal, if
L(v) = L(u) and vertical otherwise.

A few observations need to be noted before starting the algorithm:

Remark 19. [1] For every vertex v € S;;i1, the shortest path from v to p consists
of horizontal edges between Level 1 vertices only. Similarly, the shortest path from
every v € S;11; to g consists of horizontal edges between Level -1 vertices only and
the shortest path from p to every v € S;; consists of horizontal edges in Level 1 and
Level 0 and exactly one vertical edge incident to a Level 1 and a Level 0 vertex.

Proof. Consider the shortest path from a Level 1 vertex v € S; ;11 to p. Its length is i,
so after following the first edge, we arrive at a vertex v; € S;_; . Since we know that
li—j] <1, weknow thatk € {i —2,i—1,i}. Ifk =i—2,s0d(vy,q) =i —2 then a path
from v to q via v; with length d(v1,9) +1 =i —2+1 =i —1 existed, a contradiction
to the fact that v € S;; ;1 and hence by definition d(v,q) = i + 1. A similar case can
be made for k = i — 1. Hence we know that k = i, so v; € S;_;, is again in Level 1,
hence the edge is horizontal. We can use the same argument again for v; and every
other vertex on the shortest vp path to prove the first case of the remark. All other
cases can be explained similarly. O

Stage 1: For every edge uv with L(u) = 1 and L(v) # 1, do the following: Direct the
shortest p — u path from p to u. Direct the edge uv from u to v. Direct the shortest
v — g path from v to q. Hence a directed path from p to g containing the edge uv is
formed. Add this path to H.

Stage 2: For each edge uv with L(#) = 0 and L(v) = —1 that was not already ori-
ented, do the following: Let P, and P, be the shortest p — u and g — v paths. Some of

the vertices on P, and P, are already in ﬁ Let x (resp. y) be the closest vertex to u
(resp. v) that is already in H. Add the paths between x and u, y and v and the edge
o to H and orient them to form a directed path from x to y including the edge uv.

Stage 3: Orient the edge pg from g to p and add to H.

An example of the algorithm is shown in Figure 8.

2.3.2 Distance Analysis within H

Similarly to [4], the argument in [1] continues by analyzing the distance of every
vertex to the specified vertex g and from the vertex p to every vertex. We will review
their arguments and clarify some parts that were very compact in the original paper.
After bounding the distances from every vertex to g and from p to every vertex, we
can give upper bounds for the distances between any pair of vertices u, v by using the
triangle inequality again:

dg(u,0) <dg(u,q) +dg(p,o) +1,
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and
do(v,u) <dg(v,q) +dg(pu) +1.
Hence the maximum distance between every pair of vertices u,v, which is equal
to the oriented diameter of H can be bounded from above by finding the maximum
distance d+ (v, q) of all v € V(ﬁ) and the maximum d; (p, u) of all u € V(ﬁ)

At first, consider all vertices w that were oriented in Stage 1 of the algorithm
OrientedCore. Note that w is part of a directed path from p to g of length at most 24.

Casel. w € S;;j+1. Then w is a Level 1 vertex. Hence the shortest path from p to
w in G is directed towards w. That path has length i, hence d; (p, w) = i.
Since the directed path from p to q via w has distance at most 2d, we know
that d; (w,q) <2d —1i.

Case 2. w € Sy . In this case, w is part of a smallest cycle containing pg. Hence w
has a neighbor in Level 1, so in Stage 1 the shortest path between p and w is
directed towards w, thus d}—f(p, w) = h. In the same step, the shortest path
from w to g is directed towards g, hence d; (w, q) = h.

Case 3. w € S;; for i > h. The directed path from p to q via w has length at most
2d and the shortest path between p and w and w and g are both of length at
least i, hence dﬁz(p,w) <2d —iand dﬁ(w,q) <2d —i.

Case 4. w € Siy1,. Then wis a Level -1 vertex. All Level -1 vertices that were added

to in Stage 1 were added as part of a shortest path from any Level 1
vertex v to q (by Remark 19 w cannot be part of the shortest p — v path).
Hence d+ (w,q) =i and thus d+; (p,w) < 2d — 1.

