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Abstract

The complexity class Unique End of Potential Line (UniqueEOPL) was introduced in
2018 by [Fea+18] and captures total search problems that are promised to have a unique
solution. Therefore, the original promise version of each problem is transformed to
a total search version. UniqueEOPL contains some interesting problems like P-LCP,
Cube-USO and Arrival. It is an especially interesting class because it has a ”natural”
complete problem: One Permutation Discrete Contraction (OPDC).

The goal of this work is to give a comprehensive introduction to the complexity theory
of search problems with a focus on the class UniqueEOPL. A list of all currently known
problems in UniqueEOPL is presented and for each problem, a definition and examples
are given. Some selected reductions are shown in full detail and with corrections.

The main contribution is the new containment result of Grid-USO in UniqueEOPL,
which is proven via a reduction from Grid-USO to Unique Forward EOPL. From
that result it also follows that P-GLCP is contained in UniqueEOPL too.
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GLOSSARY OF NOTATION

Q A decision problem
R A search problem
Π An optimization problem
Ψ A promise problem

IB The set of instances of a problem B
I An instance I ∈ IB
SB The set of solutions to a problem B
s A solution s ∈ SB
A An algorithm

S Successor function
P Predecessor function
c Cost (also called potential) function
d The dimension
o The start node

f A function
const A constant
δ A metric
TM A Turing Machine
ϵ A very small number
Σ An alphabet
L A language
i An index
j Another index
k Another index
l Another index

Graphs

G A graph
V Set of vertices
v A single vertex v ∈ V
u Another vertex u ∈ V
E Set of edges
E+ The set of outgoing edges
E− The set of incoming edges
e A single edge e ∈ E
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Matrices

M A square matrix
N A vertical block matrix
q A vector
z Another vector
w Another vector
I The identity matrix
e The unit vector
α A set of positive integers (usually indices)
Mα,β The submatrix of M is the matrix whose entries lie in the rows of M indexed

by α and the columns indexed by β.

Boolean formulas

φ A Boolean formula
C A clause in a Boolean formula

Grids

Γ A grid
p A point in the grid
q Another point
ω The grid width
C A cube - a special case of a grid with grid width 2 in every dimension.
K A partition
κ A single block of a partition κ ∈ K
f A face
s A slice
γ A subgrid

Sets

N A set
M Another set

Problem specific variables

D A family of direction functions in OPDC
D A single direction function D ∈ D in OPDC
ϕ An orientation function from Cube-USO and Grid-USO
σ An outmap function from Cube-USO and Grid-USO
ρ A strategy of a probabilistic game
λ The discount used in Discounted Game
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1. Introduction and Motivation

Complexity theory is the idea of clustering problems that are equally hard or easy to
solve.

Such results are generally proven by showing that a given problem A can be reduced to
a problem B whose complexity is known, thereby showing that A can be solved at least
as fast as B. This also works the other way around. If we know that Problem A is hard
to solve and we can reduce it to problem B, then it is very likely that B is hard to solve
as well. Two problems are polynomial time equivalent if both of them can be reduced
to one another in polynomial time.

For a given problem A, there are infinitely many possible algorithms, so how can it be
proven that there does not exist an algorithm better than a given one? In this case, it
can’t. But it can be proven by reductions that if A is as hard to solve as many well-
known problems to which no efficient solution has been found yet, it is very unlikely that
A can be solved more efficiently. Ok, so finding a solution for A is hard. But is it still
hard if randomness is used, or is it faster if we don’t want the exact result but only an
approximation, or is it easier to find the solution if we know that it is unique?

In computer science, there are many problems that are naturally formulated as search
problems where the task is to find a solution. Promise problems, where a certain prop-
erty is promised to hold, are also an intuitive approach to formulate certain problems.
Nonetheless, classical complexity theory works with decision problems and it may happen
that the decision and the search problem are not computationally equivalent [Bea+98].
Particularly this is the case if it is guaranteed that there exists a solution. Research
about the complexity of search problems that always have a solution has been done
since 1991 when [MP91] defined the class TFNP, which contains total search problems.
But TFNP is a semantic class and therefore it is unlikely to have any complete problems.
Since then, many subclasses of TFNP have been defined such as PPAD, PLS, CLS, EOPL
and UniqueEOPL, some of which do indeed have complete problems.

UniqueEOPL, which is short for ”unique end of potential line”, was introduced in 2018
by [Fea+18]. It captures search problems that can be solved by local search, i.e. it is
possible to jump from one candidate solution to the next one in polynomial time. Fur-
thermore, problems in UniqueEOPL are promised to have a unique solution. A problem in
UniqueEOPL can be interpreted as an exponentially large, directed, acyclic graph where
each node is a candidate solution and has a cost (or potential). The in- and out-degree
of each node is at most one which means that the nodes form an exponentially long line.
The unique solution, the node with the highest cost, is at the end of that unique line. It
is a subclass of CLS, which is equal to PPAD ∩ PLS. UniqueEOPL has, besides Unique
End of Potential Line itself and some variants of the problem, currently only one
”natural” complete problem: OPDC.

Since the class has been introduced only recently, the knowledge about it is still very
limited. There aren’t many problems proven to be in UniqueEOPL yet, though there
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surely are more problems that fulfill the necessary conditions. Furthermore, it is likely
that there are more UniqueEOPL-complete problems as well.

For the relationship between EOPL, UniqueEOPL and the other complexity classes there
are still some open questions. In [Fea+18] it was already asked whether CLS = EOPL or
not, but since [Fea+20a] proved that CLS = PPAD ∩ PLS, this question becomes even
more interesting.

The intention of defining a class for problems with unique solutions is that it might be
easier to solve these than the version with multiple solutions. Since UniqueEOPL is a
real subset of CLS, TFNP and PLS, there certainly is a difference between the problems.

The aim of this work is to give an easy to understand introduction to the complexity
theory of search problems with focus on the class UniqueEOPL. A list of all (to the
best of my knowledge) currently known problems in UniqueEOPL is presented, as well
as some selected proofs with the most interesting proof strategies in detail and with
examples. This shall make it easier for future researchers to prove more problems to be in
UniqueEOPL or to be UniqueEOPL-complete and to further investigate the characteristics
of EOPL and UniqueEOPL.
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2. Types of Problems

There are different kinds of problems that are analyzed and sorted into several complexity
classes. In the following, we will take a closer look at decision problems, search problems,
optimization problems and promise problems.

Let Σ := {0, 1} be an alphabet. IB ⊆ Σ∗ denotes a set of all problem instances encoded
as bit strings of a problem B. Let SB(I) ⊆ Σ∗ be the set of solutions to an instance
I ∈ IB.

2.1. Decision Problems

Definition 2.1.1 (Decision Problem [SY82]). A decision problem Q = (IQYes, I
Q
No) where

IQYes, I
Q
No ⊆ IQ are defined as

• I ∈ IQYes : SQ(I) ̸= ∅) and

• I ∈ IQNo : SQ(I) = ∅.

It follows that IQYes ∩ I
Q
No = ∅ and IQYes ∪ I

Q
No = IQ.

The goal of the decision problem is to tell whether a given instance I ∈ IQ is in IQYes or
IQNo, i.e. whether I has a solution or not. At this point it is not of interest what this
solution is, only its existence is important.

An algorithm AQ : IQ → {0, 1} solves a decision problem if

∀I ∈ IQ : AQ(I) terminates ∧ (AQ(I) = 1⇔ I ∈ IQYes).

The algorithm returns 1 if the given instance I has a solution. Analogously if AQ(I) = 0,
this means that I ∈ IQNo and the instance I has no solution.

Example 2.1.2. Let Q be Circuit-SAT (C-SAT). In an instance I ∈ IQ−C-SAT we
are given a boolean combinational circuit φ composed of arbitrary n boolean variables
x1, ..., xn connected with ∧, ∨, and ¬ gates. The decision to make is whether I is
satisfiable or not [Cor+09, p.1072].

The set of all instances IQ−C-SAT is the set of all boolean formulas φ. IQ−C-SAT
Yes is the

set of all satisfiable boolean circuits and IQ−C-SAT
No contains all not satisfiable ones. For

example:

(x1 ∨ x2) ∧ (x1 ∨ x2) =: φ1 ∈ IQ−C-SAT
Yes

(x1 ∨ x2) ∧ (x1 ∨ x2) ∧ (x1 ∨ x2) =: φ2 ∈ IQ−C-SAT
Yes

x1 ∧ x1 ∧ x2 =: φ3 ∈ IQ−C-SAT
No .
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2.2. Search Problems

Definition 2.2.1 (Search Problem). A search problem (or sometimes called function
problem) R is a relation

R ⊆ IR × SR := {(I, s) | I ∈ IR, s ∈ SR(I)}.

A pair (I, s) ∈ R represents an input instance I and a solution s of instance I.

IRYes and IRNo are defined as in the decision problem in Definition 2.1.1 on the preceding
page.

An algorithm AR : IR → SR ∪ {⊥} solves R if

• ∀I ∈ IRYes ∃s ∈ SR(I) : (AR(I) terminates and AR(I) = s) and

• ∀I ∈ IRNo : (AR(I) terminates and AR(I) = ⊥).

If the given instance has at least one solution, the algorithm returns it. If the instance
does not have a solution, the algorithm correctly states that by returning ⊥.

Example 2.2.2. Recall Circuit-SAT from Example 2.1.2 on the previous page. As a
search problem, the question is ”What is an assignment of the variables such that the
boolean formula φ is satisfied?”

SR−C-SAT(φ1 := (x1 ∨ x2) ∧ (x1 ∨ x2)) ={(x1 = true, x2 = false),

(x1 = false, x2 = true)}
SR−C-SAT(φ2 := (x1 ∨ x2) ∧ (x1 ∨ x2) ∧ (x1 ∨ x2)) ={(x1 = true, x2 = false)}

SR−C-SAT(φ3 := (x1 ∧ x1 ∧ x2)) =∅.

2.2.1. Reductions between Search Problems

Definition 2.2.3 (Polynomial time reduction for search problems). A search problem
R is reducible in polynomial time to a search problem R′ if there exist two polynomial
time functions f : IR → IR′ and g : IR × SR′

(f(I))→ SR(I) such that

• if I is an instance of R, f(I) is an instance of R′,
• if s′ is a solution to f(I), then g(I, s′) is a solution to I of R.

The function f transforms instances from the first problem to instances of the second
problem. The function g transforms solutions that are found in the second problem back
to solutions of the first problem. The idea is that instead of solving R, we reduce it to
R′, solve that one instead and transform its solution back to R.
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2.3. Optimization Problems

Definition 2.3.1 (Optimization Problem). An optimization problem Π is a search prob-
lem with specific properties. Let c : SΠ(I)→ R be the function that assigns each solution
a certain cost (or potential). For a particular problem instance I ∈ IΠ the goal is to
find a globally optimal solution s∗ ∈ SΠ(I) such that

(i) ∀s ∈ SΠ(I) : c(s∗) ≤ c(s) if Π is a minimization problem or

(ii) ∀s ∈ SΠ(I) : c(s∗) ≥ c(s) if Π is a maximization problem.

Let IΠYes, IΠNo ⊆ IΠ such that for a minimization problem (and respectively with ≥ for
a maximization problem) it holds that

• I ∈ IΠYes : ∃s∗ ∈ SΠ(I) ∀s ∈ SΠ(I) c(s∗) ≤ c(s)

• I ∈ IΠNo : ∄s∗ ∈ SΠ(I) ∀s ∈ SΠ(I) c(s∗) ≤ c(s).

It follows that IΠYes ∩ IΠNo = ∅ and IΠYes ∪ IΠNo = IΠ.

Note that the set SΠ(I) in an optimization problem might be differently defined here
than SQ(I) in a decision or search problem. For example, SΠ can contain all possible
assignments of variables in a C-SAT formula to true or false, not just the ones that
satisfy the formula. Searching for an optimal solution s∗ doesn’t necessarily mean that
s∗ solves the decision version of the problem. One might have a not satisfiable formula
and still search for the best possible assignment as an approximation.

Therefore, IΠYes and IΠNo are differently defined as well. IΠYes contains all instances that
have at least one optimum. IΠNo contains instances that do not have an optimum, for
example an asymptotic function.

An algorithm AΠ : IΠ → SΠ solves Π if

• ∀I ∈ IΠYes : (AΠ(I) terminates ∧AΠ(I) = s∗) and

• ∀I ∈ IΠNo : (AΠ(I) terminates ∧AΠ(I) = ⊥).

Example 2.3.2. Recall Circuit-SAT from Example 2.2.2 on the preceding page. Let
the cost function return the number of satisfied clauses of φ in its conjunctive normal
form. As a maximization problem, Circuit-SAT searches for the solution s∗ with the
highest cost, i.e. the highest number of satisfied clauses, independent of the overall
satisfiability of the formula.

This problem always has an optimal solution. It might happen that all solutions are
optimal, but it cannot happen that there does not exist an optimal solution.

SΠ−C-SAT(I) = {All possible assignments of x1 and x2 to true or false}
IΠ−C-SAT

Yes = IC-SAT

IΠ−C-SAT
No = ∅

φ3 : = x1 ∧ x1 ∧ x2

7



Solutions SΠ−C-SAT Cost
x1 x2 c(x1, x2)

true true 2
true false 1
false true 2
false false 1

φ3 is not satisfiable at all, but it has still more than one optimal solution with maxi-
mal cost. An algorithm AΠ−C-SAT(φ3) returns either (x1 = true, x2 = true) or (x1 =
false, x2 = true).

The polynomial time reduction defined in Chapter 2.2.1 on page 6 also applies to opti-
mization problems. Additionally, it must be ensured that the optimal solution for one
problem is mapped to the optimal solution of the other problem.

2.4. Promise Problems

A promise problem is a partial decision problem. Just like in a decision problem, the task
is to distinguish between strings that represent Yes-instances and strings that represent
No-instances, but additionally it is promised that all input instances fulfill a certain
property. This might be a property that is easy to check, for example: ”Given an acyclic
graph, decide whether or not …”, or a property that is hard to check, for example:
”Given a graph with a hamilton cycle, decide whether or not …”. If it is easy to recognize
disallowed strings (strings that do not fulfill the promise), the promise is called trivial
and the problem is a regular decision problem [Gol06, p. 255].

Definition 2.4.1 (Promise Problem). Let IΨYes, IΨNo ⊆ IΨ where IΨYes ∩ IΨNo = ∅. The
set IΨYes ∪ IΨNo =: IΨPromise is called promise [Gol06, Definition 1].

A promise problem Ψ is either represented by the tuple Ψ := (IΨYes, IΨNo) [Gol06, Defini-
tion 1] or alternatively by the tuple Ψ := (IΨYes, IΨPromise) [SY82]. The third set can be
calculated respectively.

An algorithm AΨ : IΨ → {0, 1} solves Ψ if

∀I ∈ IΨ : (I ∈ IΨPromise ⇒ (AΨ(I) terminates ∧ (AΨ(I) = 1⇔ I ∈ IΨYes))).

Note that any algorithm AΨ that solves such a promise problem still only needs to
distinguish Yes from No instances. If given a Non-Promise instance, AΨ will not give
a correct answer and might not even halt [Gol06, p. 255], [HMS89, p. 95].

For a promise problem where IΨYes ∪ IΨNo = IΨ, the promise is called trivial. It then is
equivalent to a decision problem [Gol06, p. 256].

Example 2.4.2. An example of a promise is ”there is a unique or no solution”. The
sets IΨYes, IΨNo and IΨPromise can be characterized as follows:

IΨYes := {All instances that have a unique solution }
IΨNo := {All instances that have no solution }

IΨPromise := IΨYes ∪ IΨNo = {All instances that have a unique or no solution }.
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The instances in the white area in Figure 2.1 are instances that do not fulfill the promise.

IΨ = {All instances }

{Instances with a solution}

IΨYes =

{Instances with a unique solution}

IΨNo = {Instances with no solution}
IΨPromise = IΨYes ∪ IΨNo

Figure 2.1.: Venn diagram of the sets IΨYes, IΨNo and IΨPromise (colored in blue).

Example 2.4.3. Recall Circuit-SAT from Example 2.1.2 on page 5. When adding
the promise that ”there is a unique or no solution”, which is hard to verify, the problem
is called Unique-SAT [Cal+08], [VV86].

(x1 ∨ x2) ∧ (x1 ∨ x2) =: φ1 /∈ IUnique-SAT
Yes ∪ IUnique-SAT

No

(x1 ∨ x2) ∧ (x1 ∨ x2) ∧ (x1 ∨ x2) =: φ2 ∈ IUnique-SAT
Yes

x1 ∧ x1 =: φ3 ∈ IUnique-SAT
No .

φ1 has multiple solutions. The promise does not hold. It is neither in IUnique-SAT
Yes nor

in IUnique-SAT
No .

φ2 has exactly one solution, which is x1 = true and x2 = false. Therefore, φ2 is in
IUnique-SAT

Yes .

φ3 has no solutions and is therefore in IUnique-SAT
No .

What would happen if φ1 is given to AUnique-SAT? Nothing defined happens. AUnique-SAT
might go berserk and answer ”42” or just hang itself. It does not check if the promise
holds.

2.4.1. Turning Promise Problems into Search Problems

Promise problems are of historic importance. The problems whose complexity is studied
here are naturally formulated as promise problems, since there is often no efficient way
to verify the promise. For example, it is as hard to check whether a matrix is a P-matrix
as it is to solve the linear complementarity problem based on this matrix.

For problems studied in this work the promise is ”there exists a unique solution” or some
property that implies the uniqueness of the solution.

For an introduction to some basic promise problem complexity classes see for example
[Gol06, Definition 2]. The problems studied in this work can all be sorted into the
promise complexity class PromiseUEOPL (see Section 3.4.3 on page 22).

9



In this work we are also interested in the search problem complexity of these problems.
Therefore, all of these promise problems are transformed to a total search version and
sorted into search problem complexity classes. This works because for each problem
studied here there exists a short certificate proving that the promise does not hold
[Fea+18, p.2].

Informally, a problem of the structure ”Given promise A, find a solution for B” is
translated to: ”Find either a solution for B or a violation against A.”

Formally, all instances of a promise problem Ψ that do not fulfill the promise are sorted
from IΨPromise into IRYes of the respective search problem R. Therefore in the search
problem they now have a valid solution: a violation-solution.

Transforming promise problem Ψ to search problem R:

• IRYes := IΨYes ∪ (IΨ \ IΨPromise),

• IRNo := IΨNo.

There are four possible outcomes for these transformed problems:

1) The promise holds and we find a solution.
2) The promise holds and we find no solution.
3) The promise doesn’t hold and we find a violation.
4) The promise doesn’t hold but we find a solution anyway.

The fourth case is the most confusing one. If we continued to search, at some point a
violation would be found. But since we are interested in a solution, we are happy as
soon as one is found. Note that if we are in case 4 and the promise is ”there is a unique
solution”, the found solution isn’t necessarily unique. If the promise doesn’t hold, there
might be several solutions and maybe we just found one of them before we could find a
violation.

The point is that we want to find a result under any circumstances. If we find a solution,
that’s nice. If we can’t find one, we want to know why. This reason we are told by the
violation solutions. All transformed problems are total, i.e. they are always guaranteed
to have a result. Therefore, they are contained in TFNP (see Section 3.3.3 on page 15).

This kind of transformation cannot be done for all promise problems. For example, if
the promise does not have a certificate that proves them wrong in polynomial time, then
we cannot formulate a proper violation. The violations need to be constructed carefully
and a proof is needed that they accurately represent the promise.

[Fea+20b] conjectures that allowing different sets of violations might change the com-
plexity of the problem. For example, for P-LCP (see Section 5.3 on page 74) there are
two violations stated even though only one would be enough to make the problem total.
There doesn’t seem to be a polynomial time algorithm to convert one violation to the
other. It is left open whether this is a general true statement or not.

The natural promise version of any problem with violations is: Under the promise that
there exists no violation, find a valid solution [Fea+20b, p. 2].
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2.4.2. Promise Preserving Reductions

In order to analyze the complexity of promise problems, some kind of reduction is needed
that preserves the promise (similar to preserving the number of solutions in parsimonious
reductions). An instance that satisfies the promise in Ψ needs to satisfy the promise in
the reduced promise problem Ψ′ as well.

Definition 2.4.4 (Promise preserving reduction for promise problems [Gol06]). A promise
problem Ψ = (IΨYes, IΨNo) is promise Karp reducible to the promise problem Ψ′ =
(IΨ′

Yes, IΨ
′

No) if there exists a polynomial time computable function f : IΨ → IΨ′ such
that

• ∀I ∈ IΨYes : f(I) ∈ IΨ
′

Yes

• ∀I ∈ IΨNo : f(I) ∈ IΨ′
No.

For all instances that do not fulfill the promise in Ψ it is not defined what happens to
them in the reduced problem Ψ′. There might be a violating instance I in Ψ which
reduced variant f(I) is not a violation in Ψ′, since f(IΨYes) ∪ f(IΨNo) ⊆ IΨ

′
Yes ∪ IΨ

′
No.

IΨYes

IΨNo

IΨ′
Yes

IΨ′
No

It holds that if an instance I of Ψ fulfills the promise, then the resulting instance f(I)
of Ψ′ fulfills the promise as well. For the transformed search problem it follows that if
an instance I of the original problem Ψ has no violations, then f(I) has no violations
[Fea+18, p. 14].

If the original instance has a valid solution, the transformed instance must have a valid
solution. If the transformed instance has a violation, the original instance must have
had a violation. If the original instance has a violation, it doesn’t matter what happens
in the transformed instance. It might end in a violation or in a valid solution.

Promise preserving reductions are transitive [SY82, Lemma 1 (i)].

Definition 2.4.5 (Promise preserving polynomial time reduction for search problems
[Fea+20b]). A search problem R is reducible in polynomial time to a search problem
R′ under promise preserving reduction if there exist two polynomial time functions f :
IR → IR′ and g : IR × SR′

(f(I))→ SR(I) such that

• if I is an instance of R, f(I) is an instance of R′,
• if s′ is a solution to f(I), then g(I, s′) is a solution to I of R,
• if s′ is a violation of f(I), then g(I, s′) is a violation of I of R.

In the following, if a problem Ψ is reducible to Ψ′ under promise preserving reduction,
it is written as Ψ ⪯Promise Ψ′.
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If a promise problem is made total in the way that is described in Section 2.4.1 on page 9
and reduced via promise preserving reduction to another total search problem of that
kind, their promise versions are reducible to one another as well.

A reduction between two common search problems without violations is always promise
preserving. The specification only becomes relevant whenever one of the two involved
problems has violations. A promise preserving reduction is stronger than the common
search problem reduction, but not at all necessary to place search versions of promise
problems (a ”transformed promise problem”) in search problem complexity classes. For
example, it is possible to reduce a search problem to a transformed promise problem that
will only have violations. Or the other way around, it is possible to reduce a transformed
promise problem to a search problem that has only valid solutions.

12



3. Complexity Classes

It is important to distinguish complexity classes for decision, search (also called func-
tional) and promise problems. Optimization problems are sorted into search problem
complexity classes, since they are a special kind of search problems. When talking
about complexity classes, usually complexity of decision problems is meant. P and NP
for example are decision problem classes. FP and FNP are equivalent versions for search
problems. They are written with an ”F” because search problems sometimes are called
functional problems. Promise-P and Promise-NP are for promise problems.

Solving a decision problem is not harder than solving the corresponding search or opti-
mization problem. Imagine it was easy to solve a certain search problem. To solve the
corresponding decision problem one could run an algorithm for the search problem and
return ”yes” if it returns a result, or ”no” if it doesn’t [Cor+09, p. 1054].

The other direction is the more interesting one. Is the search problem harder than
its corresponding decision problem? There are cases where both search and decision
problems are easy, for example all problems that are in P. Then again there are cases
where both search and decision problems are hard, for example SAT and its search
version [Pap95, p. 228].

But sometimes the decision problem is easy (or even trivial) whereas the search problem
is still hard and unknown or believed to be in FP. The best example for that are total
problems, i.e. problems that always have a solution. The answer to the decision problem
is by definition always ”yes”. Nonetheless for many of them it is still hard to actually
find that solution [Pap95, p. 230].