Hence we get the following:

Lemma 20. [1] For every vertex w that was added to Hin Stage 1, we obtain the following
upper bounds on the distances from p and to q:

i w € Siit1 2d —i weSiin

h wE Sy h wE Sy
d—=(p,w) < ’ d—(w,q) < ’
AP S 00 i wes,ish A@DSo0 0 wesy is

2d—i w€E Sy, i W E Sit1i

Before analyzing the distance from p and to q for vertices added in Stage 2, we
should note the following:

Fact 21. All Level 1 vertices are either added to H in Stage 1 or they are not added to H at
all.

Proof. Assume that a Level 1 vertex x is added to H in Stage 2. This means that x
is on the shortest path from p to an edge uv with L(u) = 0 and L(v) = —1. By
Remark 19 we know that the shortest path from p to the Level 0 vertex u must consist
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of horizontal edges in Level 1 and Level 0 and exactly one vertical edge incident to a
Level 1 and a Level 0 vertex. This vertical edge must have been oriented in Stage 1

already. Thus, x must have been added to H in Stage 1 already, a contradiction. [

Fact 22. All vertices in Sy, , are either added to H in Stage 1 or they are not added to H at
all because each such vertex is adjacent to a Level 1 vertex.

Proof. Assume that a vertex v € Sy, is not adjacent to any Level 1 vertex. Let w be
the vertex adjacent to v that is part of the shortest p — v path (of length h). Vertex
w must have a distance of 1 — 1 to p but cannot be in Level 1. Hence w € Sj,_1)_»
or w € Sp_1-1. In the first case, a shortest path from v to g via w would exist with
length h — 1, a contradiction to the assumption that v € S, ;,. In the second case, a cycle
including the edge pgq and the vertex w of length 2(h — 1) +1 = 2h — 1 would exist, a
contradiction to the definition of & = |k/2| where k is the length of the smallest cycle
including the edge pq. O

3

Figure 8: Example of the algorithm OrientedCore: orientations after
Stage 1 (1), directing the edge uv in Stage 2 (2) and orientations
after the algorithm finished (3). Notice that the algorithm returns a
directed subgraph, so some edges are not directed yet.

Hence, for analyzing the distances of vertices added to Hin Stage 2, we only have
to consider vertices in S;; with i > h and vertices in S;;1;. The distance from w to ¢q
remains the same as in Stage 1 because for every Level -1 vertex the shortest path to g
is oriented towards q. The only Level 0 vertices added have an outgoing edge incident
to a Level -1 vertex by definition of the algorithm. Hence we know that

2d —i wESi,ifori>h

dg(w,q) < {

i w € Siq,

The distances from p to w are a little bit more complicated. Remember that in

Stage 2 we formed the path p — w by choosing x € V(ﬁ) such that x is the closest
vertex to w that is on the shortest p — w path in G as shown in Figure 8. By Remark
19 the path p — w consists of horizontal edges in Level 1, one edge incident to a Level
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1 and a Level 0 vertex and then only horizontal edges in Level 0. The vertical edge

must already be added to V(ﬁ) in Stage 1, hence the last vertex on the path from p

to w that is already in V( H ) must be in Level 0.

Casel. If xis in

Spu then d(p,x) < h. It is important to note that in this case,

h < d, otherwise the undirected path pw would be of length at least d +1, a
contradiction. Hence dﬁ(p,x) <d—-1ifx € Spy.

Case 1.

Case ii.

Case2. Ifxe Sy

Case 1.

Case ii.

w € S;; for i > h. We have dﬁ(p,x) < d — 1 and we know that
the shortest path between x and w is directed from x to w, so
do(x,w) <i—h, hencedy(p,w) <d—1+i—h.

w € Siy1,;. Vertex w is a Level -1 vertex. Hence it is either adjacent
to a Level 0 vertex v € S;; or it lies on a shortest path from a Level
0 vertex v to q. From Case i we have dﬁ(p,v) <d—-1+Il—hand
with [ < d we get d4;(p,v) < 2d — h — 1. The shortest path from
v to g is directed towards g and of length d or less. The subpath
from w to g is of length i, hence dﬁ(v,w) < d —i. Therefore,
dg(pw)<2d—h—-1+d—-i=3d—h—i—1

for I > h, then dﬁ(p,x) <2d—1<2d—h—1 (by Lemma 20).

w € S;; fori > h. Here we have dﬁ(x,u) <i—lwith!l >h+1
so we obtain d4 (x,u) <i—h—1. Therefore d; (p,w) <2d —h —
1+i—h—-1=2d—-2h—2+1.

w € Siy1,. Again w must lie on a shortest path from a Level 0
vertex v € Sy with k < d to q. Using the distance from Case i we
obtaindﬁ(p,v) <2d—-2h—2+4+k<2d—-2h—24+d=3d—2h—2.
As above, the path from v to w is of length d — i or less. Hence
dg(pw) <3d—2h—2+d—i=4d —2h—2—1i.

We can see that x € 5;; for [ > h always produces the worse upper bounds, so for
all vertices added in Stage 2 we get:

2d—2h—2+i we S;;i>h
dg(p,w) < .

4d —2h —2 —i w€5i+1,i
2d — i wESi,i,i>h

dg(w,q) < {

i w € Siq,

Now we can take the worst case among vertices added in Stage 1 and Stage 2 to
obtain the following:

Lemma 23. [1] Let

H be the oriented subgraph returned by the algorithm OrientedCore,

then for every w € V(ﬁ)
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i wE Siin
h wESh,h

dg(p,w) < . .
2d —=2h—=2+i weS;,i>h
4d —2h —2 —i wesi+1,i
2d —i weE Siin
h w E Sy

d—(w,q) < '

@D SN0 i wesish

i wE Sit,;

Now let  and v be two vertices in H. To get the distance from u to v we can use
the triangle inequality:

do(w,v) <dg(u,q)+dg(q,p) +dg(p, o).

The worst case for d; (u,q) is when u € Sy, then we have d; (u,q) < 2d — 1. The
worst case for dﬁ(p, v) is when v € S, 1, then we have dﬁ(u, q) <4d —2h - 3.

Additionally we have d (q, p) = 1 (oriented in Stage 3).

By adding these three distances, we obtain the following;:

Lemma 24. [1] Let H be the oriented subgraph returned by the algorithm OrientedCore, then
d(ﬁ) < 6d — 2h — 3, where k is the smallest cycle containing the edge pq and h = |k/2] .

Note that H is a subgraph with V(ﬁ) C V(G), hence d(ﬁ) is in general not
equal to the oriented diameter of G.

2.3.3 Analysis of Domination of ﬁ

The authors of [1] continue to analyze the distances from every vertex not in H to the

closest vertex in H. We will revise their proof and add some intermediate steps to
clarify their arguments.

Let L{ be the vertices of Level i that were captured in H and L¥ those that are not
captured. Since all vertical edges were captured, L} must be separated from the rest
of G by the set L¢. Let d; be the maximum distance of a vertex in L} to the next vertex
in L. For j # i there must be vertices x € L} and y € L} that each have the maximum
distance (d;, resp. d;) to the next captured vertex, which is of Level j, resp. i. The
distance between the closest captured vertices for x and for y must be at least 1, hence
the distance between x and y can be bounded below by d; + 1 + d;. The upper bound
is easier. The two vertices can not have a distance bigger than d. Hence we know that
di-l-l-l-d]-Sdsodi-i-djgd—lfori;éj‘

Now consider an uncaptured vertex w of Level 0 and its shortest path to 4 which
is of length at most d. By Remark 19 this path must consist of horizontal edges in
Level 0 and Level -1 and exactly one vertical edge. The vertical edge is captured into

and the Level 0 vertex incident to the vertical edge has a distance to g of at least h,
hence the distance from that vertex to w is at mostd —h,sody <d —h=d — |k/2].
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To bound d; and d_; consider a cycle including the edge pq. This has length k by
definition of k. Let this cycle be v1, vy, ..., v, v1 with v1 = g and v = p. Now we have