Even total problems seem to have different complexities, based on properties like unique-
ness of the solution. There are several sub-classes for total problems that are examined
in the following.

3.1. Semantic vs. Syntactic Classes

One can distinguish between semantic and syntactic complexity classes.

A complexity class is called a semantic class if the Turing Machine (TM) defining this
class has a property that is undecidable. For example BPP which stands for Bounded-
Error Probabilistic Polynomial-Time is a semantic class. It accepts each string with
probability at least 2/3 and at most 1/3. Testing whether a given TM has this property
is undecidable [AB09, p. 137]. The same holds for problems in TFNP, whose defining
Turing Machine accepts problems that always have a solution. Semantic classes tend to
have no complete problems.

A syntactic complexity class is a class for which we can check whether a given TM
defines the language of the class [Pap95, p. 255]. For example, given a string, it is easy
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to determine if it is a valid encoding of a non deterministic Turing Machine which defines
NP [AB09, p. 137]. Any syntactic class has a standard complete language, namely

{(M,x) |M ∈M and M(x) = ”yes”}

where M is the class of all machines of the variant that define the class [Pap95, p. 255].

3.2. Complexity Classes for Decision Problems

The following two classes are well known to anyone who has heard of complexity theory.
They are included here for the purpose of a more complete overview. The question
whether P = NP or P ̸= NP is one of the best known open problems today.

3.2.1. P

A decision problem Q = (IQYes, I
Q
No) is in P if and only if there exists a deterministic

Turing machine that decides in polynomial time for any given instance I whether or not
I ∈ IQYes.

3.2.2. NP

A decision problem Q = (IQYes, I
Q
No) is in NP if and only if there exists a deterministic

Turing machine TM and a constant const ∈ R+ so that IQYes = {I ∈ IQ | there exists a
certificate s ∈ SQ(I) with |s| = O(|I|const) such that TM(I, s) = 1}.

3.3. Complexity Classes for Search Problems

3.3.1. FP

A search problem R is in FP if it is in FNP and if there exists a deterministic polynomial
time algorithm that solves it, i.e. finds a solution s to a given instance I such that
(I, s) ∈ R or it states correctly that such a solution s does not exist [Yan88, p.28],
[MP91].

FP is for search problems what P is for decision problems. The question whether FNP =
FP is equivalent to the question if NP = P [Yan88].

3.3.2. FNP

A search problem R is in FNP

• if there is a polynomial time algorithm A that, given a pair (I, s), determines in
deterministic polynomial time whether or not (I, s) is in R, and

• if (I, s) ∈ R, then |s| is polynomially bounded in |I|.

FNP is the equivalent of NP is for search problems[MP91; Yan88, p. 28].
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3.3.3. TFNP

The class TFNP was first defined by [MP91] to capture total search problems. A problem
is called total if there always exist a solution, i.e. ∀I ∈ IR ∃s ∈ SR(I) : (I, s) ∈ R.

TFNP is a subclass of FNP, containing only the total problems of FNP. TFNP is a
semantic class which means that it is unlikely to have any complete problems.

3.3.4. PLS

The complexity class PLS (Polynomial Local Search) was first defined by [JPY88] to
capture problems that can be solved by local search. The goal is to find a local minimum
of function c, in a context where each candidate solution s has a local neighborhood in
which the best neighbor can be calculated in polynomial time.

Definition 3.3.1 (The search problem Sink of DAG). Given a Boolean circuit
S : {0, 1}d → {0, 1}d such that S(0d) ̸= 0d and a circuit c : {0, 1}d → {0, 1, ...2m − 1},
find a vertex s ∈ {0, 1}d such that S(s) ̸= s and either S(S(s)) = s or c(S(s)) ≤ c(s).

PLS is the class of all problems that can be reduced in polynomial time to Sink of
DAG [Fea+20b].

A problem in PLS can be interpreted as a possibly exponentially large directed acyclic
graph where each node has an out-degree of at most one. Every sink is a local optimum
of c, since it has by definition no better neighbor. The problems in PLS are total (and
PLS is therefore in TFNP) because every finite directed acyclic graph has a sink [Pap94,
p. 499].

3.3.5. PPAD

Definition 3.3.2 (The search problem End of Line). [Pap94, p. 506], [Fea+18, Defi-
nition 7] Given Boolean circuits S, P : {0, 1}d → {0, 1}d such that P (0d) = 0d ̸= S(0d),
find one of the following:

(U1) A point x ∈ {0, 1}d such that P (S(x)) ̸= x.
(U2) A point x ∈ {0, 1}d such that S(P (x)) ̸= x and x ̸= 0d.

S stands for successor and P for predecessor function. The problem can be interpreted
as possibly exponentially large directed graph G = ({0, 1}d, E) with (v, u) ∈ E ⇔ (v ̸=
u ∧ S(v) = u ∧ P (u) = v). Each vertex has an in- and out-degree of at most one. Each
connected component of the graph forms a line of vertices.

The parity argument states that any finite graph has an even number of odd-degree
nodes [Pap94, p. 500]. 0d is the standard start point and therefore a leaf, and since each
node has in- and out-degree at most one, there must by the application of the parity
argument exist at least one other leaf. This leaf is searched for as a solution to the
problem. A solution of type (U1) describes the end of such a line. A solution of type
(U2) describe the start of another line. For every node in the middle of the line it holds
that P (S(x)) = x.
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The class PPAD (which stands for polynomial parity argument in a directed graph)
contains every problem that can be reduced in polynomial time to End of Line [Pap94,
p. 506], [Fea+18].

PPAD contains several complete problems such as computing a Nash-equilibirum in two
player games [DGP06] or the Brouwer fixpoint theorem [Pap94, p. 526].

There is no polynomial time algorithm known for PPAD-complete problems [Fea+20b].

3.3.6. CLS

The class CLS (Continous Local Search) was first introduced in [DP11] and captures local
search problems whose neighborhood function S and the cost (or potential) function c
both have a continuous domain.

Definition 3.3.3 (The search problem kD-Continuous Local Opt [Fea+20a]). Let
S : [0, 1]k → [0, 1]k and c : [0, 1]k → [0, 1] be two well behaved arithmetic circuits and
let ϵ, λ > 0 be two real constants. Find a local minimum (or maximum) s ∈ [0, 1]k such
that

(C1) c(S(s)) ≥ c(s)− ϵ for a minimization problem

( c(S(s)) ≤ c(s) + ϵ for the respective maximization problem)

(C2) or two points s, s′ ∈ [0, 1]k that violate the λ-Lipschitz continuity of either S or c:

(C2a) ∥S(s)− S(s′)∥ > λ ∥s− s′∥

(C2b) ∥c(s)− c(s′)∥ > λ ∥s− s′∥

CLS is the class of all problems that can be reduced in polynomial time to kD-Continuous
Local Opt. [DP11] first defined the problem for k = 3, [Fea+20a] defined the more
general variant and proved their equivalence.

The class contains all problems that seek an approximate local optimum (or in other
words an approximate stationary or Karush-Kuhn-Tucker (KKT) point) [DP11].

There are several known CLS-complete problems, for example Meta Metric Contrac-
tion [Fea+17, Theorem 9.] and Banach [DTZ17, Theorem 2].

CLS is in (PPAD ∩ PLS) as shown by a reduction from 3D-Continuous Local Opt
to the PPAD-complete problem BrouwerFixpoint and the fact that 3D-Continuous
Local Opt is a special case of RealLocalOpt, which is PLS-complete [DP11, The-
orem 2.3]. [Fea+20a] proved recently that CLS = PPAD ∩ PLS by showing that the
unnatural but (PPAD ∩ PLS)-complete problem Either-(End of Line, Iter) can be
reduced to KKT. KKT on the other hand can be reduced to another generalized version
of General Continuous Local Opt which is equivalent to 3D-Continuous Local
Opt. KKT, Banach and Meta Metric Contraction therefore all are complete for
CLS.
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Either-(End of Line, Iter)
((PPAD ∩ PLS)-complete)

General Continuous Local Opt

3D-Continuous Local Opt

KKT

GD-LocalSearch GD-Fixpoint

General Contraction

Meta Metric Contraction

Banach

Figure 3.1.: Overview of reductions

3.3.7. EOPL

The class EOPL (End of potential line) describes problems in which it is possible to
calculate the next solution as well as the previous solution from a given candidate solution
in polynomial time. These calculations form a sequence of possible solutions, a line in
which the solutions are ordered. Each solution also has a certain cost (or potential)
which must be strictly increasing along the line.

Definition 3.3.4 (The search problem End of Potential Line [Fea+20b]). Given
the following Boolean circuits:

• S, P : {0, 1}d → {0, 1}d such that P (0d) = 0d ̸= S(0d),
• c : {0, 1}d → {0, 1, ..., 2m − 1} such that c(0d) = 0.

The task is to find one of the following:

(U1) A point x ∈ {0, 1}d such that P (S(x)) ̸= x.
x is the end of the line and therefore a valid solution. In this case, the structure
of S and P might look like this:

y x
SP

x y
S P

x y z
S P

(U2) A point x ∈ {0, 1}d such that S(P (x)) ̸= x ̸= 0d.
x is the beginning of a different line which does not start at 0d. It is a valid solution.
In this case, the structure of S and P might look like this:

x y
P S

y x
S P

x y z
P S
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(U3) A point x ∈ {0, 1}d such that P (S(x)) = x, S(x) ̸= x and c(S(x))− c(x) ≤ 0.
x is in the middle of a line, but the following vertex has lower cost. Therefore it is
the end of the increasing line and a valid solution.

The problem can be interpreted as a possibly exponentially large directed graph G =
(V,E) with

• v ∈ V ⇔ v ∈ {0, 1}d ∧ (S(v) ̸= v ∨ P (v) ̸= v) and
• (v, u) ∈ E ⇔ (v ̸= u ∧ S(v) = u ∧ P (u) = v).

Each vertex has an in- and out-degree of at most one. Each connected component of the
graph forms a line of vertices. (U1) describes the end of such a line. For every node in
the middle of the line it holds that P (S(x)) = x. The graph is acyclic. In comparison
to Unique End of Potential Line, there can be several lines with several endings in
an End of Potential Line instance.

The problem combines the Sink of DAG and End of Line problem. A solution is
a sink, either because of increasing potential (like in Sink of DAG) or because the
successor and predecessor circuits don’t form a valid edge for two nodes (like in End of
Line).

The class EOPL contains all problems that can be reduced in polynomial time to End
of Potential Line [Fea+18]. There are no known problems that are in EOPL but
not in UniqueEOPL [Fea+20b, p. 3], the usefulness of the class EOPL is therefore still an
open question.

Definition 3.3.5 (The search problem End of Metered Line [HY17]). Given the
following Boolean circuits:

• S, P : {0, 1}d → {0, 1}d such that P (0d) = 0d ̸= S(0d),
• c : {0, 1}d → {0, 1, ..., 2m} such that c(0d) = 1.

The task is to find one of the following:

(U1) A point x ∈ {0, 1}d such that P (S(x)) ̸= x .
x is the end of the line and therefore a valid solution.

(U2) A point x ∈ {0, 1}d such that S(P (x)) ̸= x ̸= 0d.
x is the beginning of a different line which does not start at 0d. It is a valid
solution.

(U3) A point x ∈ {0, 1}d such that x ̸= 0d and c(x) = 1.
x is the beginning of a different line which does not start at 0d. It is a valid
solution.

(U4) A point x ∈ {0, 1}d such that c(x) > 0 and c(S(x))− c(x) ̸= 1.
(U5) A point x ∈ {0, 1}d such that c(x) > 1 and c(x)− c(P (x)) ̸= 1.

[HY17] proved that End of Metered Line is in CLS.

The main difference from End of Potential Line and End of Metered Line is
that in End of Metered Line the potential is increasing exactly by one. [Fea+18,
Theorem 10] proved that End of Potential Line is polynomial time equivalent to
End of Metered Line with the help of Lemma 4.1.26 on page 43.

It follows that End of Potential Line is in CLS and EOPL is a subclass of it. It is
unknown whether CLS = EOPL.
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3.3.8. UniqueEOPL

Like EOPL, the class UniqueEOPL (Unique End of Potential Line) captures search prob-
lems with the property that their solution space forms an exponentially large line with
increasing cost. From one candidate solution we can calculate another candidate solution
in polynomial time. The end of that line is the solution of the search problem. If the
above properties hold as promised, this solution is unique. This is a promise problem
that can be transformed into a total problem as described in Section 2.4.1 on page 9.
For the cases where the cost are not increasing or the solution space does not form a
single line, violations are introduced. This problem is therefore total.

Definition 3.3.6 (The search problem Unique End of Potential Line [Fea+18]).
d,m ∈ N+,m ≥ d.

Given the following Boolean circuits:

• S, P : {0, 1}d → {0, 1}d such that P (0d) = 0d ̸= S(0d) and
• c : {0, 1}d → {0, 1, ..., 2m − 1} such that c(0d) = 0.

The task is to find one of the following:

(U1) A point x ∈ {0, 1}d such that P (S(x)) ̸= x.
x is the end of the line and therefore a valid solution. In this case, the structure
of S and P might look like this:

y x
SP

x y
S P

x y z
S P

(V1) A point x ∈ {0, 1}d such that S(P (x)) ̸= x ̸= 0d.
x is the beginning of a different line which does not start at 0d. In this case, the
structure of S and P might look like this:

x y
P S

y x
S P

x y z
P S

(V2) A point x ∈ {0, 1}d such that P (S(x)) = x, x ̸= S(x) and c(S(x))− c(x) ≤ 0.
x is in the middle of a line, but the following vertex has lower cost. It is a violation
of the increasing potential.

(V3) Two points x, y ∈ {0, 1}d such that x ̸= y, x ̸= S(x), y ̸= S(y) and either

a) c(x) = c(y) or
b) c(x) < c(y) < c(S(x)).

x and y are two different nodes that either have the same potential or that violate
the increasing potential. Both cases imply that the instance has more than one
line.

The problem intuitively defines a directed graph G = (V,E), with

• v ∈ V ⇔ v ∈ {0, 1}d ∧ (S(v) ̸= v ∨ P (v) ̸= v) and
• (v, u) ∈ E ⇔ (v ̸= u ∧ S(v) = u ∧ P (u) = v).

Each vertex has an in- and out-degree of at most one. Each connected component of the
graph forms a line of vertices. (U1) describes the end of such a line. For every node in
the middle of the line it holds that P (S(x)) = x, i.e. the structure of S and P look like
this:
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x y
P

S

The given problem is a maximization problem, as well as all other problems examined
in this thesis. An equivalent minimization problem can be constructed by defining
c′(s) := 2m − c(s) and inverting the above conditions respectively.

Example 3.3.7. A Unique End of Potential Line instance with violations [Fea+18,
Figure 2.].

s0

c(s0) = 0

s1

c(s1) = 1

s2

c(s2) = 2

s3

c(s3) = 3

s4

c(s4) = 5

s5

c(s5) = 7

s′0

c(s′0) = 2

s′1

c(s′1) = 3

s′2

c(s′2) = 4

s′3

c(s′3) = 5

s′4

c(s′4) = 7

s′′0

c(s′′0) = 8

s′′1

c(s′′1) = 9

There are two lines in this picture, therefore it contains several violations. The first line
starts at s0 and the second line starts at s′′0.

s′′1 is a solution of type (U1), as well as s′4.

s5 is a violation of type (V2). The successor of s5 is s′0, which has a lower potential than
s5. Even though S(s5) = s′0 and P (s′0) = s5, it does not hold that c(s5) < c(s′0).

s′′0 is a violation of type (V1).

s2 and s′0 are a violation of type (V3a) since c(s′0) = 2 = c(s2).

s3 and s′2 are a violation of type (V3b). S(s3) = s4 and c(s3) = 3 < c(s′2) = 4 < c(s4) =
5.

The complexity class UniqueEOPL contains all problems that can be reduced in polyno-
mial time to Unique End of Potential Line [Fea+20b].

Note that the reduction does not need to be promise preserving. It could happen that
a problem can be reduced to Unique End of Potential Line with a simple search
problem reduction, which is sufficient to show that the problem is in UniqueEOPL. All
problems in this thesis (except P-GLCP) can be reduced under promise preserving
reductions though, which implies that their promise versions are in PromiseUEOPL.

In contrast to the class EOPL it follows from the uniqueness that only one line is allowed
here. The goal is to find the end of that unique line or a violation of the line-structure
or the increasing cost. Circles are not allowed and the start of the line is always 0d.
UniqueEOPL is by definition a subclass of EOPL, they are considered unlikely to be
equal [Fea+20b].
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3.3.9. Relationships between Classes

[MP91, p. 319]: PLS ⊆ TFNP
[Pap94] PPAD ⊆ TFNP
[DP11, Theorem 4.1]: CLS ⊆ PLS ∩ PPAD
[Fea+20a]: CLS = PLS ∩ PPAD
[Fea+18, Corollary 11.]: EOPL ⊆ CLS
[Fea+18, p.14]: UniqueEOPL ⊆ EOPL

TFNP

PPAD

PLS

CLS = PPAD ∩ PLS

EOPL

UniqueEOPL

=?

Figure 3.2.: Relationships between classes
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3.4. Complexity Classes for Promise Problems

3.4.1. Promise-P

Promise-P is the class of promise problems that are solvable in deterministic polynomial
time. It is the promise problem equivalent of the decision problem class P.

Definition 3.4.1 (Promise-P [Gol06]). A promise problem Ψ = (IΨYes, IΨNo) is in Promise-
P if there exists a polynomial time algorithm A such that:

• ∀I ∈ IΨYes : A(I) = 1,

• ∀I ∈ IΨNo : A(I) = 0.

3.4.2. Promise-NP

Promise-NP is the class of promise problems that have polynomial long proofs of mem-
bership that are verifiable in polynomial deterministic time. It is the promise problem
equivalent of the decision problem class NP.

Definition 3.4.2 (Promise-NP [Gol06]). A promise problem Ψ = (IΨYes, IΨNo) is in
Promise-NP if there exists a polynomial bounded relation R : {0, 1}∗ → {0, 1}∗ that
is recognized by a polynomial time algorithm such that:

• ∀I ∈ IΨYes : there exists a solution s such that (I, s) ∈ R.

• ∀I ∈ IΨNo : there exists no solution s such that (I, s) ∈ R.

We say that R is polynomial time recognizable if there exists a polynomial p such that
for every (I, s) ∈ R it holds that |s| ≤ p(|I|) and R is recognized by an algorithm A if
A(I, s) = 1⇔ (I, s) ∈ R.

3.4.3. PromiseUEOPL

Definition 3.4.3 (Promise Unique End of Potential Line). Recall the Defini-
tion 3.3.6 on page 19 of Unique End of Potential Line. The problem Promise
Unique End of Potential Line is defined as: Under the promise that there is no
violation of type (V1), (V2) and (V3), find a solution of type (U1).

The class PromiseUEOPL contains all promise problems that can be reduced in polyno-
mial time to Promise Unique End of Potential Line [Fea+18, p. 3].

Problems in UniqueEOPL are not guaranteed to have unique solutions since there might
be violations. Problems in PromiseUEOPL have a unique solution, since they are promised
not to have violations.

PromiseUEOPL is the promise problem equivalent of the decision problem class UniqueEOPL.
The promise version of the problems that are proven to be in UniqueEOPL via a promise
preserving reduction are in PromiseUEOPL.
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4. UniqueEOPL-complete Problems

Unique End of Potential Line is trivially complete for UniqueEOPL. There is cur-
rently only one ”natural” complete problem known for UniqueEOPL, which is One Per-
mutation Discrete Contraction (OPDC). Several variations of UniqueEOPL that
are used for proving OPDC to be UniqueEOPL-complete are also UniqueEOPL-complete.
To prove a problem to be UniqueEOPL-complete, it needs to be shown that it is in
UniqueEOPL and that another complete problem can be reduced to the new one.

Complete Problem Proven by Reference
Unique End of Potential
Line

definition

Unique Forward EOPL ⪰Promise One Permutation Dis-
crete Contraction
(OPDC)

[Fea+20b,
Lemma 11]

Unique EOPL+1 ⪰Promise Unique End of Potential
Line

[Fea+20b,
Lemma 17]

OPDC ⪰Promise Unique EOPL+1 [Fea+20b,
Lemma 19]

Unique Forward EOPL+1 ⪰Promise Unique Forward EOPL [Fea+20b,
Lemma 13]

4.1. One Permutation Discrete Contraction (OPDC)

Definition 4.1.1 (Contraction [Fea+18]). C := [0, 1]d ⊂ Rd is a hyper cube. A
contraction map is a function f : [0, 1]d → [0, 1]d. It is contracting under a metric δ if
∀x, y ∈ [0, 1]d : δ(f(x), f(y)) ≤ const · δ(x, y) for some constant 0 < const < 1.

The Banach fixed point theorem states that for a function f that is contracting under a
metric δ, there exists a unique fixpoint of f , i.e. f(x) = x [Bar11, p. 146].

The contraction map is defined on a continuous space and [DTZ17] proved that finding
the fixpoint whose existence is guaranteed by the Banach fixed point theorem, is CLS-
complete. Therefore the problem is unlikely to be in UniqueEOPL since this would imply
that CLS = UniqueEOPL. In the following, a discrete (and rather specific) version of the
contraction problem is examined.

The cube C is discretized with an overlying grid Γ with grid widths (ω1, ..., ωd) where
ωi ∈ N:

Γ := [0, 1, ..., ω1]× [0, 1, ..., ω2]× ...× [0, 1, ..., ωd].

A point in the grid p ∈ Γ is matched to the cube by dividing each dimension pi by the
corresponding grid width ωi:

q := (p1/ω1, p2/ω2, ..., pd/ωd) ∈ [0, 1]d.
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Definition 4.1.2 (Direction functions). Let D := {Di | i = 1, ..., d} be a set of direction
functions given as circuit with Di : Γ→ {Up, Down, Zero} so that for every point p ∈ Γ:

• Di(p) = Up⇔ f(q)i > qi,
• Di(p) = Down⇔ f(q)i < qi,
• Di(p) = Zero⇔ f(q)i = qi.

The goal of the modified problem is to find a point p ∈ Γ that is a fixpoint for each
direction function: ∀i = 1, ..., d : Di(p) = Zero.

Example 4.1.3. d = 1

d1

f(d1)

0 1
0

1

Cube C = [0, 1]

Grid

f(x) = 1− x

Fixpoint

→ → 0 ← ←

• Dimension d := 1
• Cube C = [0, 1]
• Grid width ω1 := 4
• Grid Γ := {0, 1, 2, 3, 4}
• Direction function (represented by the

arrows):
– f(0) = 1 > 0⇒ D1(0) = Up
– f(14) =

3
4 > 1

4 ⇒ D1(1) = Up
– f(24) =

2
4 = 2

4 ⇒ D1(2) = Zero
– f(34) =

1
4 < 3

4 ⇒ D1(3) = Down
– f(1) = 0 < 1⇒ D1(4) = Down

Example 4.1.4. d = 2

f : [0, 1]2 → [0, 1]2

f

(
d1
d2

)
=

(
(d1+d2+2)

4
(d21+d22)

2

)

0 0.2 0.4 0.6 0.8 1 0

0.5

10.6

0.8

1

d1
d2

(d1+d2+2)
4

0 0.2 0.4 0.6 0.8 1 0

0.5

1
0

0.5

1

d1
d2

(d21+d22)
2

The goal is to find a point (p1, p2) that is fixpoint in both of the above plots. The
solution is obviously (1, 1).
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d1

d2

0

1
4

2
4

3
4

1

0 1
4

2
4

3
4 1

f1

(
d1
d2

)
= d1+d2+2

4

0.5

0.56

0.63

0.69

0.75

0.56

0.63

0.69

0.75

0.81

0.63

0.69

0.75

0.81

0.88

0.69

0.75

0.81

0.88

0.94

0.75

0.81

0.88

0.94

1

d1

d2

0

1
4

2
4

3
4

1

0 1
4

2
4

3
4 1

f2

(
d1
d2

)
=

d21+d22
2

0

0.03

0.13

0.28

0.5

0.03

0.06

0.16

0.31

0.53

0.13

0.16

0.25

0.41

0.63

0.28

0.31

0.41

0.56

0.78

0.5

0.53

0.63

0.78

1

d1

d2

0

1
4

2
4

3
4

1

0 1
4

2
4

3
4 1

D1

→ → → ← ←

→ → → 0 ←

→ → → → ←

→ 0 ← ← ←

→ → → → 0

d1

d2

0

1
4

2
4

3
4

1

0 1
4

2
4

3
4 1

D2

0 ↑ ↑ ↑ ↑

↓ ↓ ↓ ↑ ↑

↓ ↓ ↓ ↓ ↑

↓ ↓ ↓ ↓ ↑

↓ ↓ ↓ ↓ 0

Note that up until now there might not be a unique fixpoint in the grid. It can happen
that the cube is discretized in an unfortunate way so that the fixpoint is not captured.
To ensure that there is a fixpoint, extra conditions need to be formulated. In order to
do so, we need the following definitions first.