Si,i—l 2i <k+1
v; € Si—l,i—l 2i=k+1
Skfi,kfz#l 2i > k+1
Let t = [k/4]. The Level -1 vertex v; has a distance of f to the next captured vertex
in Level 1. Hence the distance from v; to a vertex in Level 1 that has distance d; to
the next captured vertex is bounded below by d; + t and above by d. Hence d; < d —t
and similarly d_; < d — t with t = [k/4].
We can see that the largest distance from any uncaptured vertex to the next cap-
tured vertex is d — [k/4], hence the following lemma:

Lemma 25. [1] Let H be the oriented subgraph returned by the algorithm OrientedCore,
then H is a (d — &—‘ )—step dominating subgraph of G.

2.3.4 Oriented Diameter of G

Now construct a graph Gg by collapsing all vertices in H into a single vertex vg. By

Lemma 25, the graph Gy has a radius of at most (d - [ﬂ ) . By Theorem 5 we know

that 7(G0) < (d - M—DZ + (d — &-D With d < 2r we can get an upper bound
for the oriented diameter of Gy, that is 7(G0) <2 (d — &DZ +2 (d — M-‘) By

combining the orientations of ﬁ and Gy, we obtain a full orientation 8 of G. Note
the following:

Fact 26. To get an upper bound on the diameter of the orientation, we only have to sum the
upper bounds for the diameters of H and Go.

Proof. Consider u € Hand v € Go \ vo. We only have to show that d=(u,v) <
d(ﬁ) +d(Go) and dz(v,u) < d(ﬁ) +d(Gp). The distance from v to vy in Gy is at
most d(Gp). By our construction of Gy this means that a vertex w € ﬁ exists such that
d=(0,w) < d(Gy) and d(w,u) < d(H). Hence d(v,u) < d(Go) + d(H). Similarly
we can show that dz (u,v) < d(Go)—f—d(ﬁ). O

Hence we get the following:

Theorem 27. Let G be a 2-edge-connected graph of diameter d that has at least one edge not
part of any triangle. Let k be the smallest integer such that every edge in G is contained in a

2
cycle of length k or less. Then ?(G) <6d—-2|k/2| -3+2 (d — &—D +2 (d - &-D .
Now we can use another theorem that was proved by Sun, Li, Li and Huang [3]:

Theorem 28. [3] Let G be a 2-edge-connected graph of radius r and k be the smallest integer
such that every edge in G lies in a cycle of length k or less. Then 7(G) <2r(k—1).
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Using the fact that ¥ < d we obtain a second upper bound q (G) <2d(k—1). Now
let G be any 2-edge-connected graph of diameter d. The upper bound for the oriented
diameter of G can be obtained by using one of the bounds claimed in Theorems 27
and 28. Hence we can say that

7(G) gmin{Zd(k—l),&:l—ZLk/zj —3+2<d— m)zﬁ@— {ﬂ)}

Note that by Lemma 24 the second term is only valid when G has an edge that is
not part of any triangle. That is not a problem because if that condition is not true (so
k = 3), then the first term is always lower than the second one.

Now let k = 4ad, hence we get

7(@) < min {8ad? — 2d,2(1 — «)?d* 4+ 8d — 6ad — 3} .

The original paper [1] contains a minor mistake in this step because it has the second
term as 2(1 — «)2d? + 84 — 6ad — 1 which is incorrect. We know that 3 < k < 2d + 1,

S0
3 2d +1

0<m="="m
The two dominant terms are 8ad? and 2(1 — a)?d>. We now optimize for « in the
interval [0,1]. By plotting the factors 8a and 2(1 — a)? as shown in Figure 9 we can
see that the worst case a is between 0.15 and 0.2 where 8x = 2(1 — a)?. Solving for a

we get a = 3 —2+/2.