Definition 4.1.5 (Slice s [Fea+18]). Let Slicesd := [0, 1, ..., ω1] ∪ {∗} × [0, 1, ..., ω2] ∪
{∗} × ...× [0, 1, ..., ωd] ∪ {∗}.

A slice is a vector s = (s1, s2, ..., sd) ∈ Slicesd with si ∈ [0, 1, ..., ωi] ∪ {∗} . If si ∈
[0, 1, ..., ωi], this means that dimension i is fixed, if si = ∗, dimension i is free to vary.

For s ∈ Slicesd let Γs := {p ∈ Γ | ∀i = 1, ..., d : si ̸= ∗ ⇒ pi = si} be the set of grid
points in the slice s.

Definition 4.1.6 (Sub-Slices [Fea+18]). A slice s′ ∈ Slicesd is a sub slice of
s ∈ Slicesd if

∀j = 1, ..., d : sj ̸= ∗ ⇒ s′j = sj .

Definition 4.1.7 (i− Slice [Fea+18]). An i− Slice is a slice s for which holds:

∀j = 1, ..., d : (j ≤ i⇒ sj = ∗) ∧ (j > i⇒ sj ̸= ∗).
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Example 4.1.8. Recall Example 4.1.4 on the previous page. There are 3 i − Slice
types:

• one 2− Slice, which is (∗, ∗),
• for each y ∈ [0, 1, ..., ω2] there is one 1− Slice (∗, y),
• for each x ∈ [0, 1, ..., ω1], y ∈ [0, 1, ..., ω2] there is one 0 − Slice (x, y), which is

exactly one point in the grid.

d1

d2

0

1

2

3

4

0 1 2 3 4

Slice (∗, ∗) = Γ

Slice (∗, 1) = {(0, 1) , (1, 1) , (2, 1) , (3, 1) , (4, 1)}

Slice (4, 4) = {(4, 4)}

Definition 4.1.9 (One-permutation discrete contraction map [Fea+18]). Let Γ be a
grid and let D := {Di | i = 1, ..., d} be a family of direction functions. D and Γ form
a one-permutation discrete contraction map if for every i − Slice s the following two
conditions hold:

(i) There is a unique fixpoint of s in all dimensions smaller than i (i.e. a point p∗ ∈ Γs
is fixpoint of slice s if Di(p

∗) = Zero for all dimensions i where si = ∗).
(ii) Let s′ ∈ Slicesd be a sub-slice of s where the coordinate i for which si = ∗

has been fixed to some value and all other coordinates are unchanged. s′ is an
(i − 1) − Slice. If p∗ is the unique fixpoint of s, and q∗ is the unique fixpoint of
s′, then
• q∗i < p∗i ⇒ Di(q

∗) = Up and
• q∗i > p∗i ⇒ Di(q

∗) = Down.

Since (∗, ..., ∗) is an i−Slice, the first condition promises that there is a unique fixpoint
for the overall problem. The second condition promises that if we have found a unique
fixpoint for a sub-slice s′, then the direction function will tell us where to go to find the
unique fixpoint of s.

Note that these two conditions are rather specific and not really relevant in practice.

It is hard to check whether a given instance fulfills the conditions or not. These conditions
are the promise. In the search version of the problem they are formulated as violations.

Example 4.1.10. (First condition)

Recall Example 4.1.4 on page 24. It does not satisfy the first condition. Not every
i− Slice has a unique fixpoint, the slice (∗, 2) for example has none.

The following image shows a function which does satisfy the first condition. The 1−Slice
(∗, 1) has a unique fixpoint in dimension d1 (picture on the left) at (3, 1). For the second
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dimension d2 (picture on the right) there are two fixpoints of D2 in that slice, but s2 ̸= ∗
and therefore there doesn’t need to be a unique fixpoint for D2.

d1

d2

0
1
2
3
4

0 1 2 3 4

D1

Slice (∗, 1)

D1((3, 1)) = Zero

Overall fixpoint

→ → 0 ← ←
→ → → 0 ←
→ → → 0 ←
→ 0 ← ← ←
→ → → → 0

d1

d2

0
1
2
3
4

0 1 2 3 4

D2

D2((3, 1)) = Up

Overall fixpoint

0 ↑ ↑ ↑ ↑
↓ 0 0 ↑ ↑
↓ ↓ ↓ ↑ ↑
↓ ↓ ↓ 0 ↑
↓ ↓ ↓ ↓ 0

Example 4.1.11. (Second condition)

Let s := (∗, ∗) and let s′ be sub-slice of s which is fixed in the coordinate i = 2:
s′ := (∗, 1).

p∗ = (4, 4) is a unique fixpoint of s and q∗ = (3, 1) is a unique fixpoint of s′.

Given the second condition, the following should hold:

q∗2 = 1 < 4 = p∗2 ⇒ D2(q
∗) = Up.

In Example 4.1.10 on the previous page, this is the case. The orange colored box points
upwards in the direction of the overall fixpoint of the problem.

Consider the following image. Here, D2(q
∗) doesn’t point towards the overall fixpoint.

This simply means that the given example is no valid one-permutation discrete contrac-
tion map.

d1

d2

0

1
4

2
4

3
4

1

0 1
4

2
4

3
4 1

D1

Slice (∗, 1)

D1((3, 1)) = Zero

Overall fixpoint

→ → 0 ← ←
→ → → 0 ←
→ → → 0 ←
→ 0 ← ← ←
→ → → → 0

d1

d2

0

1
4

2
4

3
4

1

0 1
4

2
4

3
4 1

D2

Slice (∗, 14)D2((3, 1)) = Down

Overall fixpoint

↑ ↑ ↑ 0 ↑
↑ 0 0 ↓ ↑
0 ↓ ↓ ↓ ↑
↓ ↓ ↓ ↓ ↑
↓ ↓ ↓ ↓ 0
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Definition 4.1.12 (The search problem One Permutation Discrete Contraction
(OPDC)). Let Γ be a discrete grid points over [0, 1]d and let D be a family of direction
functions as defined in Definition 4.1.2 on page 24.

Find one of the following:

(O1) A point p ∈ Γ such that ∀i = 1, ..., d : Di(p) = Zero.

(OV1) An i− Slice s with two fixpoints p, q ∈ Γs with p ̸= q such that
∀j ≤ i : Dj(p) = Dj(q) = Zero.

(OV2) An i− Slice s and two points p, q ∈ Γs such that

– ∀j < i : Dj(p) = Dj(q) = Zero,
– pi and qi are adjacent to each

other in dimension i:
pi = qi + 1,

– Di(p) = Down and Di(q) = Up.
dj

di
Dj

0
0

dj

di
Di

↑
↓

(OV3) An i− Slice s and a point p ∈ Γs such that

– ∀j < i : Dj(p) = Zero and either
– pi = 0 and Di(p) = Down or
– pi = ωi and Di(p) = Up.

dj

di
Dj

0

0 dj

di
Di

↑

↓

Solution (O1) describes a fixpoint.

Violation (OV1) is clearly a violation of condition (ii) of the one permutation discrete
contraction map from Definition 4.1.9 on page 26.

Violation (OV2) is a violation of condition (ii) of the one permutation discrete contrac-
tion map. By condition (ii) both arrows should point towards the fixpoint of the next
higher dimension. But when they are pointing in disagreeing directions, they cannot
both point to the fixpoint.

Violation (OV3) is also a violation of condition (ii) of the one permutation discrete
contraction map. By condition (ii) the arrow should point towards the fixpoint of the
next higher dimension, but this fixpoint cannot be somewhere out of the grid, therefore
the arrow must be wrong.

The conditions of the one-permutation discrete contraction map as defined in Defini-
tion 4.1.9 on page 26 are here formulated as violations. They are the reason why this
problem is called one permutation discrete contraction. The order of the dimensions we
chose is relevant to the validity of the instance. If we chose a different order, it is a
different problem.
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Example 4.1.13. The following example is a perfectly valid OPDC instance:

d1

d2

0 1 2 3
0
1
2

D1

0 ← ← ←
0 ← ← ←

0→ → ←

d1

d2

0 1 2 3
0
1
2

D2

0

↑
↑

0

↓
↓ 0

↑
↑

0

↑
↑

If the two dimensions are flipped, the points (0, 1) and (2, 0) violate of type (OV2).

d1

d2

0 1 2
0
1
2
3

D1

0→ →
0 ← ←

0→ →
0→ →

d1

d2

0 1 2
0
1
2
3

D2

0

↓
↓
↓

0

↓
↓
↓

0

↑
↑

↓

The problem has no natural cost or potential function. Also the points of the grid don’t
have an intuitive neighborhood or successor as needed for a Unique End of Potential
Line instance. Nonetheless, there exists a reduction from OPDC to Unique End of
Potential Line which proves that OPDC is in UniqueEOPL.

The two conditions defined for a one-permutation discrete contraction map in defini-
tion 4.1.9 on page 26 allow us to define a line-following algorithm along which we can
walk through an OPDC instance. We start with 0d - the grid cell in the bottom left
corner. From there, the direction function shows us the way to the fixpoint of dimension
i. When reached, we can check with the direction function of dimension i + 1 which
direction to go in the next dimension. So we reset dimension i to 0, move along the told
direction and start increasing the coordinates in dimension i again. When the mutual
fixpoint of dimension i and i + 1 is found, the direction function of i + 2 shows us the
way to go, and so on, until the overall fixpoint is found.

4.1.1. OPDC is in UniqueEOPL

Theorem 4.1.14. One Permutation Discrete Contraction (OPDC) is in UniqueEOPL.

It is not proven directly that OPDC ⪯Promise Unique End of Potential Line, but
instead a sequence of reductions is performed:

OPDC ⪯Promise Unique Forward EOPL
⪯Promise Unique Forward EOPL+1
⪯Promise Unique End of Potential Line.
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4.1.1.1. OPDC to Unique Forward EOPL

Definition 4.1.15 (Unique Forward End of Potential Line [Fea+20b]). Given
a Boolean circuit S : {0, 1}d → {0, 1}d such that S(0d) ̸= 0d and a Boolean circuit
c : {0, 1}d → {0, 1, ..., 2m − 1} such that c(0d) = 0, find one of the following:

(UF1) A point x ∈ {0, 1}d such that S(x) ̸= x and either S(S(x)) = S(x) or
c(S(x)) ≤ c(x).
x is a sink and a valid solution.

(UFV1) Two points x, y ∈ {0, 1}d such that x ̸= y, S(x) ̸= x, S(y) ̸= y and either

a) c(x) = c(y) or
b) c(x) < c(y) < c(S(x)).

x and y are two different nodes that either have the same potential, or that
violate the increasing potential. Both cases imply that the instance does not
have the form of an increasing line.

(UFV2) Two points x, y ∈ {0, 1}d such that x is a solution of type (UF1), x ̸= y,
S(y) ̸= y and c(x) < c(y).
This encodes a break in the line. x is the end of one line, but there exists a
different line with a node y that has higher cost than x.

Again, this problem can be interpreted as a directed acyclic graph G = (V,E) with
V := {v | v ∈ {0, 1}d ∧ S(v) ̸= v} and (v, u) ∈ E ⇔ (v ̸= u ∧ S(v) = u ∧ c(v) < c(u)). A
bit string v only encodes a vertex if S(v) ̸= v. Each vertex has out-degree at most one.
(UF1) describes a sink of the graph. If no violation of type (UFV1) is found, it implies
that the graph actually has the form of a line. So if a sink is found and if there exists
no violation, the sink is the end of a line.

(UFV2) implies that there is another line with a node that has bigger cost than the end
of the first line. This type of solution might seem a bit pointless at first, since when any
algorithm finds a solution of type (UF1), it is happy and stops searching for violations.
This type of solution is needed to make the reductions promise preserving. Unique
Forward EOPL+1 has a violation of that type as well. It becomes important in the
reduction from Unique Forward EOPL+1 to Unique End of Potential Line,
when there is a violation found in the Unique End of Potential Line instance, it
must be matched back to a violation in the Unique Forward EOPL+1 instance. This
can be seen in detail in [Fea+20b, Proof of Lemma 27, p. 28].

Example 4.1.16. Consider the following Unique Forward EOPL instance for d = 2.
The arrows represent function S, not the edges of the graph. The vertices (10) and (01)
aren’t actual vertices. V = {00, 11}, E = {(00, 11)}. (11) is a solution of type (UF1).

00

c(00) = 0

11

c(11) = 3

10

c(10) = 2

01

c(01) = 1

Theorem 4.1.17. There exists a promise preserving polynomial time reduction from
OPDC to Unique Forward EOPL.

Proof. Given an OPDC instance I = (Γ,D), construct a Unique Forward EOPL
instance I ′ = (S, c).
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The idea of the reduction is to find a line following algorithm through the OPDC grid as
described in Example 4.1.13 on page 29, which ends in the unique fixpoint. The algorithm
works recursively. The states of this local search line following algorithm are represented
as vertices of Unique Forward EOPL. The nodes of the Unique Forward EOPL
instance are tuples with certain properties in which the unique fixpoint of all i dimensions
is saved, before we start searching for the fixpoint of i+1 dimensions. This ensures that
every point after the unique fixpoint is not a valid vertex. Furthermore it also allows
us to define an order on the vertices, which is needed to define the cost function. Every
tuple can be evaluated by a set of polynomial time verifiable conditions.

For the correctness of the reduction it must be proven that valid solutions of OPDC are
only mapped to valid solutions of Unique Forward EOPL, and that every violation
in the constructed Unique Forward EOPL instance was a violation in the original
OPDC instance in the first place.

A point p ∈ Γ is on the i− surface if ∀j = 1, ..., i : Dj(p) = Zero.
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The vertices The dimension of the grid Γ is d. Let V := (Γ ∪ {⊥})d+1 be the set of
vertices for the Unique Forward EOPL instance. Since Γ = [0, 1, ..., ω1]×[0, 1, ..., ω2]×
... × [0, 1, ..., ωd] does not consist of 0-1-bit strings, this is actually not a set that can
be used for the construction of S. Let ki be the number of bits needed to represent
pi ∈ [0, 1, ..., ωi] and let k := max

i=1,...,d
ki. Let Γ′ := {0, 1}k×d and V ′ := (Γ′ ∪ {⊥})d+1.

To make it easier to understand, the rest of the reduction will work with V . But it is
important to note that all the intervals can be represented as 0-1-bit Strings.

A vertex v on the line of I’ is a vector v := (p0, p1, ..., pd) with each pi ∈ Γ ∪ {⊥}. If a
point pi = ⊥, it indicates that we have not encountered a point on the i− surface yet.
If point pi ̸= ⊥, pi is the value of the most recent visited point on the i− surface.

Only some of the vectors are valid vertices. To be valid, a vertex v = (p0, p1, ..., pd) must
fulfill all of the following conditions:

• for i = 1, ..., d:

(a) pi ̸= ⊥ ⇒ ∀j = 1, ..., i : Dj(pi) = Zero.
This means that if pi is not bottom, pi has to be on the i − surface of the
OPDC instance.

• for i = 0, ..., d− 1:
(b) pi ̸= ⊥ ⇒ Di+1(pi) ̸= Down.
(c) pi ̸= ⊥ ∧ pj = ⊥ ∧ i < j ⇒ (pi)j+1 = 0.
(d) pi ̸= ⊥ ∧ pj ̸= ⊥ ∧ i < j ⇒ (pi)j+1 = (pj)j+1 + 1.

The function isVertex : V → {true, false} returns whether or not v fulfills all these
conditions. The function can be calculated in polynomial time.

Example 4.1.18. d = 6

(p0)1 (p0)2 (p0)3 (p0)4 (p0)5 (p0)6

(p1)1 (p1)2 (p1)3 (p1)4 (p1)5 (p1)6

(p2)1 (p2)2 (p2)3 (p2)4 (p2)5 (p2)6

(p3)1 (p3)2 (p3)3 (p3)4 (p3)5 (p3)6

(p4)1 (p4)2 (p4)3 (p4)4 (p4)5 (p4)6

(p5)1 (p5)2 (p5)3 (p5)4 (p5)5 (p5)6

(p6)1 (p6)2 (p6)3 (p6)4 (p6)5 (p6)6




p3 = ⊥

= 0

p5 ̸= ⊥

= (p5)6 + 1

The above matrix represents a vertex v ∈ V . The column colored in blue is an example
of condition (c): p3 = ⊥, therefore all points above which are not ⊥ are 0 at index 4.
The column in red is an example of condition (d): Since p5 ̸= ⊥, all points above which
are not ⊥ are (p5)6 + 1 at index 6.

The start vertex o is defined as o := (0d,⊥, ...,⊥).
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Construction of the successor function S Let S : V → V .

Given a vertex v = (p0, p1, ..., pd), construct S(v):

(1) If isVertex(v) = false then S(v) := v to indicate that v is not a valid vertex.

(2) If isVertex(v) = true, let i be the smallest index such that pi ̸= ⊥.

(2.1) If i = d then v = (⊥, ...,⊥, pd). Furthermore, pd is on the d− surface which
means that ∀j ≤ d : Dj(p) = Zero. Therefore, pd is a solution to the discrete
contraction map. We set S(v) := v to indicate that the point before v is the
end of the line.

(2.2) If Di+1(pi) = Zero and i < d then S(v) := u where

uj =


⊥ if j < i+ 1

pi if j = i+ 1

pj if j > i+ 1.

This overwrites the point at position i + 1 with pi and sets the position i to
⊥. All other components are unchanged.
S(⊥, ...,⊥, pi, pi+1, pi+2, ..., pd) = (⊥, ...,⊥,⊥, pi, pi+2, ..., pd).
This case describes the situation when a point is reached which is Zero in
all dimensions j ≤ i + 1. In the next step we want to check the next higher
dimension.

(2.3) If Di+1(pi) ̸= Zero and 0 < i < d then let q be the point

(q)j =


0 if j < i+ 1

(pi)i+1 + 1 if j = i+ 1

(pi)j if j > i+ 1.

(a) If q is a point in Γ then S(v) = (q, p1, ..., pd).
In this case we follow the direction which tells us where the overall fixpoint
is and reset the lower dimensions.

(b) Otherwise it holds that (pi)i+1 = ωi+1. pi is the last point on the
grid in dimension i + 1. This implies a solution of type (OV3) since
isVertex(v) = true implies that Di+1(pi) = Up. We set S(v) = v.

(2.4) If Di+1(vi) ̸= Zero and i = 0 then let q be the point such that (q)j = (p0)j
for all j > 1 and (q)1 = (p0)1 + 1.

(a) If q is a point in Γ then S(v) = (q, p1, ..., pd).
We follow the direction of dimension 1 to find the fixpoint of this slice.

(b) Otherwise we have another solution of type (OV3), since (p0)1 = ω1. We
set S(v) = v.

Case (2.4) actually behaves the same as case (2.3) when it is called with
i = 0, but when we prove the correctness of the reduction the two cases lead
to different violations. Therefore they are kept separate.
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Example 4.1.19. Consider the following OPDC instance for d = 2 from [Fea+18]. The
table below shows the repeated call of S on the start node o. It contains the case that
is entered to determine the successor and the result.

d1

d2

0 1 2 3 4 5 6 7 8 9
0
1
2
3
4
5
6
7

D1

0→ → → → ← ← ← ← ←
0→ → → → → ← ← ← ←

0→ → → → → → ← ← ←
0→ → → → → ← ← ← ←

0→ → → → ← ← ← ← ←
0→ → → → ← ← ← ← ←

0→ → → ← ← ← ← ← ←
0→ → ← ← ← ← ← ← ←

d1

d2

0 1 2 3 4 5 6 7 8 9
0
1
2
3
4
5
6
7

D2

0

↑

↓
↓
↓
↓
↓
↓

0

↑
↑
↑

↓
↓
↓
↓

0

↑
↑
↑
↑
↑

↓
↓

0

↑
↑
↑
↑

↓
↓
↓

0

↑
↑
↑

↓
↓
↓
↓

0

↑
↑

↓
↓
↓
↓
↓

0

↑
↑

↓
↓
↓
↓
↓

0

↑
↑

↓
↓
↓
↓
↓

0

↑
↑
↑
↑

↓
↓
↓

0

↑
↑
↑
↑
↑

↓
↓

Vertex v i Di+1(pi) Case S(v)

(00,⊥,⊥) 0 D1(00) = Up (4a) (10,⊥,⊥)
(10,⊥,⊥) 0 D1(10) = Up (4a) (20,⊥,⊥)
(20,⊥,⊥) 0 D1(20) = Up (4a) (30,⊥,⊥)
(30,⊥,⊥) 0 D1(30) = Up (4a) (40,⊥,⊥)
(40,⊥,⊥) 0 D1(40) = Zero (2) (⊥, 40,⊥)
(⊥, 40,⊥) 1 D2(40) = Up (3a) (01, 40,⊥)
(01, 40,⊥) 0 D1(01) = Up (4a) (11, 40,⊥)
(11, 40,⊥) 0 D1(11) = Up (4a) (21, 40,⊥)
... ... ... ... ...
(51, 40,⊥) 0 D1(51) = Zero (2) (⊥, 51,⊥)
(⊥, 51,⊥) 1 D2(51) = Up (3a) (02, 51,⊥)
(02, 51,⊥) 0 D1(02) = Up (4a) (12, 51,⊥)
... ... ... ... ...
(62, 51,⊥) 0 D1(62) = Zero (2) (⊥, 62,⊥)
(⊥, 62,⊥) 1 D2(62) = Zero (2) (⊥,⊥, 62)
(⊥,⊥, 62) 2 i = d (1) (⊥,⊥, 62)

The end of the line is (⊥, 62,⊥).

Cost function c First, the help function g : (Γ ∪ {⊥})× {0, 1, ..., d− 1} → N is defined
as follows:

g(p, i) :=

{
(p)i+1 + 1 if p ̸= ⊥
0 otherwise

h : V → Nd

h(v) := (g(p0, 0), g(p1, 1), ..., g(pd−1, d− 1)) =: (l0, l1, ..., ld−1)
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Recall Example 4.1.18 on page 32. Function g, with the parameters that h calls it with,
returns the same value that condition (c) and (d) of isVertex enforce for all smaller
points at that index.

Let ◁ be a relation between two elements of Nd such that it orders them lexicographically
from the right.

◁ := {(x, y)|x, y ∈ Nd, j := max
i=1,...,d

{i|xi ̸= yi}, xj < yj}

Let ω ∈ N be a variable larger than any grid width used in any dimension such that
∀i = 1, ..., d : ωi + 1 < ω. With these two help functions, c is defined as follows:

c(v) :=

(
d−1∑
i=0

ωili

)
+

{
0 if pd = ⊥
ωd if pd ̸= ⊥

If (pd = ⊥ = qd) or (pd ̸= ⊥ ∧ qd ̸= ⊥), and c(v) < c(u), it holds that h(v) ◁ h(u) with
u = (q0, . . . , qd).

Example 4.1.20. Consider Example 4.1.19 on the preceding page. Let ω = 12 because
the largest grid width in this example is ω1 = 10. The following table shows the cost of
each node that is visited during the line-following algorithm.

Vertex v = (p0, p1, p2) g(p0, 0) g(p1, 1) c (v)
(00,⊥,⊥) 1 0 1
(10,⊥,⊥) 2 0 2
(20,⊥,⊥) 3 0 3
(30,⊥,⊥) 4 0 4
(40,⊥,⊥) 5 0 5
(⊥, 40,⊥) 0 1 12
(01, 40,⊥) 1 1 13
(11, 40,⊥) 2 1 14

... ... ... ...
(51, 40,⊥) 6 1 18
(⊥, 51,⊥) 0 2 24
(02, 51,⊥) 1 2 25

... ... ... ...
(62, 51,⊥) 7 2 31
(⊥, 62,⊥) 0 3 36
(⊥,⊥, 62) 0 0 144

Originally, [Fea+20b] defined the cost function without the possible +ωd at the end. This
definition is not sufficient because there are always two nodes that define a violation of
type (UFV1) even though the OPDC instance is correct. By the definition of a promise
preserving reduction, this is not allowed.

Example 4.1.21. Let c′ be the cost function as defined in [Fea+20b]:

c′(v) :=
d−1∑
i=0

ωili
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Consider an OPDC instance for dimension d = 3 that has a unique fixpoint at (1, 2, 3).
Let

v =


(0, 0, 0)
⊥
⊥
⊥

 , u =


(0, 0, 0)
⊥
⊥

(1, 2, 3)

 .

Since the cost function ignores the last element, it holds that c′(v) = c′(u). Furthermore
isVertex(v) = isVertex(u) = true, since (1, 2, 3) is the unique fixpoint. Also S(v) ̸= v
and S(u) ̸= u. Therefore, v and u are a violation of (UFV1).

Such an example can be constructed for every OPDC instance with a unique fixpoint.
In order to prevent that, the cost function is defined differently here.

Correctness In order to prove the correctness of this construction, it must be shown
that each solution to the constructed Unique Forward EOPL instance matches back
to the correct OPDC instance.

The general idea of the proof done here is the same as in [Fea+20b]: We will take a look
at each type of solution of Unique Forward EOPL and argue why and which solution
of OPDC is represented by it. The argumentation of the single steps might vary from
the original paper in order to make them easier to understand.

A solution of type (UF1) Let v = (p0, p1, ..., pd) be a solution of type (UF1) and
u = S(v). This means that S(v) ̸= v and either S(u) = u or c(u) ≤ c(v).

Assume S(v) ̸= v and S(u) = u with u = (q0, . . . , qd). We now take a look at the rules
that were used to determine S(u). We can check that in polynomial time.

First we consider the case that isVertex(u) = true.

2.1. If S(u) = u is determined by rule (2.1), it follows that qd ̸= ⊥. Since isVertex(u) =
true, it holds that Di(qd) = Zero for all i, which means that qd is a solution of
type (O1).

2.2. S(u) = u cannot be determined by rule (2.2), (2.3a) or (2.4a) since by the defini-
tion of these rules the created successor is unequal to the input.

2.3. If S(u) = u is determined by rule (2.3b), we found a solution of type (OV3), as
already argued in the construction.

2.4. If S(u) is determined by rule (2.4b), we found a solution of type (OV3), as already
argued in the construction.

In case (1) it holds that S(u) = u because isVertex(u) = false. In this case we have
to take a closer look at how S(v) was determined.

2.1. S(v) cannot be determined by rule (2.1), since then it would hold that S(v) = v,
which is a contradiction to our assumption.
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2.2. If S(v) is determined by rule (2.2), let i be the smallest index of v such that pi ̸= ⊥.

Vertex Index
0 ... i− 1 i i+ 1 i+ 2 ...

v ⊥ ... ⊥ x y z ...
S(v) ⊥ ... ⊥ ⊥ x z ...

v and S(v) differ only in the two points at position i and i+1. Since isVertex(v) =
true, one of these two points of S(v) must violate the conditions of isVertex.
More specifically it is x at position i+1 that must violate a condition of isVertex
because position i is set to ⊥ and therefore it is irrelevant for all conditions of
isVertex.

(a) (S(v))i+1 cannot break condition (a) of isVertex since Di+1((S(v))i+1) =
Di+1(x) = Zero because we are in case (2.2) of the construction.

(b) If (S(v))i+1 violates condition (b) of isVertex, then Di+2((S(v))i+1) = Di+2(x) =
Down.

Let’s take a look at y.

(i) y ̸= ⊥

It holds that Di+2(y) = Up: At some point there was a node w =
(⊥, ...,⊥, y, ...) with y at position (i + 1). The successor of w was not
determined by rule (2.1), nor was it pushed any further by rule (2.2).
Therefore, it holds that Di+2(y) ̸= Zero and since isVertex(v) = true,
it also holds that Di+2(y) ̸= Down. Therefore, Up is the only direction
left.

Since isVertex(v) = true, it also holds by condition (d) that (x)i+2 =
(y)i+2 + 1.

Moreover ∀j ≤ i + 1: Dj(x) = Dj(y) = Zero. In particular Di+1(x) =
Zero holds because we are in case (2.2) of the construction.

This means that we found a violation of type (OV2).

(ii) y = ⊥

Because isVertex(v) = true and condition (c), it holds that (x)i+2 = 0.
Since Di+2(x) = Down, we found a violation of type (OV3).

(c) If conditions (c) or (d) do not hold for S(v), it follows that it could not have
been true for v either. Therefore S(v) cannot break these conditions.

2.3. S(v) is determined by rule (2.3a). Since S(v) ̸= v, it could not have been case
(2.3b).

S(v) = (q, p1, ..., pd) must violate one of the conditions of isVertex. Specifically
q must cause a violation, since all the other points stayed the same.

(a) Condition (a) cannot be violated, since i = 0.

(b) If q violates condition (b) of isVertex then D1(q) = Down. This means that
we found a violation of type (OV3), since q1 = 0 by definition.
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(c) S(v) fulfills condition (c) by definition: Let i be the smallest index of v such
that pi ̸= ⊥.

For j = 0, ..., i− 1 it holds that qj+1 = 0 by definition.
For j = i it holds pj ̸= ⊥ and the condition is skipped.
For j = i + 1, ..., d − 1 it holds that qj+1 = (pi)j+1 for which the condition
holds since isVertex(v) = true. Therefore, it holds for qj+1 as well.

Example 4.1.22. Consider S(v) represented as matrix. Here it is easier to
see why condition (c) holds for j = i+ 1, ..., d− 1.

(q)1 ... (q)j (q)j+1 ... (q)d

⊥
...

⊥
(pi)1 ... (pi)j (pi)j+1 ... (pi)d

...

(pj)1 ... (pj)j (pj)j+1 ... (pj)d
...

(pd)1 ... (pd)j (pd)j+1 ... (pd)d





S(v) =

pj = ⊥

= (pi)j+1 = 0

= 0

Holds because
isVertex(v) = true

(d) S(v) fulfills condition (d) by definition: Let i be the smallest index of v such
that pi ̸= ⊥.

For j = 0, ..., i− 1 pj = ⊥, since i is by definition the smallest and therefore
this condition is skipped.
For j = i it holds that qj+1 = (pj)j+1 + 1 by definition.
For j = i + 1, ..., d − 1 it holds that qj+1 = (pi)j+1 for which the condition
holds, since isVertex(v) = true. Therefore it holds for qj+1 as well.
Example 4.1.23. Consider S(v) represented as matrix. Here it is easier to
see why condition (d) holds for j = i, ..., d− 1.

(q)1 ... (q)j (q)j+1 ... (q)d

⊥
...

⊥
(pi)1 ... (pi)j (pi)j+1 ... (pi)d

...

(pj)1 ... (pj)j (pj)j+1 ... (pj)d
...

(pd)1 ... (pd)j (pd)j+1 ... (pd)d





S(v) =

pj ̸= ⊥

= (pi)j+1 = (pj)j+1 + 1

= (pj)j+1 + 1

Holds because
isVertex(v) = true

2.4. S(v) is determined by rule (2.4a). Since S(v) ̸= v it could not have been case
(2.4b).

S(v) = ((p0)1 + 1, (p0)2, ..., (p0)d), p1, ..., pd) must violate one of the conditions of
isVertex. Specifically ((p0)1+1) must cause a violation, since all the other points
stayed the same.
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(a) Condition (a) cannot be violated since i = 0.

(b) If (S(v))0 violates condition (b) of isVertex, then D1((S(v))0) = Down.

D1(p0) = Up because it is not Zero since we are in case (2.4) and it is not
Down because isVertex(v) = true.

This means that we found a violation of type (OV2).

(c) S(v) fulfills condition (c) and (d) by definition. Since only (p0)1 is changed,
all other points must have fulfilled the condition already before. For (p0)1
itself the condition never is relevant.

In conclusion, every case leads to a solution, a violation or the case is impossible to
reach.

Second, assume S(v) ̸= v and c(u) ≤ c(v). Note that S(u) ̸= u. Based on the rules that
are used to calculate S(v) we can argue that this is impossible:

1. S(v) cannot be determined by rule (1), since then it would hold that S(v) = v,
which is a contradiction to our assumption.

2.1. S(v) cannot be determined by rule (2.1), since then it would hold that S(v) = v,
which is a contradiction to our assumption.

2.2. If S(v) was determined by the second rule, it can be proven that c(v) < c(u):

v and u differ only in the two points at position i and (i+1). The cost of v and u
differs only in the terms of the sum of i and (i+ 1).

If pi+1 ̸= ⊥, it holds that (pi)i+2 = ((pi+1)i+2 + 1) because of condition (d) of
isVertex and isVertex(v) = true.

c(u)
!
> c(v)

d−1∑
j=0

ωjlj >
d−1∑
j=0

ωjl′j

ωig(⊥, i) + ωi+1g(pi, i+ 1) > ωig(pi, i) + ωi+1g(pi+1, i+ 1)

ωi+1((pi)i+2 + 1) > ωi((pi)i+1 + 1) + ωi+1((pi+1)i+2 + 1)

ω((pi)i+2 + 1) > ((pi)i+1 + 1) + ω((pi+1)i+2 + 1)

ω((pi)i+2 + 1) > ((pi)i+1 + 1) + ω((pi)i+2)

ω((pi)i+2) + ω > ((pi)i+1 + 1) + ω((pi)i+2)

ω > ((pi)i+1 + 1)

This holds because ω is by definition larger than any grid width plus one.

If pi+1 = ⊥ then (pi)i+2 = 0 because of condition (c) of isVertex and isVertex(v) =
true.
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c(u)
!
> c(v)

d−1∑
j=0

ωjlj >
d−1∑
j=0

ωjl′j

ωig(⊥, i) + ωi+1g(pi, i+ 1) > ωig(pi, i) + ωi+1g(pi+1, i+ 1)

ωi+1((pi)i+2 + 1) > ωi((pi)i+1 + 1)

ωi+1 > ωi((pi)i+1 + 1)

This holds because ((pi)i+1 + 1) < ω.

2.3. If S(v) was determined by the third rule, it can be proven again that c(v) < c(u).
v and u only differ in the first position. Furthermore we know that p0 = ⊥ and
(q)1 = 0 since i > 0.

c(u)
!
> c(v)

d−1∑
j=0

ωjlj >

d−1∑
j=0

ωjl′j

g(q, 0) > g(p0, 0)

(q)1 + 1 > 0

1 > 0

2.4. If S(v) was determined by the fourth rule, it can be proven again that c(v) < c(u).
v and u only differ in the first position. We know that (q)1 = ((p0)1 + 1).

c(u)
!
> c(v)

d−1∑
j=0

ωjlj >

d−1∑
j=0

ωjl′j

g(q, 0) > g(p0, 0)

(q)1 + 1 > (p0)1 + 1

((p0)1 + 1) + 1 > (p0)1 + 1

1 > 0

In conclusion, it can never happen that S(v) ̸= v and c(u) ≤ c(v).

A violation of type (UFV1) Consider the case that for the transformed instance a
violation solution of type (UFV1) is found. It needs to be proven that the original
instance is violated too.

Given v = (p0, ..., pd) and u = (q0, ..., qd) with v ̸= u, v ̸= S(v), u ̸= S(u) and
isVertex(v) = isVertex(u) = true. For a violation of type (UFV1) it holds that
either

(a) c(v) = c(u) or
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(b) c(v) < c(u) < c(S(v)).

If we are in case (a) it follows that there is a violation of (OV1):

If c(v) = c(u) then, if you imagine the cost as matrix again, the entries on the diagonal
are equal, i.e. for all m = 0, ..., d− 1: (pm)m+1 = (qm)m+1. This implies that the entries
above the diagonal are equal as well because of condition (c) and (d) of isVertex.

Let j be the largest index in which v and u differ, i.e. pj ̸= qj . It cannot happen that
pj = ⊥ or qj = ⊥ since this would imply that c(v) ̸= c(u). For m > j it holds that
(pj)m = (qj)m. This means, pj and qj are in the same j−Slice. Because of condition (a)
of isVertex it must hold for pj and qj that ∀n ≤ j : Dn(pj) = Zero and Dn(qj) = Zero.
pj and qj are two fixpoints for the j − Slice. It follows that pj and qj form a violation
of type (OV1).

If we are in case (b), we take a look at how S(v) was determined in order to show that
the original OPDC instance had a violation as well or that the case cannot possibly be
reached by the construction.

2.1. S(v) cannot be determined by rule (2.1), since then it would hold that S(v) = v,
which is a contradiction to our assumption.

2.2. If S(v) was determined by the second rule, let i be the smallest index of v such
that pi ̸= ⊥.

Since pd = S(v)d and c(v) < c(u) < c(S(v)), it follows that qd = ⊥ if pd = ⊥ or
qd ̸= ⊥ if pd ̸= ⊥. Therefore h(v)◁ h(u)◁ h(S(v)):

Vertex Index
0 ... i− 1 i i+ 1 ... d-1

h(v) 0 ... 0 (pi)i+1 + 1 (pi+1)i+2 + 1 ... (pd−1)d + 1

h(u) l0 ... li−1 li (qi+1)i+2 + 1 ... (qd−1)d + 1
= (pi+1)i+2 + 1 = (pd−1)d + 1

h(S(v)) 0 ... 0 0 (pi)i+2 + 1 ... (pd−1)d + 1

Because of isVertex(v) = true, if pi+1 ̸= ⊥ it holds that (pi)i+2 = (pi+1)i+2 + 1.
h(v)i and h(S(v))i differ only by 1 and the values at index greater than i+ 1 are
all equal, it must hold that h(v)i+1 = h(u)i+1.

Let j be the largest index such that h(v)j ̸= h(u)j . We now show that pj and qj
form a violation of type (OV1) like in case (a).

Let s be the j − Slice such that:

Slice Index
0 ... j − 1 j j + 1 ... d

s ∗ ... ∗ ∗ (pj)j+1 ... (pj)d

pj lies within the slice s. In order to prove that qj lies in slice s as well, we need
to show that ∀m > j : (pj)m = (qj)m.
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For all m > j it holds that the elements on the diagonal are the same:

h(v)m = h(u)m

g(pm,m) = g(qm,m)

(pm)m+1 + 1 = (qm)m+1 + 1

(pm)m+1 = (qm)m+1

Since isVertex(v) = isVertex(u) = true it follows that all elements above the
diagonal are equal as well. Condition (d) enforces that for j < m if pm ̸= ⊥ and
qm ̸= ⊥ that (pj)m+1 = (pm)m+1 + 1 = (qm)m+1 + 1 = (qj)m+1 and condition (c)
enforces that if pm = ⊥ and qm = ⊥, (pj)m+1 = 0 = (qj)m+1.

Therefore qj is in slice s as well.

Furthermore, condition (a) of isVertex implies that ∀n ≤ j : Dn(pj) = Zero and
Dn(qj) = Zero. So pj and qj are two distinct fixpoints in the same slice which is
a violation of type (OV1).

2.3. It will be proven that S(v) cannot be determined by the third rule.

If S(v) was determined by the third rule, h(v) = (0, l1, ..., ld) and h(S(v)) =
(1, l1, ..., ld). There doesn’t exist a tuple t = (l′0, l

′
1, ..., l

′
d) such that h(v) ◁ t ◁

h(S(v)).

2.4. Similar to case 2.3. it will be proven that S(v) cannot be determined by the fourth
rule.

If S(v) was determined by the fourth rule, h(v) = (l0, l1, ..., ld) and h(S(v)) =
(l0 + 1, l1, ..., ld). Again there cannot exist a tuple t such that h(v)◁ t◁ h(S(v)).

A violation of type (UFV2) Let v and x be the given vertices of the violation (UFV2)
with v ̸= x, S(x) ̸= x and c(v) < c(x). Since v is also a solution of type (UF1), it holds
that S(v) = u, v ̸= u and either S(u) = u or c(u) ≤ c(v).

If S(u) is determined by anything other than rule (2.1), there is a violation in the OPDC
instance as shown in case (UF1).

So if S(u) is indeed determined by rule (2.1), we must show that this, in combination
with x, leads to another violation. Since x is a node on a line, there must exist an end
of that line somewhere. Let y be that end.

It holds that c(y) > c(x). Therefore it must hold that v ̸= y because c(x) > c(v).

If S(S(y)) = S(y) is determined by anything other than rule (2.1), we found a violation.
Otherwise v and y are two distinct fixpoints and therefore two solutions of type (O1),
which together form a violation of type (OV1).

Conclusion All in all, every solution that is found in the constructed Unique Forward
EOPL instance can be mapped back to the corresponding OPDC instance in polynomial
time.
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The reduction is promise preserving. Every solution of type (O1) is only mapped
to solutions of type (UF1). Every violation of the created Unique Forward EOPL
instance is mapped back to a violation of the OPDC instance.

4.1.1.2. Unique Forward EOPL to Unique Forward EOPL+1

Definition 4.1.24 (Unique Forward EOPL+1). Given a Boolean circuit S : {0, 1}d →
{0, 1}d such that S(0d) ̸= 0d and a Boolean circuit c : {0, 1}d → {0, 1, ..., 2n − 1} such
that c(0d) = 0, find one of the following:

(UFP1) A point x ∈ {0, 1}d such that S(x) ̸= x and either S(S(x)) = S(x) or
c(S(x)) ̸= c(x) + 1.
x is a sink and a valid solution.

(UFVP1) Two points x, y ∈ {0, 1}d such that x ̸= y, S(x) ̸= x, S(y) ̸= y and c(x) =
c(y).
x and y are two different nodes that have the same potential, which implies
that the instance has not the form of an increasing line.

(UFVP2) Two points x, y ∈ {0, 1}d such that x is a solution of type (UFP1), x ̸= y,
S(y) ̸= y and c(x) < c(y).
This encodes a break in the line. x is the end of one line, but there exists a
different line with a node y that has larger cost than x.

This problem can be interpreted as a directed acyclic graph G = (V,E) with V := {v |
v ∈ {0, 1}d ∧ S(v) ̸= v} and (v, u) ∈ E ⇔ (v ̸= u ∧ S(v) = u ∧ c(u) = c(v) + 1).

Example 4.1.25. Consider the following Unique Forward EOPL+1 instance for
d = 2. The arrows represent function S, not the edges of the graph. The vertices (10)
and (01) aren’t actual vertices. V = {00, 11}, E = {(00, 11)}. (11) is a solution of type
(UFP1).

00

c(00) = 0

11

c(11) = 1

10

c(10) = 2

01

c(01) = 3

Lemma 4.1.26. Given an End of Potential Line instance I = (S, P, c), it is possible
to promise reduce it in polynomial time to another End of Potential Line instance
I ′ = (S′, P ′, c′) such that c′(S′(v)) = c′(v) + 1 [Fea+18, Lemma 22].

Proof. A node of instance I ′ is defined as tuple (v, i) with v being a node from instance
I and i ∈ {1, ..., 2d}.

Let v and u be two nodes of instance I such that S(v) = u. If c(u) > c(v) + 1, they will
be replaced by the following sequence of nodes in I ′:

(v, 0)→ (v, 1)→ ...→ (v, c(u)− c(v)− 1)→ (u, 0)

Formally, S′(v, i) is defined as in [Fea+18]:

(1) If S(v) = v then for all i : S′(v, i) = (v, i).
If v is not a vertex in I, then for all i, (v, i) is not a vertex in I ′.
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(2) If S(v) ̸= v and P (S(v)) ̸= v then for all i : S′(v, i) = (v, i).
v is the end of the original line, therefore (v, 0) is the end of I ′ and for all other
i : (v, i) is not a valid vertex.

(3) If S(v) ̸= v = P (S(v)) and c(S(v)) < c(v) + i+ 1 then S′(v, i) = (v, i).
(4) If S(v) ̸= v = P (S(v)) and c(S(v)) = c(v) + i+ 1 then S′(v, i) = (S(v), 0).
(5) If S(v) ̸= v = P (S(v)) and c(S(v)) > c(v) + i+ 1 then S′(v, i) = (v, i+ 1).

The predecessor P ′(v, i) can be constructed analogously:

(1) If P (v) = v then for all i : P ′(v, i) = (v, i).
(2) If S(v) ̸= v = P (S(v)) and c(S(v)) < c(v) + i+ 1 then P ′(v, i) = (v, i).
(3) If S(v) ̸= v = P (S(v)) and i ̸= 0 then P ′(v, i) = (v, i− 1).
(4) If S(v) ̸= v = P (S(v)) and i = 0 then P ′(v, 0) = (P (v), c(v)− c(P (v))− 1).
(5) If P (S(v)) ̸= v and i = 0 then P ′(v, 0) = (P (v), c(v)− c(P (v))− 1).
(6) If P (S(v)) ̸= v and i ̸= 0 then P ′(v, i) = (v, i).

The cost function c′ is defined as follows:

c′(v, i) = c(v) + i.

These functions can be computed in polynomial time.

The correctness of this construction holds since all types of solution of I ′ can be mapped
back to the same type of solution in I.

Lemma 4.1.26 on the previous page holds as well when considering instances with a
unique line and instances without a predecessor circuit. It follows that there exists
a promise preserving polynomial time reduction from Unique Forward EOPL to
Unique Forward EOPL+1.

4.1.1.3. Unique Forward EOPL+1 to Unique End of Potential Line

This reduction is mainly inspired by the reduction from Sink of Verifiable Line to
End of Line [BPR15] and to End of Metered Line [HY17]. Sink of Verifiable
Line is very similar to Unique Forward EOPL+1. The instances created by the
reduction consist of a single line, which is why the reduction can be easily adapted to
Unique End of Potential Line.

Theorem 4.1.27. There exists a promise preserving polynomial time reduction from
Unique Forward EOPL+1 to Unique End of Potential Line [Fea+20b, Lemma 15].

Proof sketch. Given an instance I = (S, c) of Unique Forward EOPL+1, construct
an instance I ′ = (S′, P ′, c′) of Unique End of Potential Line.

The hard part of the reduction is to create the predecessor circuit which is not given in
Unique Forward EOPL+1. The idea of the reduction is based on the pebbling game
technique. The pebbling game is played by placing d pebbles on the vertices of a line
based on the following rules:

(i) A pebble may be put or removed from the starting vertex o at any time.
(ii) A pebble may be put or removed on a vertex v ̸= o if and only if there is a pebble

an the vertex u with S(u) = v.
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Given d pebbles, the goal is to place a pebble at position 2d − 1 of the line by following
these rules.

There exists a recursive optimal strategy to do that:

(1) Use b− 1 many pebbles to place a pebble at position 2b−1 − 1.
(2) Place the b’th pebble at position 2b−1.
(3) Retrieve the first b− 1 pebbles by reversing the sequence used to place them.
(4) Use the same strategy from step (1) again to place the pebbles behind the pebble

at position 2b−1 to reach 2b − 1.

Example 4.1.28. d = 3. We have 3 pebbles which we can use and want to place a
pebble on node at 2d − 1 = 7 which is the node (010).