<L

o

o

[6)]
2y

Figure 9: Plot of the dominant factors 8« (red) and 2(1 — «)? (blue)

This is the worst case « for the dominant term. By plugging this into the term 2(1 —
x)?d? + 8d — 6ad — 3 we get the following upper bound for the oriented diameter:

Theorem 29. [1] f(d) < 1.373d% + 6.971d — 3.

2.3.5 Special Case: Diameter 4

Babu, Benson, Rajendraprasad and Vaka [1] continued to study the special case d = 4.
They show the following:

Theorem 30. f(4) < 21.
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2.4 Overview

Figure 10 shows the current best results for bounding f(d). These are

o ford=2: f(d) =6[2]

ford =3:9 < f(d) <11 [4]

ford =4: f(d) <21[1]
for d < 8: f(d) < 2d? + 2d [2] (dashed red line)

ford > 8: f(d) < 1.373d% + 6.971d — 3 (solid red line) [1]

ford > 1: 3d* +d < f(d) (solid black line) [2]

=

/ —
7z
/ 1

4_’._/)|/‘ diameter d

0 ] > 4 7 9 10 1 12 1 1:4 15

77
/ prad
7

q
—

Figure 10: Current best results for f(d). Upper bounds are
red, lower bounds are black, exact values are blue.

Two things are obvious when looking at Figure 10. First, we can see that the upper
bound provided by Babu, Benson, Rajendraprasad and Vaka [1] (solid red line) is an
improvement over the bound given by Chvatal and Thomassen [2] (dashed red line)
for all diameters d > 8. Second, a big gap between upper and lower bound is obvious,
leaving a lot of room for improvement.
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3 New results

In this section I will present new results that improve the upper bounds for different
diameters. Additionally I will describe a brute-force search for graphs with oriented
diameters above the lower bounds provided by Chvatal and Thomassen [2].

3.1 Improvements of the upper bounds for f(5) and f(6)

Chvétal and Thomassen provide a general upper bound of f(d) = 2d% + 2d [2]. For
d = 5 this yields f(5) < 60 and for d = 6 we obtain f(d) < 84. We will show the
following:

Theorem 31. f(5) < 47 and f(6) < 69.

Proof. Let G be a 2-edge-connected graph of diameter 5. If every edge lies in a cycle
of length 4 or less, G has an oriented diameter of at most 25 (Corollary 4). Since we
want to show an upper bound of 47, we can assume that G has an edge pq, that is not
part of any cycle of length 3 or 4. We can use the algorithm OrientedCore presented in
Section 2.3.1 with G and the edge pg that is not part of any cycle of length 3 or 4.

Recall that the algorithm OrientedCore yields an oriented subgraph H with V(ﬁ) C

V(G) for which d( H) < 6d —2h — 3 where h = |k/2] and k is the length of the small-
est cycle containing the edge pq, so k > 5 and h > 2 (Lemma 24).

Thus we have d(ﬁ) <30—-4-3=23.

Letv € V(G) \ V(ﬁ) and d, the distance between v and the closest u € V(ﬁ)
Recall that Yo € V(G) \ V(ﬁ) tdy < d—Jk/4] so ford = 5 and k > 5 we get
dy <5-2=3.

In other words, we know that Hisa 3-step dominating subgraph of G.

Let G’ be the graph we obtain by contracting all vertices of H into a single vertex
v . Since H is a 3-step-dominating subgraph of G we know that G’ has a radius of
3 or less. Hence an orieE;cation G’ exists, with radius 3? 4+ 3 = 12 (Theorem 5). Since
d < 2r we know that d(G’) < 2% 12 = 24. By combining the orientations in G’ and H
we see that G admits an orientation G with d(a) < d(a) + d(ﬁ) =24+423 =47
for all graphs G of diameter 5, hence

£(5) < 47.
O]

Following exactly the same argumentation we can show that f(6) < 69, a signif-
icant improvement to f(6) < 84 yielded by the general upper bound of Chvétal and
Thomassen (Theorem 10).

3.2 Improvements for diameters 5 to 11

The approach used above can be generalized. This yields improved upper bounds for
diameters 5 to 11.
Let G be a 2-edge-connected graph of diameter 4 and 7 be any integer with 3 <7 <
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2d + 1. Let 7(G) be the smallest integer such that every edge in G lies in a cycle with
length #(G) or less.