000 011 100 110 111 101 010 001 Rule (i) put

000 011 100 110 111 101 010 001 Rule (ii) put

000 011 100 110 111 101 010 001 Rule (i) remove

000 011 100 110 111 101 010 001 Rule (ii) put

000 011 100 110 111 101 010 001 Rule (ii) put

000 011 100 110 111 101 010 001 Rule (ii) remove

000 011 100 110 111 101 010 001 Rule (i) put

000 011 100 110 111 101 010 001 Rule (ii) remove

000 011 100 110 111 101 010 001 Rule (i) remove

000 011 100 110 111 101 010 001 Rule (ii) put

000 011 100 110 111 101 010 001 Rule (ii) put

000 011 100 110 111 101 010 001 Rule (ii) remove

000 011 100 110 111 101 010 001 Rule (ii) put

(1)

(2)

(3)

(4)

Let a vertex q of I ′ be a tuple of pairs that encode the state of the pebble game. t =
((u1, b1), ..., (ud, bd)) with ui ∈ {0, 1}d and bi = c(ui). bi tells us that the i’th pebble is
at position bi. If a pebble is not in the game at all, the tuple is ⊥.
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Example 4.1.29. Recall Example 4.1.28 on the preceding page. This is how the vertices
look like.

000 011 100 110 111 101 010 001 ((000, 0),⊥,⊥)

000 011 100 110 111 101 010 001 ((000, 0), (011, 1),⊥)

000 011 100 110 111 101 010 001 (⊥, (011, 1),⊥)

000 011 100 110 111 101 010 001 ((100, 2), (011, 1),⊥)

000 011 100 110 111 101 010 001 ((100, 2), (011, 1), (110, 3))

000 011 100 110 111 101 010 001 (⊥, (011, 1), (110, 3))

000 011 100 110 111 101 010 001 ((000, 0), (011, 1), (110, 3))

000 011 100 110 111 101 010 001 ((000, 0),⊥, (110, 3))

000 011 100 110 111 101 010 001 (⊥,⊥, (110, 3))

000 011 100 110 111 101 010 001 ((111, 4),⊥, (110, 3))

000 011 100 110 111 101 010 001 ((111, 4), (101, 5), (110, 3))

000 011 100 110 111 101 010 001 (⊥, (101, 5), (110, 3))

000 011 100 110 111 101 010 001 ((010, 6), (101, 5), (110, 3))

The functions S′ and P ′ are defined recursively by deciding in which of the four steps of
the optimal strategy we currently are [BPR15].

Given a state, it is possible to determine how far the execution of the optimal strategy
is. This value is returned by the cost function [HY17].

[Fea+20b] shows that every violation of Unique End of Potential Line can be
mapped back to a violation of Unique Forward EOPL+1 and that the reduction is
promise preserving.
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4.1.2. OPDC is UniqueEOPL-hard

Theorem 4.1.30. OPDC is UniqueEOPL-hard.

The proof is done in two steps:

Unique End of Potential Line ⪯Promise Unique EOPL+1
⪯Promise OPDC.

From Theorem 4.1.14 on page 29 and Theorem 4.1.30 it follows that OPDC is UniqueEOPL-
complete.

4.1.2.1. Unique End of Potential Line to Unique EOPL+1

Unique EOPL+1 describes a Unique End of Potential Line instance in which the
line has length 2n and the costs are increasing strictly by 1. It follows that the end of
the line v must have cost c(v) = 2n − 1.

Definition 4.1.31 (Unique EOPL+1). Given:

• o ∈ {0, 1}d as start node of the line.
• S, P : {0, 1}d → {0, 1}d two Boolean circuits such that P (o) = o ̸= S(o).
• c : {0, 1}d → {0, 1, ..., 2n − 1} a Boolean circuit such that c(o) = 0.
• n ∈ N is the logarithm of the length of the line.

The task is to find one of the following:

(U1.1) A point x ∈ {0, 1}d such that P (S(x)) ̸= x and c(x) = 2n − 1.
x is the end of the line and therefore a valid solution.

(V1.1) A point x ∈ {0, 1}d such that P (S(x)) = x, x ̸= S(x) and c(S(x))− c(x) ̸= 1.
x is in the middle of a line, but the costs of the following vertex are not
increasing exactly by one.

(V1.2) A point x ∈ {0, 1}d such that S(P (x)) ̸= x ̸= o.
x is the beginning of a different line which does not start at o.

(V1.3) Two points x, y ∈ {0, 1}d such that x ̸= y, x ̸= S(x), y ̸= S(y) and either

a) c(x) = c(y) or
b) c(x) < c(y) < c(S(x)).

x and y are two different nodes that either have the same potential, or that
violate the increasing potential. Both cases imply that the instance has more
than one line.

Theorem 4.1.32. There exists a promise preserving polynomial time reduction from
Unique End of Potential Line to Unique EOPL+1.

Proof sketch. The idea is again that every Unique End of Potential Line instance
can be filled up with dummy nodes, as proven in Lemma 4.1.26 on page 43.

Additionally, some more dummy vertices need to be introduced at the end of the line to
ensure the correct cost of the last node.

The solutions of the Unique EOPL+1 instance map back one to one to the solutions
of the Unique End of Potential Line instance.
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4.1.2.2. Unique EOPL+1 to OPDC

Theorem 4.1.33. There exists a polynomial time reduction from Unique EOPL+1 to
One Permutation Discrete Contraction (OPDC).

Proof. Given a Unique EOPL+1 instance I = (o, S, P, c, n) with S, P : {0, 1}d →
{0, 1}d, c : {0, 1}d → {0, 1, ..., 2n−1} and n ∈ N, construct an OPDC instance I ′ = (Γ,D)
where Γ is a discrete grid of points over [0, 1]d

′ and D is a family of direction functions.

First, it is important to know that we are able to split a Unique EOPL+1 instance
I = (o, S, P, c, n) at a certain node x into two halves II and III in polynomial time. This
can simply be done by creating II = (oI, SI, PI, cI, nI) and III = (oII, SII, PII, cII, nII) that
check whether for any node v c(v) ≥ c(x) or not.

An instance can be split at any arbitrary node x. If c(x) = 2n−1 then the instance is
split exactly in the middle. In the following reduction the line is always split in the
middle. firstHalf is given the cost of the node at which the line should be split whereas
secondHalf is given the node itself. This is because secondHalf needs the concrete node
as a new start point of the line. When we call firstHalf later, we might not know which
node is the one in the middle of the line, but we know its cost. The functions firstHalf
and secondHalf are defined as follows:

SI(v) =

{
S(v) if c(v) < t

v if c(v) ≥ t
PI(v) =

{
P (v) if c(v) < t

v if c(v) ≥ t
cI(v) = c(v)

II : {0, 1}n × IUnique EOPL+1 → IUnique EOPL+1

II := firstHalf(t, I) = (o, SI, PI, cI, log t)

SII(v) =

{
v if c(v) < c(x)

S(v) if c(v) ≥ c(x)
PII(v) =

{
v if c(v) < c(x)

P (v) if c(v) ≥ c(x)
cII(v) = c(v)− c(x)

III : {0, 1}d × IUnique EOPL+1 → IUnique EOPL+1

III := secondHalf(x, I) = (x, SII, PII, cII, log(2
n − c(x)))

Example 4.1.34. Consider the following line. In this example the line is split at the
node (10). Therefore firstHalf and secondHalf actually represent one half of the original
line.

00

c(00) = 0

11

c(11) = 1

10

c(10) = 2

01

c(01) = 3

S

P

S

P

S

P

P S

II III
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Table 4.2.: First and second half of the above instance split at x = (10)

Vertex v S(v) P (v) c(v) SI(v) PI(v) cI(v) SII(v) PII(v) cII(v)
00 11 00 0 11 00 0 00 00 -2
11 10 00 1 10 11 1 11 11 -1
10 01 11 2 10 10 2 01 11 0
01 01 10 3 01 01 3 01 10 1

I = ((00), S, P, c, 2) II = ((00), SI, PI, cI, 1) III = ((10), SII, PII, cII, 1)

II acts like the original instance I as long as the functions are called with a node of
the actual first half of the instance. If a node of the second half is put into one of the
functions, they still are defined, but they just return what was put in as a dummy result.
This can be seen in the gray boxes in Table 4.2. The same holds for the second half.

Figure 4.1.: II

00

cI(00) = 0

11

cI(11) = 1

10

cI(10) = 2

01

cI(01) = 3

SI

PI

SI

PI

SI

PI

PI SI

Figure 4.2.: III

00

cII(00) = −2

11

cII(11) = −1

10

cII(10) = 0

01

cII(01) = 1

SII

PII

SII

PII

SII

PII

PII SII

With this we are able to split an instance into two halves in polynomial time, since we
can redefine the functions without actually knowing which node is the one in the middle.
This process can be done recursively until there are only instances with one node on the
line left.

Note that this works even if the nodes don’t form a correct line or if the cost of the nodes
are shuffled and not increasing. firstHalf and secondHalf work with the cost of the node,
firstHalf returns valid functions for all nodes with cost less than 2j−1 and secondHalf
does the same for nodes with cost greater or equal than 2j−1. For doing that, it doesn’t
matter where the nodes are on the line.

The grid Let d′ := d · n and Γ := {0, 1}dn. Γ is a hypercube. Each point p ∈ Γ can
be seen as a vector (v1, v2, ..., vn) where vi ∈ {0, 1}d is a node in the Unique EOPL+1
instance.

The subline function takes an Unique EOPL+1 line of length j and splits it in half.
If vj of the given point p is the middle node of the line, the second half is returned.
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Otherwise the first half is returned.

subline : {0, 1}dn × IUnique EOPL+1 → IUnique EOPL+1

subline(p = (v1, ..., vn), I = (o, S, P, c, j)) :=

{
firstHalf(2j−1, I), if c(vj) ̸= 2j−1

secondHalf(vj , I), if c(vj) = 2j−1.

Each point p = (v1, v2, ..., vn) of the hypercube Γ can be interpreted as node of the
original instance I. The decode function takes a point of the hypercube C and constructs
the corresponding node on the line of the Unique EOPL+1 instance I. To do so, subline
is called recursively n times and the line is split into halves until only one node is left.
This node is returned as the node that was decoded by p.

decode : {0, 1}d·n × IUnique EOPL+1 → {0, 1}d

I ′ = (o′, S′, P ′, c′, n′) := subline(p, subline(p, ...subline(p, I)...))︸ ︷︷ ︸
n times

decode(p, I) := o′

Note that the second half of the (sub)line in the j’th step is only returned if vj is the
middle of the line. For all other nodes the first half is returned. Therefore, the first half
is returned much more often while the second half is only returned once.

Only if a point consists (from the back to front) always of the middle node of the
remaining line, it encodes the end of the original line.

Example 4.1.35. d = 2

Let S, P : {0, 1}2 → {0, 1}2 be defined such that they form the following line:

00

c(00) = 0

11

c(11) = 1

10

c(10) = 2

01

c(01) = 3

III

III,IIIII,I

n = 2, since (01) is the end of the line and therefore a solution with c(01) = 22 − 1. It
follows that Γ = {0, 1}4.
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III

0001

0011

0101

0111

1001

1011

1101

1111

0000

0010

0100

0110

1000

1010

1100

1110

III,I III,I

III,IIII,II

The node (v1, v2) = (1110) can be interpreted as follows: v2 = (10) with c(10) = 2 =
2n−1. Therefore (10) marks the beginning of the second half of the original line. v1 = (11)
with cII(11) = −1 ̸= 21−1. This means that (11) is not the beginning of the second half
of the second half of the line ((01) is). It isn’t even the first half of the second half
of the line (which is (10)) but still (10) is the node which is represented by (1110):
decode(1110) = (10).

III = subline(1110, I) is the instance:
10

cII(10) = 0

01

cII(01) = 1

subline(1110, III) = (10) = III,I.

decode(1110, I) = (10).

The following point encodes the last node on the line. It is the only point that encodes
that node.

subline(0110, III) = (01) = III,II.

decode(0110, I) = (01).

The direction functions D : {0, 1}dn → {Up, Down, Zero}dn.

There is only one node in Γ that corresponds to the end of the line in I. The direction
functions of the other nodes need to point towards that node.

For p = (v1, ..., vn), i = 1, ..., n and j = 1, ..., d, let be

In(p) := I

Ii(p) = (oi, Si, Pi, ci, i) := subline(p, subline(p, ...subline(p, I)...))︸ ︷︷ ︸
(n−i) times

.
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Ii is the instance that results in calling subline for the elements vn to vi.

Construction of Dd(i−1)+j(p):

1. If ci(vi) ̸= 2i−1, it is the case that vi is not the first node on the second half of
Ii(p) and therefore decode((v1, ..., vn), I) is a vertex in the first half of Ii(p).

(a) ci(decode((v1, ..., vn), I)) = 2i−1 − 1 means that decode(p, I) is the last vertex
on the first half of the line Ii(p). Then we want the direction function to point
towards S(decode((v1, ..., vn), I)):

Dd(i−1)+j(p) =


Up if (vi)j = 0 ∧ S(decode((v1, ..., vn), I))j = 1

Down if (vi)j = 1 ∧ S(decode((v1, ..., vn), I))j = 0

Zero otherwise.

(b) ci(decode((v1, ..., vn), I)) ̸= 2i−1−1. This means that decode(p, I) is in the first
half of Ii(p) and specifically it is not the last node in that half. Everything is
oriented towards 0.

Dd(i−1)+j(p) =

{
Down if (vi)j = 1

Zero if (vi)j = 0.

2. If ci(vi) = 2i−1, then vi is the first node on the second half of Ii(p) and therefore
decode((v1, ..., vn), I) is on the second half of the line Ii(p). For all j = 1, . . . , d, set

Dd(i−1)+j(p) = Zero.

Example 4.1.36. d = 2

Recall the Unique EOPL+1 instance from Example 4.1.35 on page 50. Let S, P :
{0, 1}2 → {0, 1}2 be defined such that they form the following line:

00

c(00) = 0

11

c(11) = 1

10

c(10) = 2

01

c(01) = 3

I1(1110)

I2

Let’s take a closer look at (1110) and i = 1.

c1(11) = c(11) − 22−1 = −1 ̸= 2i−1 ⇒ case 1, decode(1110, I) = (10) is a vertex in the
first half of I1(1110). Note that I1(1110) is the second half of the line of I.

c1(decode(1110, I)) = c1(10) = c(10)− 22−1 = 0 = 2i−1 − 1⇒ case 1a. This means that
decode(1110) = (10) is the last vertex of the first half of the line I1(1110).

(v1)1 = 1 and S(decode(1110, I))1 = S(10)1 = (01)1 = 0 ⇒ D1(1110) = Down.

(v1)2 = 1 and S(decode(1110, I))2 = S(10)2 = (01)2 = 1 ⇒ D2(1110) = Zero.

For (1110) and i = 2 case 2 holds. The node (10) is the first node in the second half of
the line I2, therefore D3(1110) = D4(1110) = Zero.
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Here is a complete overview of the direction function for this example:

D(0000) = [Up, Up, Zero, Zero]
D(0001) = [Up, Up, Zero, Down]
D(0010) = [Zero, Up, Zero, Zero]
D(0011) = [Up, Up, Down, Down]
D(0100) = [Up, Zero, Zero, Zero]
D(0101) = [Up, Zero, Zero, Down]
D(0110) = [Zero, Zero, Zero, Zero]
D(0111) = [Up, Zero, Down, Down]
D(1000) = [Zero, Up, Zero, Zero]
D(1001) = [Zero, Up, Zero, Down]
D(1010) = [Down, Up, Zero, Zero]
D(1011) = [Zero, Up, Down, Down]
D(1100) = [Zero, Zero, Up, Zero]
D(1101) = [Zero, Zero, Up, Down]
D(1110) = [Down, Zero, Zero, Zero]
D(1111) = [Zero, Zero, Zero, Down]

decode(0000) = 00

decode(0001) = 00

decode(0010) = 10

decode(0011) = 00

decode(0100) = 00

decode(0101) = 00

decode(0110) = 01

decode(0111) = 00

decode(1000) = 00

decode(1001) = 00

decode(1010) = 10

decode(1011) = 00

decode(1100) = 11

decode(1101) = 11

decode(1110) = 10

decode(1111) = 11

For the construction of Dd(i−1)+j(p), the line is always split exactly at the middle. If
the line was valid at the beginning, there will be no problems during the construction.
If the line wasn’t valid, for example due to shuffled cost of the node, this construction
will run into some problems. In the following it will be proven that these problems can
always be traced back to a violation in the Unique EOPL+1 instance.

Correctness In order to prove the correctness of this construction, it must be shown
that each solution to the constructed OPDC instance matches back to the correct solu-
tion of the Unique EOPL+1 instance.

A solution of type (O1) Assume p = (v1, ..., vn) is a solution of type (O1). This means,
D(p) = (Zero)dn. We will now prove that decode(p, I) is a solution of type (U1.1) in the
original Unique EOPL+1 problem.

The argumentation in [Fea+18] is slightly wrong though. They state:

Since the dimensions corresponding to vn are all zero, we know that decode(p)
is in the second half of the line [Fea+18, p.59, l.5f].

This is not true: It can happen that the direction function in the dimensions corre-
sponding to vn is Zero because of case (1b) and not because of case (2). Consider
the line from Example 4.1.36 on the previous page. D3(0000) = D4(0000) = Zero but
decode(0000) = (00) is not on the second half of the line, it is the start node.

In [Fea+20b] they correct this statement, but here an alternative proof will be given.

Lemma 4.1.37. If for vi case (1a) is entered, ∃j ∈ {1, ..., d} : Dd(i−1)+j(p) ̸= Zero.
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Proof. For vi case (1a) is entered, therefore ci(vi) ̸= 2i−1 and decode((v1, ..., vn), I) is
the last vertex on the first half of the line Ii(p). It follows that S(decode(p, I)) is the
first node on the second half of the line of Ii(p). It must hold that S(decode(p, I)) ̸= vi
since vi cannot be the first node on the second half of Ii(p). If it was, case (2) would
have been entered instead of case (1a). Hence there exists a j ∈ {1, ..., d} such that
S(decode(p, I))j ̸= (vi)j and therefore Dd(i−1)+j(p) ̸= Zero.

Lemma 4.1.38. If for any vi case (1) is entered, there exists a vk with k ≤ i for which
case (1a) is entered.

Proof. This will be proven by induction. Let vi be the node with the highest index that
enters case (1).

Base: i = 1
I1(p) is an instance with line length 2. Since decode(p, I) is on the first half
of the line I1(p), which only consists of just one node, it is automatically
the last node on the first half of the line. This implies that case (1a) is
entered for k = i.

Assumption: If for any vi case (1) is entered, there exists a vk with k ≤ i for which case
(1a) is entered.

Induction: i = i+ 1. vi+1 enters case (1).

(a) vi+1 enters case (1a). Then we are done.

(b) vi+1 enters case (1b).

- vi enters case (1). By the induction assumption there exists
a k ≤ i so that vk enters case (1a). Therefore, there exists a
k ≤ i+ 1 for which vk enters case (1a).

- vi enters case (2). We know that decode(p, I) is in the first half of
Ii+1(p) and specifically is not the last node in that half. There-
fore v1, ..., vi−1 cannot always enter case (2) since this would
imply that decode(p, I) is the last node on the line Ii+1(p). So
there is a k ≤ i for which vk doesn’t enter case (2) but case
(1). It can’t happen that for all v1, ..., vi−1 case (1b) is entered
because by the induction assumption there there exists a k for
which case (1a) is entered.

Lemma 4.1.39. If D(p) = (Zero)dn, only case (2) is entered.

Proof. Given D(p) = (Zero)dn.

Assume for some vi case (1a) was entered. By Lemma 4.1.2.2 this implies that there
exists a j ∈ {1, ..., d} : Dd(i−1)+j(p) ̸= Zero. This is a contradiction to the assumption
that D(p) = (Zero)dn.

Assume case (1b) was entered. By Lemma 4.1.2.2 this implies that case (1a) is entered
as well which implies the same contradiction as the previous case.

It follows that only case (2) is entered.
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Since only case (2) is entered this implies that decode(p, I) is in the second half of the
second half of the second half ... of the line, which is the last node of the line. It also
implies that decode((v1, ..., vn), I) = v1. Since case (2) implies that c1(v1) = 1 and by
the definition of secondHalf :

cn(u) = c(u)− 2n−1

cn−1(u) = cn(u)− 2n−2 = c(u)− 2n−1 − 2n−2

...

c1(u) = c(u)−2n−1 − 2n−2 − ...− 2︸ ︷︷ ︸
=−2n+2

It follows that c(decode(p, I)) = 2n − 1.

The construction allows us to find the node with the correct cost. This doesn’t mean that
the node is the last one on the line though. Consider for example a Unique EOPL+1
instance in which the nodes form a line and all costs only exist once, but the costs are
shuffled.

Example 4.1.40. An instance with shuffled costs:

00

c(00) = 0

11

c(11) = 3

10

c(10) = 2

01

c(01) = 1

In this case a solution of type (O1) would be s = decode(1110) = (11) since it has the
appropriate cost. Also it holds that D(1110) = Zero4 because the construction of the
direction function works only with the cost and not the position of the node on the
line. But (11) it is not the end of the line. To fix that issue, one must check for every
found type (O1) solution whether P (S(s)) ̸= s or not. If yes, then it truly is a (U1.1)
solution. If not we found a violation of type (V1.1) or (V1.3) because it must hold that
c(S(s)) ≤ c(s), since s has the highest possible cost.

A solution of type (OV1) When we are given a solution of type (OV1), there are two
points p = (v1, ..., vn) and q = (u1, ..., un) that are both fixpoints in the same i− Slice
s:

• p ̸= q and
• ∀j ≤ i : Dj(p) = Dj(q) = Zero.

Consider vk with k = ⌈ id⌉ to be the string that contains bit i. Because p and q are in
the same i− Slice, it holds that pj = qj for j > i and

Ik(p) := subline(p, subline(...subline(p, I)))︸ ︷︷ ︸
(n−k) times

= subline(q, subline(...subline(q, I)))︸ ︷︷ ︸
(n−k) times

=: Ik(q).
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Bit pi

vk, uk vk+1, uk+1vk−1, uk−1

pj = qj for j > iDj(p) = Dj(q) = Zero for j ≤ i

v1 to vk−1 encode the last vertex on the subline Ik−1(p). u1 to uk−1 encode the last
vertex on the subline Ik−1(q).

The important difference of p and q is their difference in vk and uk.

(a) vk = uk.
This implies that Ik−1(p) = Ik−1(q). Since p ̸= q there exists a j < i such that
pj ̸= qj and hence, there is a l < k with vl ̸= ul. It holds cl(vl) = 2l−1 = cl(ul)
because of Lemma 4.1.39 on page 54 we know that for vl and ul case (2) is entered.
This implies that c(vl) = c(ul) which is a violation-solution of type (V1.3).

(b) vk ̸= uk and ∀l = d(k − 1) + 1, ..., dk : Dl(p) = Zero.
This means that the direction function for each bit in vk is Zero. This and the fact
that Dj(p) = Zero for all j ≤ i combined with Lemma 4.1.39 on page 54, means
that Ik−1(p) is the second half of Ik(p) and ck(vk) = 2k−1. Ik−1(q) cannot be on
the second half of Ik(p) as well because there is only one bit string vk for which
the second half is entered and vk ̸= uk.
decode(q, I) represents the last vertex on the first half of the line of Ik(q) because,
as argued before, decode(q, I) is in the first half of the line and furthermore all
direction functions Dj(q) = Zero for all j ≤ i. Therefore for uk case (1a) is
entered.
S(decode(q, I)) then should be the first node on the second half of line Ik(q, I). If
ck(S(decode(q, I))) ̸= 2k−1 this means that S(decode(q, I)) is not the first node on
the second half of the line. Therefore we found a (V1.1) violation.

If ck(S(decode(q, I))) = 2k−1 = ck(vk), we found a violation of type (V1.3) as long
as S(decode(q, I))) ̸= vk, which will be proved in the following:

∃l : d(k − 1) + 1 ≤ l ≤ i ∧ pl ̸= ql ∧ Dl(p) = Dl(q) = Zero. Because for uk case
(1a) is entered and Dl(q) = Zero, we know that (uk)l = S(decode(q, I))l. Since
(vk)l ̸= (uk)l it follows that vk ̸= S(decode(q, I))).

(c) vk ̸= uk and ∀l = d(k − 1) + 1, ..., dk : Dl(q) = Zero.
This case is symmetric to case (b).

(d) vk ̸= uk, ∃l1 ∈ {d(k − 1) + 1, ..., dk} : Dl1(p) ̸= Zero and ∃l2 ∈ {d(k − 1) +
1, ..., dk} : Dl2(q) ̸= Zero.
It holds that l1 > i and l2 > i. Furthermore Ik−1(p) = Ik−1(q) because for both
vk and uk case (1) is entered because there is a direction which is not Zero. More
specifically for both nodes case (1a) is entered since Dj(q) = Zero for all j ≤ i
and Lemma 4.1.39 on page 54. Thus, the direction function for point vk points
towards S(decode(p, I)) and for point uk it points towards S(decode(q, I)). It also
holds that ck(decode(p, I)) = ck(decode(q, I)) which is a violation of type (V1.3) if
decode(p, I) ̸= decode(q, I) which will be proven in the following:

There exists an l ∈ {d(k−1)+1, ..., i} such that pl ̸= ql and Dl(p) = Dl(q) = Zero.
Let l′ be the position of pl in vk. It follows that (vk)l′ = S(decode(p, I))l′ and
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(uk)l′ = S(decode(q, I))l′ . Therefore S(decode(p, I)) ̸= S(decode(q, I)) and hence
decode(p, I) ̸= decode(q, I).

A solution of type (OV2) Given two solutions p = (v1, ..., vn) and q = (u1, ..., un) in
an i− Slice s with the following properties:

• ∀j < i : Dj(p) = Dj(q) = Zero,
• pi and qi are adjacent in the grid: pi = qi + 1,
• Di(p) = Down and Di(q) = Up.

Consider vk with k = ⌈ id⌉ to be the string that contains bit i.

Because p and q are in the same i− Slice, it holds that pj = qj for j > i and

Ik(p) := subline(p, subline(...subline(p, I)))︸ ︷︷ ︸
(n−k) times

= subline(q, subline(...subline(q, I)))︸ ︷︷ ︸
(n−k) times

=: Ik(q)

Since Di(p) ̸= Zero and Di(q) ̸= Zero, both decode(p, I) and decode(q, I) are points on
the first half of the line of Ik(p). Furthermore, decode(p, I) and decode(q, I) must be
at the end of the first half of line Ik(p) because ∀j < i : Dj(p) = Dj(q) = Zero and
Lemma 4.1.39 on page 54.

It follows that ck(decode(p, I)) = ck(decode(q, I)) = 2k−1−1 and therefore c(decode(p, I)) =
c(decode(q, I)). If we prove now that decode(p, I) ̸= decode(q, I) we found a (V1.3) solu-
tion:

We know that for both pi and qi the construction uses case (1a). Di(p) points towards
S(decode(p, I)) and Di(q) points towards S(decode(q, I)). But they both point into
different directions because it is given that Di(p) = Up and Di(q) = Down. Therefore
S(decode(p, I)) ̸= S(decode(q, I)) which implies that decode(p, I) ̸= decode(q, I).

A solution of type (OV3) A solution p ∈ {0, 1}dn of type (OV3) requires that there
exists an i ∈ {1, 2, ..., dn} with either

• pi = 0 and Di(p) = Down or

• pi = 1 and Di(p) = Up.

But the construction never sets Di(p) to Down when pi = 0 and it never sets Di(p) to Up
when pi = 1. Therefore solutions of type (OV3) are by the definition of the construction
impossible.

Conclusion Every solution that is found in the constructed OPDC instance can be
mapped back to the corresponding Unique EOPL+1 instance in polynomial time.

The reduction is promise preserving because all end-of-line solutions (U1.1) are only
mapped to (O1) solutions and all violations of the OPDC instance can be mapped back
to a violation of the original Unique EOPL+1 instance.
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5. Problems in UniqueEOPL

To prove that a problem is in UniqueEOPL, it needs to be shown that it can be reduced
to a problem that already is in UniqueEOPL.

In this chapter an overview over all currently known problems that are in UniqueEOPL is
presented. For each problem a definition and an example is given, as well as a reference
to the reduction that proves it to be in UniqueEOPL. For S-Arrival, Cube-USO and
P-LCP, detailed proves are given.

For none of the problems listed below there is a polynomial time algorithm known. Every
problem can be trivially solved by exhaustive search, which is of course not very efficient.
Some of the problems can be solved by subexponential algorithms. [Ald83] introduced
an algorithm to solve Local Opt in O(1, 4143d) = O((

√
2)d) time. The algorithm picks

2d/2 random nodes, chooses the one with maximal cost and starts to follow the line from
there on. This algorithm can solve any problem in PLS and therefore any problem in
UniqueEOPL [Fea+18, Section 5.2].

Problem in UniqueEOPL Proven by reduction to Reference
α-Ham Sandwich ⪯Promise Unique End of Potential

Line
[CCM20, The-
orem 10]

Binary Simple Stochastic
Game (Binary-SSG)

⪯Promise P-LCP [GR05]

Bipartite-MPG ⪯Promise Mean Payoff Game (MPG) [ZP96, Sec-
tion 1]

Cube-USO ⪯Promise OPDC Theorem 5.2.12
on page 72

Cube-USO-⊥ ⪯Promise OPDC [Fea+20b,
Lemma 23]

⪯Promise Cube-USO [Fea+20b,
Lemma 22]

Discounted Game ⪯Promise SSG [ZP96, Sec-
tion 6]

Finite-MPG ⪯Promise Mean Payoff Game (MPG) [EM79]
Grid-USO ⪯Promise Unique Forward EOPL Theorem 6.3

on page 108
Mean Payoff Game (MPG) ⪯Promise Discounted Game [ZP96, Sec-

tion 5]
One Permutation Discrete
Contraction (OPDC)

⪯Promise Unique Forward EOPL [Fea+20b,
Lemma 11]

Pairwise Linear Contraction
(PL-Contraction)

⪯Promise OPDC [Fea+20b,
Lemma 29]

Parity Game ⪯Promise Mean Payoff Game (MPG) [Pur95, Sec-
tion 5.5]

⪯Promise SSG [CF11]
P-Matrix Linear Complemen-
tarity Problem (P-LCP)

⪯Promise Cube-USO-⊥ [Fea+20b,
Theorem 33]
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P-General-LCP (P-GLCP) ⪯ Grid-USO [Rüs07, Theo-
rem 3.5]

S-Arrival ⪯Promise End of Metered Line [Gär+18, The-
orem 20]

(And the fact that the problem
has by definition a unique solu-
tion)

[Fea+20b,
p.3]

⪯Promise Unique Forward EOPL+1 Theorem 5.1.13
on page 64

Simple Stochastic Game
(SSG)

⪯Promise Binary-SSG [ZP96, p. 12]

⪯Promise PL-Contraction [EY10, Corol-
lary 5.3]

Unique End of Potential
Line

⪯Promise Unique EOPL+1 [Fea+20b,
Lemma 17]

Unique EOPL+1 ⪯Promise OPDC [Fea+20b,
Lemma 19]

Unique Forward EOPL ⪯Promise Unique Forward EOPL+1 [Fea+20b,
Lemma 13]

Unique Forward EOPL+1 ⪯Promise Unique End of Potential
Line

[Fea+20b,
Lemma 15]
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Unique End of Potential Line

Cube-USO-⊥ Cube-USO

Unique Forward EOPL+1

Unique Forward EOPL

OPDC

PL-Contraction

P-LCP

Unique EOPL+1

S-Arrival

Binary-SSGSSG

Discounted Game

Mean Payoff Game (MPG)

Bipartite-MPG

Finite-MPG

Parity Game

α-Ham Sandwich

P-GLCP

Grid-USO

Figure 5.1.: Overview of reductions for problems in UniqueEOPL. The problems in the
boxes are UniqueEOPL-complete. A solid arrow means there exists a promise
preserving reduction from problem L to problem Q: L→ Q. A dashed arrow
means there exists a reduction, but it is not promise preserving.
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5.1. S-Arrival

The Arrival Problem was first introduced in [Doh+16]. It works on a directed switch
graph in which each vertex has two outgoing edges. While traversing the graph, each of
the outgoing edges is used in turns. The question for a given start node is whether a
certain end node can be reached or not.

The idea was originally inspired by a railway network, in which each switch changes its
position immediately after the train passed it. The question is whether or not the train
reaches its destination.

Arrival can be viewed as a deterministic version of a random walk, similar to the
Rotor-Router model (also called Eulerian Walk [Pri+96]). In a random walk on a graph
one chooses randomly the edge along which to move. The question whether (and after
what expected time) a node β is reached starting at a node α is called the hitting time
or access time [Lov+93]. In the Rotor-Router model, for each node the outgoing edges
are ordered in a sequence in which they are traversed deterministically during the walk
[FS10]. Arrival is therefore a Rotor-Router model in which each node has exactly two
outgoing edges.

Definition 5.1.1 (Switch graph). A switch graph is a 4-tuple G = (V,E, S0, S1) with
|V | = d, S0, S1 : V → V and E := {(v, S0(v)) | v ∈ V } ∪ {(v, S1(v)) | v ∈ V }. It might
be that S0(v) = S1(v). Cycles are allowed.

(v, S0(v)) are called even edges and represented by a solid line in the examples, whereas
(v, S1(v)) are called odd edges and drawn as a dashed line.

Definition 5.1.2 (Arrival (Decision problem)). Given a switch graph G = (V,E, S0, S1),
an origin α ∈ V and a destination β ∈ V , find out if the following procedure terminates,
i.e. if there is a path from α to β.

Algorithm 1: Run-Arrival
Data: G,α, β
∀v ∈ V : s_curr[v] := S0(v) ;
∀v ∈ V : s_next[v] := S1(v) ;
∀e ∈ E : count[e] = 0;
x := α ;
while x ̸= β do

y := s_curr[x];
count[(x, y)]++;
swap(s_curr[x], s_next[x]) ;
x := y;

Example 5.1.3. In the following, we are given two switch graphs, G and G′. They differ
only slightly: S0(v1) = v3 whereas S′

0(v1) = v2, and S1(v1) = v2 whereas S′
1(v1) = v3. For

G, the algorithm Run-Arrival terminates, but for G′ it doesn’t. In G′, the algorithm
is caught in an endless loop in v4.
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α

v1

v2

v3

v4

β

Figure 5.2.: Switch graph G

α

v1

v2

v3

v4

β

Figure 5.3.: Switch graph G′

Lemma 5.1.4. Arrival is decidable [Doh+16, Theorem 1].

Proof. Run-Arrival is deterministic. Let a state of a graph G be the current position
of the train and the state of all switches: state := (x, s_curr, s_next). There are at
most d2d many different states. Either Run-Arrival terminates after at most that many
steps or if it doesn’t, there must be a state that occurred at least twice, which means
Run-Arrival entered an infinite loop. Hence, after d2d iterations of Run-Arrival we
know whether there is a path from α to β or not [Doh+16].

The following graph has exponentially many states:

α v1 v2 v3 ... vd β

Note that if an instance of the Arrival problem has a solution (i.e. a path from α to
β) that solution is unique.

Arrival is in NP [Doh+16, Theorem 2] and also in co-NP [Doh+16, Theorem 3].

Definition 5.1.5 (Switching flow [Doh+16]). Let G = (V,E, S0, S1) be a switch graph
and E+(v) denote the outgoing edges of vertex v and E−(v) the incoming edges.

For start node α and an end node β, let sα,β ∈ N|E|
0 be a vector where each entry assigns

a value to each edge. Let sα,β(v, u) reference the entry of s that represents the value
assigned to the edge (v, u). The vector sα,β is called switching flow if for all entries and
all nodes the following two conditions hold:

(i)

∑
e∈E+(v)

sα,β(e)−
∑

e∈E−(v)

sα,β(e) =


1 v = α

−1 v = β

0 otherwise.

This condition essentially states that each node that is entered also is left again,
except for the origin node α (which is left once more than any other node) and the
destination node β (which is entered once more than any other node).
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(ii) ∀v ∈ V : 0 ≤ sα,β(v, S1(v)) ≤ sα,β(v, S0(v)) ≤ sα,β(v, S1(v)) + 1

This condition ensures that the number of times that the even and the odd edges
of one node were traversed, differs at most by 1.

For two arbitrary nodes a and b that are not necessarily α and β, sa,b is called an
intermediate switching flow [Gär+18, Definition 3, also called partial switching flow].

Note that there are infinitely many (intermediate) switching flows for two vertices a and
b. Given any switching flow, adding the vector n · 1|E| for an arbitrary n ∈ N+ to sa,b
preserves the two conditions.

It is easy to verify whether or not a vector sa,b ∈ N|E|
0 is a valid switching flow for a

given graph: Simply test these two conditions. This can be done in polynomial time
[Doh+16]. The end vertex of a switching flow can be calculated in polynomial time by
checking which edge is the one for which condition (i) is −1 [Gär+18, Oservation 6].

Definition 5.1.6 (Run profile [Doh+16]). A run profile r ∈ N|E|
0 is the count array

returned by Run-Arrival upon termination. It assigns to each edge of a switch graph
the number of times it has been traversed during the Run-Arrival procedure.

An intermediate run profile r̃ corresponds to some intermediate value of the count
array after a completed run of the while loop of the Run-Arrival algorithm [Gär+18,
Definition 4, also called partial run profile]. The end vertex b of an intermediate run
profile can be calculated in polynomial time.

Lemma 5.1.7. Every (intermediate) run profile is an (intermediate) switching flow
[Doh+16, Observation 1]. Not every (intermediate) switching flow is an (intermediate)
run profile.

Example 5.1.8. Consider the following example from [Doh+16].

α v1 v2 β
1 1

1

0
1

0 1

0

Figure 5.4.: Valid switching flow and
run profile

α v1 v2 β
1 2

2

0
1

0 1

0

Figure 5.5.: Valid switching flow but
not run profile

Lemma 5.1.9. For a switch graph G = (V,E, S0, S1) and an origin and a destination
node α, β ∈ V with α ̸= β, if there exists a valid switching flow sα,β then Run-Arrival
terminates. For the run profile r returned upon termination it holds that r ≤ sα,β
component wise [Doh+16, Lemma 1].

Proof. Imagine we put on each edge as many pebbles as sα,β tells us to. During the run
of Run-Arrival we collect a pebble whenever traversing an edge. It is claimed that we
never run out of pebbles, which would prove the above Lemma.

First observe that during a run when we are at a vertex x, condition (i) and (ii) of the
intermediate switching flow sα,x with origin α and destination x hold. Starting with the
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even successor we take a pebble from each edge in turns, so the number of pebbles on
them never differs by more than 1.

The claim is proven by contradiction. Assume e = (v, u) is the first edge at which we
run out of pebbles, i.e. e now has −1 pebbles left on it. By the observation above, the
other outgoing edge of v must have 0 pebbles left. Since condition (i) held before v was
entered and both outgoing edges had 0 pebbles, this means that the incoming edge of v
must have had 0 pebbles as well. This is a contradiction because if the incoming edge
has 0 pebbles, we could have never entered node v [Doh+16].

Lemma 5.1.10. It is possible to verify in polynomial time whether a given (intermediate)
switching flow s is an (intermediate) run profile [Gär+18, Lemma 11].

Definition 5.1.11 (S-Arrival (Search problem) [Gär+18]). Given a switch graph
G = (V,E, S0, S1), an origin α ∈ V and a destination β ∈ V , find one of the following:

(A1) A run profile r from α to β.

(A2) An intermediate run profile r̃ from α to any vertex b such that there exists an edge
e that was traversed too often: r̃(e) = 2d + 1. The current state of the switches
must have existed already.

There is no polynomial time algorithm known for S-Arrival. [Gär+18] proved that the
Aldous algorithm from [Ald83] can be used to solve S-Arrival. Its runtime is O((

√
2)d).

5.1.1. S-Arrival to Unique Forward EOPL+1

Theorem 5.1.12. S-Arrival can be reduced to End of Metered Line and is thus
in CLS [Gär+18, Theorem 20].

For a definition of End of Metered Line see 3.3.5 on page 18.

Since End of Metered Line and End of Potential Line are polynomial time
equivalent, S-Arrival is in EOPL [Fea+18, Theorem 10]. Furthermore, S-Arrival has
by definition a unique solution and is therefore in UniqueEOPL [Fea+18, Theorem 4].
Nonetheless, it is possible to reduce S-Arrival to Unique Forward EOPL+1 by a
very similar but easier construction than done in [Gär+18]. Basically it is the same
construction without the need to construct a predecessor circuit.

For a definition of Unique Forward EOPL+1, see Definition 4.1.24 on page 43.

Theorem 5.1.13. S-Arrival can be reduced to Unique Forward EOPL+1 in poly-
nomial time and is thus in UniqueEOPL.

Proof. Given an S-Arrival instance I = (G = (V,E, S0, S1), α, β), create in polynomial
time an instance of Unique Forward EOPL+1 I ′ = (S, c).

The nodes Let be d′ := |E| = 2|V | = 2d. A node sα,b of the Unique Forward
EOPL+1 will be an intermediate switching flow with sα,b ∈ {0, 1, ..., 2d + 1}d′ . The
start node of I ′ is 0d

′ .
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The successor function S By Lemma 5.1.10 on the previous page, there is a polynomial
time function isRunProfile : {0, 1, ..., 2d + 1}d′ → {true, false}.

S(sα,b) is defined as follows:

(1) If isRunProfile(sα,b) = false then S(sα,b) = sα,b.
If the given point is not a valid run profile, it will be a self loop.

(2) If isRunProfile(sα,b) = true and there ∃e ∈ E : sα,b(e) = 2d + 1 then S(sα,b) =
sα,b.
If this is the case, the Run-Arrival procedure took too many steps, by Lemma 5.1.4
on page 62 this means there is no way from α to β.

(3) If isRunProfile(sα,b) = true then let b be the end vertex of the current switching
flow.

(1) If b = β then S(sα,b) = sα,b.
We reached the destination. Therefore this is a valid end of the line in Unique
Forward EOPL+1.

(2) If b ̸= β then let n ∈ {0, 1} be the variable that defines if the even or the odd
successor is supposed to be traversed next: n := sα,b(b, S0(b))− sα,b(b, S1(b)).
Let u be the next node that Run-Arrival traverses: u := Sn(b). Increase
the vector sα,b at the position that stands for the edge (b, u) by one and
leave everything else unchanged. Now u is the new end vertex of the current
switching flow sα,u.

The cost function c The cost function returns 0 if the given point is no valid run
profile. Otherwise it returns the number of steps plus 1 that Run-Arrival made so far
to reach the end node b of sα,b. The costs are calculated by summing up all entries of
sα,b plus 1, so that we can differ 0d

′ from invalid run profiles.

c(sα,b) :=

{
0 if isRunProfile(sα,b) = false

1 +
∑d′

i=1(sα,b)i if isRunProfile(sα,b) = true.

The circuits S and c can be constructed in polynomial time.

Correctness In order to prove the correctness of this construction, it must be shown
that each solution to the constructed Unique Forward EOPL+1 instance matches
back to the correct S-Arrival solution.

A solution of type (UFP1) Let sα,b ∈ {0, 1, ..., 2d + 1}d′ be a solution of type (UFP1)
and sα,p = S(sα,b). This means that S(sα,b) ̸= sα,b and either S(sα,p) = sα,p or c(sα,p) ̸=
c(sα,b) + 1.

First, assume that S(sα,b) ̸= sα,b and S(sα,p) = sα,p. It must hold that isRunProfile(sα,b) =
true. Let’s take a look at the rules that could have been used to set S(sα,p) = sα,p.

(1) If isRunProfile(sα,p) = false this means sα,p is not a valid run profile. This case
cannot happen, since isRunProfile(sα,b) = true and the construction of S(sα,b)
follows the same rules as Run-Arrival. Therefore sα,p must be a valid run profile.
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(2) If ∃e ∈ E : sα,p(e) = 2d + 1 then we found a valid solution of type (A2): There is
no path from α to β.

(3.1) If isRunProfile(sα,p) = true, it must hold that the end node of the switching flow
p is equal to β. Therefore sα,p is a valid solution of type (A1).

Second, assume that S(sα,b) ̸= sα,b and c(sα,p) ̸= c(sα,b) + 1. This cannot happen.
S(sα,b) = sα,p was constructed by case (3.2), which means the potential increases by
one.

A violation of type (UFVP1) If a violation of type (UFVP1) is found, there exist
two points sα,b ∈ {0, 1, ..., 2d + 1}d′ and sα,p ∈ {0, 1, ..., 2d + 1}d′ with sα,b ̸= sα,p,
sα,b ̸= S(sα,b), sα,p ̸= S(sα,p) and isRunProfile(sα,b) = isRunProfile(sα,p) = true
and c(sα,b) = c(sα,p).

This cannot happen. Because isRunProfile(sα,b) = isRunProfile(sα,p) = true it
holds that c(sα,b) = c(sα,p) > 0. It will be proven by induction over the cost that if
c(sα,b) = c(sα,p) it follows that sα,b = sα,p.

Base: n = 1, i.e. c(sα,b) = c(sα,p) = 1 This means that sα,b = 0d
′
= sα,p.

Assumption: If c(sα,b) = c(sα,p) = n then sα,b = sα,p.

Induction: n = n+1

Since isRunProfile(sα,b) = isRunProfile(sα,p) = true, this means that
there is a point sα,x such that S(sα,x) = sα,b and a point sα,y such that
S(sα,y) = sα,p. It holds that sα,x ̸= sα,b and sα,y ̸= sα,p because otherwise
it would be a contradiction to the assumption S(sα,b) ̸= sα,b and sα,p ̸=
S(sα,p).

S(sα,x) and S(sα,y) must have been constructed by rule (3.2.). It follows
that c(sα,x) − 1 = c(sα,b) = c(sα,p) = c(sα,y) − 1 and by the assumption
of the induction that means that sα,x = sα,y. This again implies that the
same successor edge is chosen and therefore it follows that sα,b = sα,p.

This induction might seem trivial, but it is important to exclude the case that an arbi-
trary chosen switching flow does belong to another line.

A violation of type (UFVP2) Let sα,b and sα,q be the given vertices of the violation
(UFVP2) with sα,b ̸= sα,q, S(sα,q) ̸= sα,q and c(sα,b) < c(sα,q). Since sα,b is also a
solution of type (UFP1), it holds that S(sα,b) = sα,p, sα,b ̸= sα,p and S(sα,p) = sα,p.

This cannot happen: Since S(sα,q) ̸= sα,q, it must hold that isRunProfile(sα,q) = true.
This again means that there exists a point sα,x with S(sα,x) = sα,q which has exactly one
cost less than sα,q. This argument can be repeated recursively until there is a predecessor
sα,y of sα,q with c(sα,y) = c(sα,b). By the induction proof from the previous case, this
implies that sα,b is a predecessor of sα,q. This is a contradiction to the fact that sα,b is
the end of the line.

Conclusion All in all, every solution that is found in the constructed Unique Forward
EOPL+1 instance can be mapped back to a solution of the corresponding S-Arrival
instance in polynomial time.
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The reduction is promise preserving. Every solution of the S-Arrival instance is
only mapped to solutions of type (UFP1). For every violation of the created Unique
Forward EOPL+1 instance it can be shown that this cannot possibly be constructed
from an S-Arrival instance.

It follows that the promise version of S-Arrival is in PromiseUEOPL.
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5.2. Unique Sink Orientation of Cubes (Cube-USO)

Let C = {0, 1}d be a d-dimensional hyper cube, where each bit-string represents one
vertex of the cube.

Definition 5.2.1 (Face of a hypercube). A face (or a subcube) Cα of a hypercube
C = {0, 1}d is defined by a tuple Cα := (f1, f2, ..., fd) with fi ∈ {0, 1, ∗} for i = 1, ..., d.
α is the set containing all indices at which Cα is not ∗: α := {i | fi ̸= ∗}. If fi ∈ {0, 1},
this means that dimension i is fixed. If fi = ∗, dimension i is free to vary.

v ∈ C is in face Cα if and only if ∀i ∈ α : vi = fi.