For all graphs G with #(G) < n we can use Corollary 4 to obtain an upper bounds
7(G) < (7 -2)210720) —1) 4.

For all graphs G with #(G) > 5 we can use the approach of Section 2.3. We
know that an edge pg exists that is not part of any cycle with length # or less. With
this edge we can use the algorithm OrientedCore to obtain an oriented subgraph
with V(ﬁ) C V(G). From Lemma 24 we know that d(ﬁ) < 6d — 2h — 3 where
h = |k/2] and k is the smallest cycle containing the edge pq, so k > 7 + 1 and hence
> (1 +1)/2]. Therefore d(H) < 64 —2h —3 < 6d —2 | (5 +1)/2] — 3.

Letv € V(G) \ V(ﬁ) and d, be the distance between v and the closest u € V(ﬁ)

By Lemma 25 we know that Vo € V(G) \ V(ﬁ) :dy < d— [k/4] so with
k>n+1wegetd, <d—[(y+1)/4]. Hence by contracting all vertices of
into a single vertex vy, we obtain a new graph G’ of radius d — [(7 +1)/4] or less.
By Theorem 5 we know that an orientation of G’ with radius r? + r exists. Since
d < 2r we know that an orientation exists with diameter 2(r> +r) = 2r> +2r =
2(d—[(7+1)/4])* +2(d — [( +1)/4]). By combining the orientation of G’ and H
we obtain an orientation of G with a diameter at most

) i) =sa -2 |15 a2 (a- ) vz o[22,

Now we have upper bounds for all graphs G; with #(G;1) < 1 and G, with #(Gz) >
1. To get an upper bounds f(d) for all graphs G with diameter d, we only need to
find the maximum of all G; and G, that is

Theorem 32.

£,(d) gmax{[((q—z)zm) ~1]4, 6d—2r712L1J _3+2<d_ FTDZJrZ(d—[

It is important to notice that we are free to choose an integer 77 as long as 3 < 7 <
2d + 1, because 7 is not a characteristic of the graphs, it is only the threshold we use to
decide which of the two upper bounds to use. For smaller diameters, we can simply
run a program checking all possible values for 7 to get the best upper bounds for f(d),
that is an 77 such that £, (d) is minimal, because f(d) < min {f,(d) |3 <y <2d+1}.
The program code is shown in Appendix A. The results of the program are shown in
Figure 11.

The solid blue line is the output of Theorem 32, optimized for #. The dashed
orange line is the current best results from [1, 2, 4]. It is obvious that our approach
cannot improve the current best results for large diameters. For diameters below 13
the precise values are shown in Theorem 33. The last column shows the best known
results, again taken from [1, 2, 4] , f(d) is the upper bounds my approach yields for
the 17 given in the third column.

Theorem 33. The following table shows upper bounds for f(d):
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diameter d | f(d) | n | Best known upper bound for f(d) |

3 15 | 4 11

4 29 | 4 21

5 47 | 4 60

6 67 |5 84

7 93 |5 112

8 123 | 5 142

9 157 | 5 172

10 195 | 5 206

11 237 | 5 241

12 283 | 5 280

13 333 | 5 321
20000 A
17500 A
15000 A
12500 A
= 10000 -
7500 A
5000 A
2500 4

o ;
(I) 2‘0 4‘0 6‘0 8‘0 lEI)O

Diameter d

Figure 11: Comparison of our approach (solid, blue) versus
the best known result (dotted, orange).

3.3 Improvement for all diameters larger than 8

As explained above, Babu, Benson, Rajendraprasad and Vaka used the two upper
bounds from Theorem 27 and Theorem 28 to get the following upper bound:

f(d) < min {8ad® —2d,2(1 — &)*d* + 84 — 6ad — 3} .

Here, « = ;5 and 7 is the smallest integer such that every edge of G lies in a cycle of
length at most 77. Optimizing for 0 < a < 1 they obtain

f(d) <1.373d* +6.971d — 3.