The face of a hypercube is a hypercube itself with a smaller dimension. The faces of
dimension 0, 1, (d-1) are called vertices, edges and facets [SW01].

Example 5.2.2. Let d = 3 and C = {0, 1}3.

Figure 5.2.2 shows examples of a 0-face (face (1, 1, 1) in green), a 1-face (face (1, ∗, 1)
in blue) and a 2-face (face (∗, ∗, 0) in yellow). The whole cube itself is a 3-face. Note
that since C is not defined on an interval but a set, the points between the vertices are
actually not part of the face. Only the vertices themselves are a face. So the 2-face is
not the whole colored area but (∗, ∗, 0) = {(000), (010), (110), (100)}.

Face (∗, ∗, 0) = {(000), (010), (110), (100)}000

001

010

011

100

101

110

111 Face (1, 1, 1) = {(111)}

Face (1, ∗, 1) = {(101), (111)}

Definition 5.2.3 (Orientation function ϕ). [Fea+18, p. 25] Let ϕ : C → {0, 1}d be a
direction function that assigns each edge of C a direction. The i’th component of ϕ(v)
represents the direction of the edge in dimension i.

• ϕ(v)i = 0⇔ v the edge points towards v.
• ϕ(v)i = 1⇔ v the edge points away from v.

Two nodes v and u that are adjacent to each other in dimension i are said to agree on
their orientation in dimension i if ϕ(v)i ̸= ϕ(u)i. This definition does not necessarily
imply that all nodes agree to their orientation. Later on, this property will be ensured
by a violation that forbids such constellations.

The cube C and the orientation function ϕ can be viewed as a directed graph if all nodes
agree on their directions. Note that it is not necessarily an acyclic graph. A vertex
v ∈ C is called a sink if v only has incoming edges, i.e. ∀i = 1, ..., d : ϕ(v)i = 0.
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An orientation ϕ is called unique sink orientation of C if all subgraphs induced by
nonempty faces of C have a unique sink. Since the whole cube is a face as well, this
implies that the cube has a unique, global sink [SW01, p. 1], [GS06, Definition 2.1].

The problem Unique Sink Orientation of Cubes (Cube-USO) is to find the unique
sink of that graph formed by C and ϕ under the promise that the given orientation fulfills
the properties of a unique sink orientation.

Since a d-hypercube has 2d many vertices and 2d−1d edges, it is hard to check whether
a given direction function fulfills the promise and really is a unique sink orientation.

Example 5.2.4. Let d = 3 and C = {0, 1}3. The orientation function ϕ is represented
by the arrows.

d1

d2

d3

000

001

010

011

100

101

110

111

Figure 5.6.: Example of a d = 3 cube with a unique sink orientation

In this example, the edges form a unique sink orientation. The sink is (111). ϕ(111) =
(000), since the node has only incoming edges. Note that even when every face of the
cube has a unique sink, it is not necessarily an acyclic graph. The cycle in the example
is colored in blue.

This promise problem can be transformed into a total search problem by adding viola-
tions. The property that is used as violation originally comes from [SW01, Lemma 2.3]
but I find it better explained in [Sch04]. To give a better understanding of why the
condition that is used in the end actually works, we will now take a closer look at the
relevant properties of ϕ.

Lemma 5.2.5. ([SW01, Lemma 2.1], [Sch04, Lemma 4.1]) If ϕ is a unique sink orien-
tation it follows that ϕ with all its edges in one dimension flipped is still a unique sink
orientation.

Proof. Let C ∈ {0, 1}d. Let dimension i be arbitrary but fix. The edges of dimension
i connect two subcubes of C with one another. These edges are colored in red in Ex-
ample 5.2.6 on the following page. Since ϕ is a unique sink orientation, each of both
subcubes has a unique sink, s1 and s2. One of these two sinks is the global unique sink,
without loss of generality let that be s1. It follows that ϕ(s1)i = 0 because it is the
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unique sink, and ϕ(s2)i = 1 because it is not the unique sink. If all edges in dimension
i are flipped then s2 is the new global unique sink.

For the faces that do contain two or more red edges, the argument above can be applied
recursively. Therefore each subcube still is a unique sink orientation after flipping the
edges as well.

The faces that do not contain a red edge were valid unique sink orientations beforehand.
Nothing has changed for them so they still are a valid unique sink orientation.

Example 5.2.6. d = 3 and i = 2.

d1

d2

d3

000

001

010

011

100

101

110

111

d1

d2

d3

000

001

010

011

100

101

110

111

Lemma 5.2.7. ([SW01, Lemma 2.2], [Sch04, Corollary 4.2]) ϕ is a unique sink orien-
tation if and only if ϕ is a bijection in every subcube.

Proof. ”⇒⇒” Let ϕ be a unique sink orientation. Assume ϕ is not a bijection in every
subcube. This means there exist two nodes v and u with ϕ(v) = ϕ(u). By Lemma 5.2.5
on the previous page all dimensions i for which ϕ(v)i = 1 can be flipped and ϕ′ is
still a unique sink orientation. So after flipping all of these dimensions, it holds that
ϕ′(v) = ϕ′(u) = 0d, which means that v and u both are a sink. Therefore ϕ could not
have been a unique sink orientation in the first place.

”⇐⇐” If ϕ is a bijection in every subcube then for every subcube Cα = {0, 1, ∗}d with
α ⊆ {1, ..., d} it holds that there is exactly one node v for which holds ∀i ∈ α : ϕ(v)i = 0.
Since this includes α = {1, ..., d}, ϕ is a unique sink orientation.

Lemma 5.2.8. ([SW01, Lemma 2.3], [Sch04, Proposition 4.3]) ϕ is a unique sink
orientation if and only if for all v, u ∈ C with v ̸= u it holds that

(v ⊕ u) ∧ (ϕ(v)⊕ ϕ(u)) ̸= 0d, (5.1)

where ⊕ is the bit wise xor operation and ∧ is the bit wise and operation.
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(v⊕ u) is a vector that has a 1 at each index of the smallest subcube that contains both
v and u. For example, for C ∈ {0, 1}3, the smallest subcube containing (000) and (111)
is the whole cube. The smallest subcube containing (000) and (110) is the face (∗, ∗, 0).
In this case ((000) ⊕ (110)) = (110). The vector has a 1 at every index where the face
has a ∗.

In addition with (ϕ(v)⊕ ϕ(u)), this ensures that the orientation function is a bijection.

Proof. ”⇒⇒” Assume condition (5.1) does not hold. Then there exists some subcube
Cα with α ⊆ {1, ..., d} which contains two different nodes v and u that have the same
orientation in all dimensions of that subcube ∀i ∈ α : ϕi(v) = ϕi(u), since otherwise the
result of the condition would not be 0 in each component.

This is a contradiction to Lemma 5.2.7 on the preceding page which means that ϕ is not
a unique sink orientation.

”⇐⇐” Assume ϕ is not a unique sink orientation and therefore, by Lemma 5.2.7 on the
previous page, not a bijection in every subcube.

Let Cα be the subcube with the smallest dimension in which ϕ is not a bijection and let
v and u be the nodes that violate the bijectivity, i.e. ∀i ∈ α : ϕi(v) = ϕi(u). Therefore,
for all i ∈ α the right side of the condition is 0.

For all i /∈ α the left side of the condition is 0 since v and u are in the same subcube.

In conclusion, if ϕ is not a unique sink orientation, then condition (5.1) does not hold.
This condition also ensures that all two nodes agree on their orientation.

Definition 5.2.9 (⊥-Unique Sink Orientation of Cubes (Cube-USO-⊥)). [Fea+20b,
Definition 21] Given an orientation function ϕ : {0, 1}d → {0, 1}d ∪ {⊥} find one of the
following:

(U⊥1) A point v ∈ {0, 1}d such that ∀i = 1, ..., d : ϕ(v)i = 0.
v is a sink.

(U⊥V1) Two points v, u ∈ {0, 1}d such that v ̸= u and (v ⊕ u) ∧ (ϕ(v)⊕ ϕ(u)) = 0d.
ϕ does not fulfill the unique sink orientation property. Note that ϕ(v) ̸= ⊥ ̸=
ϕ(u), since then it is a violation of type (U⊥V2).

(U⊥V2) A point v ∈ {0, 1}d such that ϕ(v) = ⊥.
ϕ is no valid orientation function at all.

(U⊥1) describes a unique sink. (U⊥V1) certifies, as explained before, that ϕ is not a
unique sink orientation.

(U⊥V2) might seem ridiculous at first, and it is indeed not necessary to define a valid
total version of Cube-USO. But later on, the problem P-LCP will be reduced to Cube-
USO and the reduction is more convenient if violation (U⊥V2) is included here. The
violation does not alter the problem in any significant way. One can formulate an
equivalent version of Cube-USO without (U⊥V2).

Definition 5.2.10 (Unique Sink Orientation of Cubes (Cube-USO)). Given an
orientation function ϕ : {0, 1}d → {0, 1}d find one of the following:

(U1) A point v ∈ {0, 1}d such that ∀i = 1, ..., d : ϕ(v)i = 0.
v is a sink.

(UV1) Two points v, u ∈ {0, 1}d such that v ̸= u and (v ⊕ u) ∧ (ϕ(v)⊕ ϕ(u)) = 0d.
ϕ does not fulfill the unique sink orientation property.
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Lemma 5.2.11. There exists a promise preserving polynomial time reduction from
Cube-USO-⊥ to Cube-USO [Fea+20b, Lemma 22].

Proof. Given an instance I of Cube-USO-⊥, create an instance I ′ of Cube-USO. Let
C ′ := C. If ϕ(v) ̸= ⊥, let ϕ′(v) = ϕ(v) and ϕ′(v) = 0d otherwise.

Given a solution v of type (U1) for ϕ′, then either ϕ(v) = 0d and therefore v is a solution
of type (U⊥1), or ϕ(v) = ⊥ and v is a violation of type (U⊥V2). Given a solution v, u
of type (UV1) for ϕ′, either ϕ(v) = ⊥ or ϕ(u) = ⊥ which results in a violation of type
(U⊥V2), or otherwise the nodes are a solution of type (U⊥V1).

The reduction is promise preserving, since every valid solution of type (U⊥1) is also a
valid solution of type (U1) in the transformed instance. Every violation in the Cube-
USO instance are mapped back to a violation in the Cube-USO-⊥ instance.

The other direction is trivial: An instance of Cube-USO-⊥ created from an Cube-USO
instance can never have a violation of type (U⊥V2) by definition. Therefore, Cube-USO
and Cube-USO-⊥ are polynomial time equivalent.

There is no polynomial time algorithm known for Cube-USO. [SW01] proved that there
is a deterministic algorithm with runtime O(1, 61d) and a randomized algorithm with
runtime O(1, 47d).

5.2.1. Cube-USO to OPDC

The problem Cube-USO has naturally no cost or potential function. Neither do the
points of the hypercube have an intuitive neighborhood or successor as needed for a
Unique End of Potential Line instance. Nonetheless, there exists a reduction from
Cube-USO to OPDC which proves that Cube-USO is in UniqueEOPL. In [Fea+20b]
the reduction is done from Cube-USO-⊥ to OPDC, the reduction from Cube-USO to
OPDC is basically the same but without the special cases for ϕ(v) = ⊥. For a definition
and examples of OPDC, see Section 4.1 on page 23.

Theorem 5.2.12. There exists a promise preserving polynomial time reduction from
Cube-USO to OPDC.

Proof. Given an instance I = (C, ϕ) of Cube-USO, create an instance I ′ = (Γ,D) of
OPDC. Let Γ := C. The direction function D is defined as follows:

Di(v) =


Zero if ϕ(v)i = 0

Up if ϕ(v)i = 1 and vi = 0

Down if ϕ(v)i = 1 and vi = 1.

Correctness In order to prove the correctness of this construction, it must be shown
that each solution of the constructed OPDC instance I ′ matches back to the correct
solution of the Cube-USO instance I.
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A solution of type (O1) Let point p ∈ Γ be a solution of type (O1). It holds that
∀i = 1, ..., d : Di(p) = Zero. This implies that ϕi(p) = 0 for all i which means that p is
a sink and a solution of type (U1).

A solution of type (OV1) For an i− Slice s a solution of type (OV1) consists of two
fixpoints p, q ∈ Γs with p ̸= q such that ∀j ≤ i : Dj(p) = Dj(q) = Zero. This implies
that p and q are both sinks on the same i-face, which is a violation of type (UV1).

A solution of type (OV2) If there is a violation of type (OV2), then there is an
i− Slice s and two points p, q ∈ Γs such that

• ∀j < i : Dj(p) = Dj(q) = Zero
• pi and qi are adjacent to each other in dimension i: pi = qi + 1
• Di(p) = Down and Di(q) = Up.

For all j < i, ϕj(p) = ϕj(q) = 0. For all j = i, ϕj(p) = ϕj(q) = 1. Therefore p and
q have the same orientation in the face described by s. They form a violation of type
(UV1).

A solution of type (OV3) A violation of type (OV3) is never produced by the con-
struction. By definition of D, for a point pi = 0 the direction is never Down and for a
point pi = 1 the direction is never Up.

Conclusion The reduction is promise preserving: Solutions of type (U1) of the Cube-
USO instance are only mapped to solutions of type (O1) of the OPDC instance. If the
Cube-USO instance has no violations, then the OPDC instance has no violations.
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5.3. P-Matrix Linear Complementarity Problem (P-LCP)

Definition 5.3.1 (Linear Complementarity Problem (LCP)). [DP11, p. 794]
Given a matrix M ∈ Rd×d and a vector q ∈ Rd×1, find two vectors z, w ∈ Rd×1 such that

(1) w = Mz + q,

(2) z, w ≥ 0 component wise and

(3a) zTw = 0 or

(3b) ∀i ∈ {1, ..., d} : zi · wi = 0.

Conditions (3a) and (3b) are equivalent if condition (2) is satisfied. For each i either zi
or wi must be 0, since none of the entries are allowed to be negative.

Condition (1) of the LCP can be stated alternatively: Iw −Mz = q.

If q ≥ 0 in each component, then there exists the trivial solution z := 0d and w := q.

Deciding if a given LCP has a solution is NP-complete [Chu89]. For an approach on
how to solve an LCP, see Appendix A.1 on page 134.

Definition 5.3.2 (P-Matrix). A matrix M ∈ Rn×n is called P-Matrix if all its principal
minors are positive [CPS92, Definition 3.3.1].

For each n×n matrix M and for each α, β ⊆ {1, ..., n}, the submatrix Mα,β of M is the
matrix whose entries lie in the rows of M indexed by α and the columns indexed by β.
If α = β, the matrix Mα,α is called principal submatrix of M . The determinant of Mα,α

is called principal minor [CPS92, Definition 2.2.1]. For 1 ≤ k ≤ d and α = {1, ..., k},
Mα,α is called leading principal submatrix and its determinant is called leading principal
minor [CPS92, Definition 2.2.2]:

∥∥(m11

)∥∥ ,∥∥∥∥(m11 m12

m21 m22

)∥∥∥∥ ,
∥∥∥∥∥∥
m11 m12 m13

m21 m22 m23

m31 m32 m33

∥∥∥∥∥∥ , ...,
∥∥∥∥∥∥
m11 ... m1d

... ...
md1 ... mdd

∥∥∥∥∥∥
Example 5.3.3. d = 3

M :=

1 −1 0
1 3 1
0 −10 2


The principal minors of M are:∥∥(1)∥∥ = 1,

∥∥(3)∥∥ = 3,
∥∥(2)∥∥ = 2

∥∥∥∥(1 −1
1 3

)∥∥∥∥ = 4,

∥∥∥∥(1 0
0 2

)∥∥∥∥ = 2,

∥∥∥∥( 3 1
−10 2

)∥∥∥∥ = 16

∥∥∥∥∥∥
1 −1 0
1 3 1
0 −10 2

∥∥∥∥∥∥ = 18
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Since they are all positive, M is a P-Matrix.

A P-Matrix is not necessarily positive (semi) definite. The matrix in the above example
is not positive definite.

For example, there exists a vector x such that xTMx < 0:

(
0, 1, 1

)
·

1 −1 0
1 3 1
0 −10 2

 ·
0
1
1

 = −4.

Every positive definite matrix is a P-Matrix [CPS92, p. 147]. A symmetric real matrix
M ∈ Rd×d is positive definite if and only if all its principal minors are greater than 0
[KS, p. 349, Sylvester’s Criterion]. If M ∈ Rd×d is positive definite, then the LCP (q,M)
has a unique solution for all q ∈ Rd [CPS92, Theorem 3.1.6.]. If M is positive definite,
LCP can be solved in polynomial time [MY88].

Checking if a matrix is a P-Matrix is co-NP-complete [Cox94]. A matrix M is a P-
Matrix if and only if the LCP (q,M) has a unique solution for every q ∈ Rd [CPS92,
Theorem 3.3.7]. If q ≥ 0 component wise, the unique solution is the trivial solution.

Example 5.3.4. (Trivial solution)

Let be d = 2 and the P-LCP problem (q,M) be

M :=

(
1 −1
1 3

)
, q :=

(
1
2

)
.

M is a P-Matrix. The only and unique solution to the given P-LCP is the trivial solution:

w1 = z1 − z2 + 1

w2 = z1 + 3z2 + 2
z =

(
0
0

)
, w =

(
1
2

)
= q.

Example 5.3.5. (M is not a P-Matrix)

Let be d = 2 and the LCP problem (q,M) be

M :=

(
−1 1
1 3

)
, q :=

(
1
2

)
.

M is not a P-Matrix. There are multiple solutions for the given LCP:

w1 = −z1 + z2 + 1

w2 = z1 + 3z2 + 2

z =

(
0
0

)
, w =

(
1
2

)
= q and

z =

(
1
0

)
, w =

(
0
3

)
.

Example 5.3.6. (Non-trivial solution)

Let be d = 2 and the P-LCP problem (q,M) be

M :=

(
1 −1
1 3

)
, q :=

(
1
−2

)
.
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M is a P-Matrix. Not all components of q are positive, therefore the trivial solution is
not a valid solution. The following is the unique solution:

w1 = z1 − z2 + 1

w2 = z1 + 3z2 − 2
z =

(
0
2/3

)
, w =

(
1/3
0

)
.

For the search problem definition of P-LCP that will be shown to be in UniqueEOPL, a
different representation of a solution (z, w) is used: For a given candidate solution (z, w)
we can construct the set α := {i | i ∈ {1, ..., d}, zi > 0} containing all indices of z that
are not 0.

The other way around, for any given α ⊆ {1, ..., d} it is possible to check whether this
is a set that was constructed from a valid solution. How to check that is shown in the
following.

An LCP can be viewed in terms of complementary cones [CPS92, Section 1.3]. A
nonempty set X is a cone in Rd if for any x ∈ X and any t ≥ 0 it holds that xt ∈ X. For
a matrix A ∈ Rd×n, let C(A) := {q ∈ Rd : q = Ay for some y ∈ Rn

+} be a convex cone
obtained by nonnegative linear combinations of the columns of A.

Let M ∈ Rd×d be the matrix of an LCP. Consider the matrix (I,−M) ∈ Rd×2d. When
solving the linear complementarity problem (q,M), we are searching for (w, z) ∈ R2d

such that

(1) Iw −Mz = q.

(2) z, w ≥ 0 component wise and

(3) ∀i ∈ {1, ..., d} : zi · wi = 0.

We want to know if q is an element of C(I,−M) so that for every i not both I·,i and
M·,i are used because of condition (3) of LCP. To formalize this additional condition,
we define the following matrix: For any α ⊆ {1, ..., d} let (Aα) ∈ Rd×d be the matrix
whose columns are for all i in α equal to the negative i’th column of matrix M and the
i’th unit column vector ei otherwise:

(Aα)·,i :=

{
−M·,i if i ∈ α

ei if i /∈ α

(Aα) is called complementary basis of M , C(Aα) is called complementary cone. (Aα) can
be constructed in polynomial time. For a d× d matrix, there are 2d many different sets
α and therefore complementary cones.

Given a vector q, to decide whether the LCP (q,M) has a solution, it suffices to check
whether q belongs to one of the complementary cones, i.e. if there exists an α such that
q ∈ C(Aα). If q is in C(Aα), it holds that y = w + z, where all α components of y
belong to z and all the others belong to w because of condition (3) of the LCP. All α
components of w and all non α components of z are 0.

This is equivalent to testing if there exists a solution to the system (Aα)y = q with y ≥ 0
for some α ⊆ {1, ..., d}. If (Aα) is nonsingular (which it always is if M is a P-Matrix),
then this is equivalent to testing whether (Aα)

−1q ≥ 0 component wise.

In conclusion, we can check in polynomial time for any given α if q is in the cone C(Aα),
i.e. if (Aα) is nonsingular and (Aα)

−1 · q is non negative in each component. Then we
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know that α corresponds to a valid solution. Since (Aα)y = q is a linear program, its
solution and thereby the solution represented by α can be calculated in polynomial time.

Example 5.3.7. Recall the LCP from Example 5.3.6 on page 75. Let α = {1}. Note
that this is not the α of the unique solution. (Aα) is nonsingular, but the components
of (Aα)

−1 · q are negative.

(Aα) = (Aα)
−1 =

(
−1 0
−1 1

)

(Aα)
−1 · q =

(
−1
−3

)

If α = {2}, which is the correct α for the unique solution, the (Aα) is nonsingular and
the components of (Aα)

−1 · q are all positive:

(Aα) =

(
0 1
1 −3

)
(Aα)

−1 =

(
3 1
1 0

)
.

(Aα)
−1 · q =

(
1
1

)

We define the function out : P({1, ..., d})→ {0, 1}d ∪ {⊥} as out(α) = ⊥ if det(Aα) = 0
and otherwise

(out(α))i :=

{
1 if ((Aα)

−1 · q)i < 0

0 if ((Aα)
−1 · q)i ≥ 0.

α corresponds to a valid solution if and only if out(α) = 0d.

We define the function char : P({1, ..., d})→ {0, 1}d as characteristic vector of α:

(char(α))i :=

{
1 if i ∈ α

0 if i /∈ α.

P-LCP is a special case of LCP with the promise that M is a P-Matrix. In order to
define a total search problem, a violation solution is needed for the case that M is not
a P-Matrix.
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Definition 5.3.8 (P-Matrix Linear Complementarity Problem (P-LCP) [Fea+20b]).
Given a matrix M ∈ Rd×d and a vector q ∈ Rd×1, find one of the following:

(P1) Two vectors z, w ∈ Rd×1 that are a valid solution for the LCP:
(1) w = Mz + q,
(2) z, w ≥ 0 component wise and

(3a) zTw = 0 or
(3b) ∀i ∈ {1, ..., d} : zi · wi = 0.

(PV1) A set α ⊆ {1, ..., d} such that the corresponding principal minor of matrix M
is not positive: det(Mα,α) ≤ 0.

(PV2) Two distinct sets α, β ⊆ {1, ..., d} with (char(α) ⊕ char(β)) ∧ (out(α) ⊕
out(β)) = 0d, where ⊕ is the bit wise xor and ∧ is the bit wise and func-
tion of two vectors.
(Note that in this case out does not return ⊥, since this already implies a
violation of type (PV1).)

One of the two violations would be enough to make the problem total. Both violations
are needed to make the reduction easier that proves that P-LCP is in UniqueEOPL.

(PV1) is a certificate for M not being a P-Matrix because there exists a principal minor
that is not greater than 0.

(PV2) corresponds to the properties of the complementary cone that are fulfilled by
definition if M is a P-Matrix. For more detailed proofs see [SW78, Proof of Property 2]
and [SW78, Property 5]. Therefore, if this condition is fulfilled, it is a sufficient proof of
M not being a P-Matrix.

There is no polynomial time algorithm known for solving P-LCP. [Fea+18, Corollary 42]
states that Aldous Algorithm that was introduced in [Ald83] can be applied to P-LCP
too, thus providing an algorithm that runs in O((

√
2)d) time. Since P-LCP can be

reduced to Cube-USO, the algorithms of Cube-USO can also be applied to solve this
problem.