This result can be improved by adding a third upper bound to the minimum
function. Let G be a 2-edge-connected graph and let k be the smallest integer such that
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every edge of G lies in a cycle of length k or less. If every edge in G is part of a triangle,
yedg y g yedg p g

we can again use Theorem 28 to obtain the upper bound d (G) < 2r(k—1) = 4d (with
k =3 and r < d). This is lower than the upper bounds that I will prove, hence we can
assume that an edge pg exists that is not part of a triangle. With that edge we use the

algorithm OrientedCore again to obtain an oriented subgraph H that has an oriented
diameter of at most 64 — 2 |k/2] — 3. By contracting all the vertices in this subgraph
into a single vertex vy (that might have multi edges with some vertices), we obtain a
new graph Go.

Fact 34. Gy is 2-edge-connected.

Proof. By definition, G is 2-edge-connected. We also know that a graph is 2-edge-
connected if, and only if every edge is part of a cycle. So we only need to show that
every edge of Gy is part of a cycle. Let pg € E(Gp). Since no edges were added when

we created Gp, we know that pq is also an edge in G. G is 2-edge-connected so pq must
be part of a cycle in G. Let that cycle be p, g, ..., ug, p. Let u; (resp. u;) be the first (resp.

last) vertex in that cycle that is in ﬁ In Gy, both vertices u; and u; were contracted
into vp, hence the edges u; 1vp and vou; 1 exist. Then p, g, ..., u;—1,v0, Uj11, ..., U, p is a
cycle containing the edge pg. O

Let ko be the smallest integer such that every edge in Gy is contained in a cy-
cle of length at most kgp. We know that ko < k. To obtain an upper bounds on the

oriented diameter of Gy we can use Theorem 28 which gives us 7(G0) < 2r(ko —
1) < 2r(k—1). According to Lemma 25, Hisa (d - [ﬂ )-step dominating sub-

graph of G, hence the radius of Gp is d — {ﬂ By putting these together we obtain
?(Go) <2 (d - HD (k—1). Now to get the oriented diameter of G we have to add
the oriented diameters of Gy and ﬁ

Theorem 35. d (G) < 6d —2|k/2] —3+2 (d - M) (k—1).

 :/

/|

N\

01 02 03 04 05 06 07 08 09 1

Figure 12: Plot of the three dominant terms 8 (red), 2(1 —
«)? (green) and 8a — 8a2(blue)
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Using Theorem 35 with k = 4ad, we obtain 7(Go) < (8a — 8a?) d? + 4d — 3 which
is the third function we add to the minimum function. Hence we get

Theorem 36. 7(G) < min {8ad? —2d,2(1 — a)?d* + 84 — 6ad — 3, (8a — 8a?) d* + 4d — 3} .

We can see that the dominant terms are 8ad?, 2(1 — a)?d* and (8x — 8a?) d*>. By
plotting the factors as shown in Figure 12, we can see that the worst case a changed a
little bit and can be obtained by solving (8x — 8a?) d*> = 2(1 — a)?d? for a. This yields
x=0.2.

By plugging this into the second term, we get the following theorem which is an
improvement to the upper bound of Theorem 29:

Theorem 37. f(d) < 1.284% + 6.84 — 3.

This is an improvement over the upper bounds f(d) < 24?4+ 2d provided by
Chvatal and Thomassen [2] for all diameter d larger than or equal to 6. For all graphs
of diameter 10 or more, this also improves the upper bounds shown in Section 2.3
and 3.2. Figure 13 gives an overview over all bounds for f(d).

3.4 Brute Force Approach for Lower Bounds

The current best lower bound was provided by Chvétal and Thomassen [2], that is
f(d) > %dZ +d. Kwok, Liu and West [4] studied the special case d = 3 and showed
that f(3) > 9. To improve these lower bounds for diameter d, we need to find a graph
of diameter d such that every orientation has a diameter above the lower bounds. The
nature of this problem allows a brute-force approach, since we only need to find a
single example to improve the lower bound for a specific diameter. I will describe
a brute-force approach surveying all graphs with at most 14 edges. We assume that
all edges (resp. vertices) are numbered ey, ey, ..., e, (resp. v1,v2,..0,). We can iterate
through all orientations by using an integer i that is incremented for each orientation.
In every iteration, we translate i into a binary string B and add leading zeros such
that the length of the string equals the number of edges. Now we can iterate through
each edge and direct ¢; from the vertex with the lower index to the vertex with the
higher index, if the j-th bit in B is a zero, and from higher to lower index otherwise.
The first problem is that the number of possible orientations of a graph is growing
exponentially with the number of edges of the graph. In many cases, we don’t have to
consider all of those orientations. If we are only interested in finding graphs with ori-
ented diameters above the known lower bounds, then we can discard any graph once
we find an orientation H with d(H) < 1d*> + d. Additionally we can improve perfor-
mance by only considering those orientations where the last bit in B is zero. This is
due to the fact that the diameter does not change when we reverse all orientations.
The second problem is the larger number of possible graphs. For 9 vertices, there
are 2% = 68,719,476,736 different graphs, not allowing loops and multi-edges. This
large number of graphs makes it impossible to check all of them, at least with the
resources at my disposal. A solution is to only consider non-isomorphic graphs. Two
graphs Gi, Gy are isomorphic if we can obtain G, from G; by renaming the vertices.
Isomorphic graphs have the same oriented diameter, so we only have to consider
one graph of every isomorphism class. For graphs with 9 vertices, this reduces the
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Figure 13: Overview over best bounds for f(d). Upper bounds
are red, lower bounds are black, exact values are blue. The dot-
ted red line is from Theorem 37. Red dots for d > 4 are from
Theorem 33. The other bounds are as in Figure 10.

number of graphs to 274,668 [5]. We can further reduce this number to 261,080 by
only considering connected graphs. Data sets with all such graphs, separated by
number of vertices and number of edges are provided by [5]. With this we can check
the oriented diameter of all graphs with at most 14 edges. We can filter all graphs
that have a diameter of 2 because Chvatal and Thomassen have already shown that
f(2) = 6 and also provided an example [2]. This further reduces the number of
graphs that we need to find the oriented diameter of.

After running all data sets we can see that no graph with an oriented diameter
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above 1d% + d (resp. above 8 for diameter 3) was found, hence we get the following:

Theorem 38. Let G be a graph with diameter d such that 7(G) > 1d? +d ford > 3 or
7(G) > 9 for d = 3, then G must have at least 15 edges.
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A Code for Section 3.2

from math import floor, ceil

# if every edge is in a cycle with length at most eta this is the upper bounds
def lower_than_eta(d,eta):
return floor(d * ((eta-2) * (2 *x ((eta-1)/2)) - 1))

# if one edge is in no cycle of length <=eta this yields the upper bounds
def higher_than_eta(d,eta):

eta+=1

return 6xd-2xfloor(eta/2) -3 + 2x((d-ceil(eta/4))**2) + 2x(d-ceil(eta/4))

# checks all possible values for eta and finds the minimum eta
def £(d):
min, min_eta = None, None

for eta in range (3, 2*xd + 2):
k = max(lower_than_eta(d, eta), higher_than_eta(d,eta))
if min is None or min>k:
min, min_eta = k, eta
return min, min_eta

# bounds according to the recently published paper by Babu, Benson, Rajendraprasad
and Vaka
def recent_improv(d):
return floor (1.373 * d**2 + 6.971 * d - 1)

# original bounds from Chvatal and Thomassen
def chvatal(d):
return 2 x d**2 + 2 * d

for d in range(3,100):
min, min_eta = f(d)
# use Chvatal and Thomassen only on diameters below 8, otherwise the recent
improvement is better, additionally use f(3)<=11 and f(4)<=21
if d==3:
r = 11

r = 21
elif d4<s8:
r = chvatal(d)
else:
r = recent_improv(d)

print ("d={}, £(d)={}, eta={}, Current Best Result={}".format(d, min, min_eta, r))
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