5.3.1. P-LCP to Cube-USO

[AV11] proved P-LCP to be in PPAD and [DP11] showed that P-LCP is in CLS. It is
not proven complete for either of these classes.

Theorem 5.3.9. There exists a promise preserving polynomial time reduction from
P-LCP to Cube-USO-⊥, which proves that P-LCP is in UniqueEOPL.

Proof. Given a P-LCP instance I = (q,M) with q ∈ Rd and M ∈ Rd×d, construct a
Cube-USO-⊥ instance I ′ = (C, ϕ) with C = {0, 1}d and ϕ : {0, 1}d → {0, 1}d.

Construction For each subset α ⊆ {1, ..., d}, v := char(α) is a node of C. Every node
of C can be distinctly mapped back to α. The orientation function ϕ behaves exactly
like the out function: ϕ(v) := out(char−1(v)).
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Handling degeneracy There are different types of degeneracy of an LCP:

• A degenerate matrix M : M is degenerate if there exists a principal minor of M
which is 0. In case of a P-LCP instance, this case is already covered as violation
(PV1).

• A degenerate vector q (sometimes also called a degenerate solution (w, z)): An
LCP instance has a degenerate q if q is a linear combination of d − 1 or less
columns of (I,−M) [SW78], i.e. (Aα)

−1q has a zero entry for some α ⊆ {1, ..., d}
[Fea+20b]. This implies that if q is degenerate, in the valid solution (z, w) there
exists an index i such that zi = wi = 0.

Nondegeneracy is important for the bard type algorithm to terminate and not to cycle
[CPS92, Section 4.2], but it also needs to be eliminated to make the reduction work.

Example 5.3.10. (Degenerate q)

M :=

(
1 0
0 1

)
, q :=

(
0
−1

)
.

M is a P-Matrix, q is degenerate. It can be represented as a linear combination of the
second column M·,2. Nonetheless, the given LCP has a unique solution:

w =

(
0
0

)
, z =

(
0
1

)
.

For α1 = {2} it holds that (Aα1) =

(
1 0
0 −1

)
and (Aα1)

−1q =

(
0
1

)
. out(α1) =

(
0
0

)
and therefore α1 is a sink in the constructed Cube-USO-⊥ instance.

For α2 = {1, 2} it holds that (Aα2) =

(
−1 0
0 −1

)
and (Aα2)

−1q =

(
0
1

)
. out(α2) =

(
0
0

)
as well and therefore α2 is a second sink in the constructed Cube-USO-⊥ instance.

There are multiple sets α for which the condition ((Aα)
−1q) ≥ 0 holds. For α1 = {2}

and for α2 = {1, 2} this yields in an equivalent output of out, which results in an
invalid Cube-USO-⊥ instance. This is a problem because we created an Cube-USO-⊥
instance with a violation from a valid LCP instance, which contradicts the idea of a
promise preserving reduction.

To avoid problems caused by degenerate LCP’s, a strategy called perturbation, which is
usually used in linear programming, is applied to (q,M) before doing the actual reduction
in order do dissolve its degeneracy.

A linear program is degenerate if and only if for the given constraints Ax = b, x ≥ 0 it
holds that b can be expressed as a linear combination of d− 1 or less column vectors of
A, i.e. that for a basis B there exists a component in B−1b that is 0 [Mur83, p. 323].

The idea of perturbation is to slightly modify b of the given linear program such that b′

cannot be represented by a linear combination of d− 1 columns anymore. By shifting b
slightly, the intersection of the constraints shifts apart.

We can use this technique here because we can represent the part of the LCP that causes
the degeneracy as a linear program:

(Aα)
−1q ≥ 0⇔ (Aα)y = q with y ≥ 0 component wise. (5.2)

Let ϵ be an arbitrarily small positive number and q(ϵ) := q + (ϵ, ϵ2, ..., ϵd)T .
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Lemma 5.3.11. [Mur83, Theorem 10.1]

Given any q ∈ Rd, there exists a positive number ϵ̃ > 0 such that whenever 0 < ϵ < ϵ̃,
the following perturbed problem is nondegenerate:

(Aα)y = q(ϵ) (5.3)
y ≥ 0 component wise.

For a proof see [Mur83, p. 324] or Appendix A.3 on page 137.

Lemma 5.3.12. [Mur83, Theorem 10.5]

If B is a feasible basis for the perturbed LCP 5.3 with ϵ being arbitrarily small, then B
is a feasible basis for the original un-perturbed LCP 5.2.

For a proof see either [Mur83, p. 326] or Appendix A.3 on page 137.

So if (Aα)
−1 is a feasible solution for 5.3, then it is a solution for 5.2 as well. Therefore

if α and (Aα) represent a valid solution to (q(ϵ),M), they also represent a valid solution
to (q,M).

Example 5.3.13. (Perturbation) Recall Example 5.3.10 on the previous page. The
following LCP is its perturbed version:

M :=

(
1 0
0 1

)
, q(ϵ) :=

(
0 + ϵ
−1 + ϵ2

)
.

M is a P-Matrix, the given LCP has a unique solution:

w1 = z1 + ϵ

w2 = z2 − 1 + ϵ2
w =

(
ϵ
0

)
, z =

(
0

1− ϵ2

)
.

Note that the solution of the perturbed LCP is different, but not the corresponding α
and (Aα). There is only one set α that represents that solution: α = {2}. (Aα)

−1 = (Aα)
is a feasible basis for (Aα)y = q(ϵ) and (Aα)y = q.

The construction for the reduction explained above is not applied to the original P-LCP
but on the perturbed one.

Correctness

• A solution of (U⊥1) of I ′ maps back to a solution (P1) of I.
• A solution of (U⊥V2) of I ′ maps back to a solution (PV1) of I.
• A solution of (U⊥V1) of I ′ maps back to a solution (PV2) of I.

The reduction is promise preserving.
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5.4. P-General-LCP (P-GLCP)

General-LCP (GLCP) was first introduced by [CD70] (in [CPS92, p. 32] it is also
called vertical LCP). It is like a usual LCP with the exception that the matrix M is
not necessarily a square matrix.

Definition 5.4.1 (Vertical Block Matrix). [Rüs07, Definition 2.1]

Let (ω1, . . . , ωd) be d many block-sizes with ωi ∈ N+. Let n be the sum of all block sizes:
n :=

∑d
i=1 ωi.

The Matrix N ∈ Rn×d is called vertical block matrix if it has the form

N =

N1

...
Nd


with N i ∈ Rωi×d. N i is called the i’th block of the matrix.

Analogously a vertical block vector can be defined.

Definition 5.4.2 (General-LCP (GLCP)). [Rüs07, p. 22] Given a vertical block
matrix N ∈ Rn×d and a vertical block vector q ∈ Rn, both with block sizes (ω1, . . . , ωd),
find two vectors z ∈ Rd and w ∈ Rn such that

(1) w −Nz = q,

(2) z, w ≥ 0 component wise and

(3) zi ·
ωi∏
j=1

wi
j = 0 for all i = 1, . . . , d.

In comparison to the LCP defined in Definition 5.3.1 on page 74, the third condition
differs here. The complementarity of z and w holds block wise, i.e. if for some index i
it holds that zi ̸= 0 then at least one entry of block wi is 0: ∃j ∈ {1, . . . , ωi} : wi

j = 0.
The other way around it must hold that if there doesn’t exist a zero entry in a block wi,
then zi = 0.

An d-square submatrix M of N is called a representative submatrix if its j’th row is taken
from the j’th block Nj [HS95, Definition 2.2]. There are

∏d
j=1 ωj many representative

submatrices for a vertical block matrix. A vertical block matrix is a P-Matrix if and only
if all principal minors of all representative submatrices are positive [HS95, Definition 2.6].

The GLCP = (N, q) has a unique solution for each q ∈ Rd if and only if N is a P-Matrix
[HS95, Theorem 4.3].

Definition 5.4.3 (P-General-LCP (P-GLCP)). Given a vertical block matrix N ∈
Rn×d and a vertical block vector q ∈ Rn, both with block sizes (ω1, . . . , ωd), find one of
the following:
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(GP1) Two vectors z ∈ Rd and w ∈ Rn that are a valid solution for the LCP:
(1) w −Nz = q,
(2) z, w ≥ 0 component wise and

(3) zi ·
ωi∏
j=1

wi
j = 0 for all i = 1, . . . , d.

(GPV1) A representative submatrix M of N and a set α ⊆ {1, ..., d} such that the
corresponding principal minor of M is not positive: det(Mα,α) ≤ 0.

Theorem 5.4.4. P-GLCP can be reduced in polynomial time to Grid-USO [Rüs07,
Theorem 3.5].

The definitions of Grid-USO and P-GLCP in [Rüs07] do not work with violations.
They state that the grid orientation induced by a valid P-GLCP is a unique sink orien-
tation. There is no statement about what happens if N of the P-GLCP was not a valid
P-Matrix. All in all, their reduction is not promise preserving. It is not necessary to
prove containment in UniqueEOPL via a promise preserving reduction. Thus, P-GLCP
is in UniqueEOPL.

That the reduction is not promise preserving implies that P-GLCP is not necessarily
in PromiseUEOPL. For example, it can happen that the reduction creates a valid Grid-
USO instance from a broken P-GLCP instance. Nevertheless, I think that the reduction
easily could be altered to be promise preserving, similar as it has been done from P-LCP
to Cube-USO.
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5.5. Simple Stochastic Game (SSG)

A simple stochastic game is a 2-player game played on a directed graph with some edges
having a transition probability. Therefore, this game is not deterministic. Stochastic
games were first introduced by [Sha53] but more extensively studied by [Con90] and
[Con92].

Definition 5.5.1 (Simple Stochastic Game [Con92; GR05]). Let G = (V,E) be a di-
rected graph with a partition of the vertices such that V = {βmax, βmin}∪Vmax∪Vmin∪Vn.
Each vertex other than βmax and βmin is either a min-vertex v ∈ Vmin, a max-vertex
v ∈ Vmax or a neutral-vertex v ∈ Vn.

There is one start vertex α ∈ V and an end vertex for each of the two players βmax and
βmin. Let E+(v) be the set of outgoing edges of a vertex v.

In the game, a token is placed on the start vertex. The players move the token from a
vertex v to another by the following rules:

• If v = βmax, the game is over and Player Max wins.
• If v = βmin, the game is over and Player Min wins.
• If v ∈ Vmax, player Max can choose to which neighbor of v the token is moved.
• If v ∈ Vmin, player Min can choose to which neighbor of v the token is moved.
• If v ∈ Vn, an outgoing edge e ∈ E+(v) is chosen with probability Pr[e] > 0, where∑

e∈E+(v) Pr[e] = 1.

The game ends when the token reaches either βmax or βmin.

The players are called Max and Min because Max decides to move the token such that
the probability of reaching βmax is maximized and Min tries to minimize the probability
of reaching βmax [Con92].

Example 5.5.2. Let the following graph be an SSG. Nodes from Vmax = {α} are drawn
with a square around them, vertices from Vmin = {v2} are drawn with a diamond and
neutral nodes Vn = {v1} are round.

α

v1

v2 βmax

βmin

2/3

1/3

Player Max begins. When he chooses to go to node v2 it is Player Min’s turn. In this
case, Player Min would got to v1, since otherwise Player Max would win. From v1 Player
Max wins with probability 2/3 and Player Min wins with probability 1/3.

Definition 5.5.3 (Binary-SSG [Con92]). An SSG where each node, except βmax and
βmin has exactly two outgoing edges is called Binary Simple Stochastic Game
(Binary-SSG).

Theorem 5.5.4. Every non-binary SSG can be reduced in polynomial time to a Binary-
SSG [ZP96, p. 12].
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Proof sketch. As described in [ZP96, p. 12], the idea is to replace a node with k > 2
outgoing edges by a binary tree with k leaves. The probabilities can be adjusted such that
the two outgoing edges of the leaf node have the same probability as their corresponding
outgoing edges in the original node. This increases the number of nodes and edges of the
resulting Binary-SSG, but only by a constant. Vertices with only one outgoing edge
can be removed from the game without affecting the result [GR05, p. 214].

A strategy is a rule that tells the player how to play. It is called pure (or positional) if
the strategy does not depend on the history of moves that have been made so far and
no probabilistic choices are made. A strategy of a player is optimal if it results in the
maximal (or minimal) possible value for that player. In SSG’s, the optimal strategy for
both players is a pure strategy [Con92].

An SSG (or Binary-SSG) is called stopping if, no matter what the players do, with
probability 1 the token eventually reaches either βmax or βmin starting from any arbitrary
node [GR05]. Recall Example 5.5.2 on the previous page. It is a stopping game.

Example 5.5.5. Let the following graph be an SSG. This game is non-stopping. It
would stop if Player Min went to βmax which will never happen and analogously Player
Max will never go to v1 since then it might end in βmin. Therefore the game never ends.

α

v1

v2 βmax

βmin

2/3

1/3

Lemma 5.5.6. Every non-stopping SSG (or Binary-SSG) can be transformed in poly-
nomial time to a stopping SSG (or Binary-SSG respectively) [Con90].

Proof sketch. This can be achieved by adding a transition from every non-sink node to
βmin with a suitable small probability ϵ. With probability (1 − ϵ), the original path is
followed. For each outgoing edge of a max-vertex and a min-vertex, a neutral-vertex is
inserted with the behavior described above. Let SSG’ be an SSG modified as described
above. If ϵ is a small rational of size polynomial in the size of SSG, SSG’ and SSG have
the same optimal strategy [EY10, p. 2582].
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For a stopping SSG a value φ : V → [0, 1] can be assigned to each vertex:

φ(v) =



1 if v = βmax

0 if v = βmin

max
(v,u)∈E+(v)

φ(u) if v ∈ Vmax

min
(v,u)∈E+(v)

φ(u) if v ∈ Vmin∑
(v,u)∈E+(v)

Pr[(v, u)] · φ(u) if v ∈ Vn.

The value corresponds to the probability of reaching βmax from the current node when
both players play optimal [GR05, Lemma 1]. This optimal strategy can be obtained
by following the sequence of nodes defined by φ. Calculating this function may take
exponential time.

The decision versions of SSG and Binary-SSG ask whether the probability that player
Max wins is higher than some probability p (usually p = 1/2) if both players play optimal.
This problem is in NP ∩ co-NP [Con92].

There is no polynomial time algorithm known to solve that problem. There are different
strategies for solving an SSG (or Binary-SSG), for example value iteration, strategy
iteration (or policy iteration), and quadratic programming. For an overview of these
strategies see for example [Kř+20] or [Con90]. [Lud95] presented a randomized back-
tracking algorithm that solves the problem in expected subexponential time 2O(

√
|V |).

The search problem asks for the highest probability that βmax is reached, i.e. for the
maximum possible value of φ(α).

This problem has, as opposed to the problems inspected so far, no violations. There
always exists a unique solution unconditionally.

Theorem 5.5.7. There exists a promise preserving polynomial time reduction from
Binary-SSG to P-LCP [GR05, p. 211].

Theorem 5.5.8. There exists a promise preserving polynomial time reduction from SSG
to PL-Contraction [EY10, Corollary 5.3].

Theorem 5.5.9. Because of Theorem 5.5.7 or 5.5.8, Binary-SSG is in UniqueEOPL.
By Theorem 5.5.4 on page 83, SSG is also in UniqueEOPL.
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5.6. Discounted Game

Discounted games are another version of the Mean Payoff Game (MPG) (see Sec-
tion 5.7 on the next page). They were first introduced by [ZP96] as intermediate step of
the reduction from MPG to SSG.

Definition 5.6.1 (Discounted Game). Let G = (V,E) be a finite directed graph
where each vertex has at least one outgoing edge and let o ∈ V be the start node. The
vertices are partitioned into two sets Vmax and Vmin such that Vmax ∪ Vmin = V and
Vmax ∩ Vmin = ∅. Let c : E → {−w, . . . , 0, . . . , w} be a function that assigns an integer
weight to each edge.

There are two players, Player Max and Player Min. A token is placed on the start node
o. Player Max starts to choose an edge along which the token is moved. Then it is
Player Min’s turn to choose the next edge, and so on, indefinitely. The chosen edges are
numbered: (e0, e1, . . . ).

Let 0 < λ < 1 be a real value, called discounting factor. For each edge in the sequence
of chosen edges, the weight of the i’th edges is multiplied by (1− λ)λi. The outcome of
the game is defined as

(1− λ)
∞∑
i=0

λiw(ei).

Player Max tries to maximize this outcome, while Player Min tries to minimizes it.

The unique value φ(v) of the game starting at v can be calculated by the following
equation [ZP96, Theorem 5.1]:

φ(v) =


max

(v,u)∈E
(1− λ)w(v, u) + λφ(u) if v ∈ Vmax

min
(v,u)∈E

(1− λ)w(v, u) + λφ(u) if v ∈ Vmin.

The decision version of the problem asks whether φ(o) is smaller than some value k. The
goal of the search problem is to calculate the value of φ(o).

There is no polynomial time algorithm known for that problem [ZP96]. Since there is a
reduction to SSG, the subexponential algorithms that can be used to solve an SSG can
also be used to solve the Discounted Game.

Theorem 5.6.2. There exists a polynomial time reduction from Discounted Game
to Simple Stochastic Game (SSG) [ZP96].

Thus, the decision version of Discounted Game’s is in NP ∩ co-NP and the search
version is in UniqueEOPL.
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5.7. Mean Payoff Game (MPG)

A mean payoff game is a deterministic 2-player game played on a directed, weighted
graph and was first introduced by [EM79]. For a good summary and proofs for the
complexity of this problem see [ZP96].

Definition 5.7.1 (Mean Payoff Game (MPG) [ZP96]). Let G = (V,E) be a finite
directed graph where each vertex has at least one outgoing edge and let o ∈ V be the
start node. Let c : E → {−w, . . . , 0, . . . , w} be a function that assigns an integer weight
to each edge.

As in Discounted Game’s, there are two players, Player Max and Player Min. A token
is placed on the start node o. Player Max starts to choose an edge along which the token
is moved. Then its Player Min’s turn to choose the next edge, and so on, indefinitely.
The chosen edges are numbered: (e1, e2, . . . ).

Player Max tries to maximize the sum of edge weights along which the token is moved,
while Player Min tries to minimizes it. More formally, Player Max tries to maximize
lim infn→∞

1
n

∑n
i=1 c(ei) and Player Min tries to minimize lim supn→∞

1
n

∑n
i=1 c(ei).

[EM79, Theorem 1] shows that there exists a value φ with

lim inf
n→∞

1

n

n∑
i=1

c(ei) ≥ φ ≥ lim sup
n→∞

1

n

n∑
i=1

c(ei)

when both players use an optimal strategy that only depends on the node on which the
token currently is and not on what happened previously in the game.

The decision version of the problem asks whether φ is smaller than some value k. The
goal of the search problem is to calculate this value.

There are different versions of this game:

• Bipartite-MPG : The vertices are partitioned into two sets Vmax and Vmin such
that Vmax ∪ Vmin = V and Vmax ∩ Vmin = ∅. Whenever the token is on a vertex
in Vmax, Player Vmax chooses the next edge and when the token is on a vertex
in Vmin, Player Min is allowed to choose. Any MPG can be transformed to an
Bipartite-MPG with a bipartite graph by duplicating all vertices and adjusting
the edges properly [ZP96].

• Finite-MPG : [EM79] proposes a version in which the game stops as soon as the
chosen edges form a cycle. The value of the finite MPG is equivalent to infinite
MPG [EM79, Theorem 2].

There is no polynomial time algorithm known to solve a Mean Payoff Game (MPG).
It exists an algorithm to find the optimal strategies that runs in O(|V |4 · |E| log(|E|/|V |) ·
w) pseudo-polynomial time in w [ZP96, Theorem 3.1] and an algorithm that runs in
O(|V |3 · |E| · w) pseudo-polynomial time in w to find the optimal value of the game
[ZP96, Theorem 2.3]. Furthermore, since there is a reduction to Discounted Game
and by extension to SSG, the subexponential algorithms that can be used to solve an
SSG can also be used to solve the Mean Payoff Game (MPG).

Theorem 5.7.2. There exists a polynomial time reduction from Mean Payoff Game
(MPG) to Discounted Game [ZP96, Section 5].
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By that Theorem it follows that the decision version of Mean Payoff Game (MPG) is
in NP∩ co-NP and the search version is in UniqueEOPL. The same holds for Bipartite-
MPG and Finite-MPG .
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5.8. Parity Game

A ω-Automata (also called Church’s problem) consists of a transition structure T and
an objective function σ.

The transition structure T consists of T = (V, o,Σ, S), with a set of vertices V , a start
node o ∈ V , an alphabet Σ and a transition function S : V × Σ → V . If the game is
deterministic, the transition function S is total [Kri+95, Section 2.1], i.e. for each node
and for each element of the alphabet, there is a successor node.

Example 5.8.1. Let Σ = {0, 1}, V = {v1, . . . , v5} and o = v1. The transition function
is indicated by the arrows.

v1

v2

v3 v4

v51
1

0
0

0

1

11 00

A run r is the infinite sequence of nodes visited during an infinite game with r(0) = o.
inf(r) ⊆ V is the set of vertices that are visited infinitely often during a run r.

The objective function σ gets a run and returns either 0 if it rejects it or 1 if it accepts
it. σ is a boolean formula where the nodes in V are interpreted as boolean variables. A
variable vi is assigned the value 1 if and only if vi ∈ inf(r) and 0 otherwise. There are
different classical examples of objective functions [Pur95, Definition 5.3.4]:

• A disjunctive formula (or Buchi formula): For A = {A1, . . . , Ak} ⊆ V, σ(inf(r)) :=∨k
i=1Ai. The objective function accepts if and only if A ∩ inf(r) ̸= ∅.

• A Rabin formula of the form σ(inf(r)) :=
∨k

i=1(Ai ∧ ¬Bi), where Ai, Bi for i =
1, . . . , k are disjunctive formulas. The objective function accepts if and only if there
exists a pair (Ai, Bi) with Ai ⊆ inf(r) and Bi ⊈ inf(r). It still might happen that
Bi has been visited once by the run, but not infinitely many times.

• A Streett formula of the form σ(inf(r)) :=
∧k

i=1(Ai ∨ ¬Bi), where Ai, Bi for i =
1, . . . , k are disjunctive formulas. The objective function accepts a run if and only
if for all i = 1, . . . , k : Ai ⊆ inf(r) or Bi ⊈ inf(r).

• A Chain formula: Let Ak ⊂ Bk ⊂ Ak−1 ⊂ · · · ⊂ A1 ⊂ B1 ⊆ V where each Ai

and Bi are disjunctive formulas. The objective function is defined as σ(inf(r)) :=∨k
i=1(Bi ∧ ¬Ai). Intuitively, the ω-Automata accepts, if and only if there exists

some pair (Ai, Bi) for which Ai is visited only finitely often and Bi infinitely often.

The chain formula can be stated equivalently as described in [Tho97, Definition 6.2]:
For each i = 1, . . . , k, assign the index (or priority) 2i−1 to the elements of the set
Ai \Bi−1 and the index 2i to the set Bi \ Ai. Then look at all elements in inf(r)
and their corresponding set indices. If the smallest index in the set is even, then
the run is accepted.

89



Example 5.8.2. Recall the transition structure from Example 5.8.1 on the preceding
page. V = {v1, . . . , v5} and

• B2 = {v2, v3, v4, v5}
• A2 = {v2, v3, v4}
• B1 = {v2, v3}
• A1 = {v2}.

It holds that A1 ⊂ B1 ⊂ A2 ⊂ B2.

The Chain formula then is
σ = ((v2 ∨ v3 ∨ v4 ∨ v5) ∧ ¬(v2 ∨ v3 ∨ v4)) ∨ ((v2 ∨ v3) ∧ ¬(v2)).

For i = 2

• all elements of the set A2 \B1 = {v4} are indexed with 3 and
• all elements of the set B2 \A2 = {v5} are indexed with 4.

For i = 1

• all elements of the set A1 = {v2} are indexed with 1 and
• all elements of the set B1 \A1 = {v3} are indexed with 2.

If inf(r) = {v1, v3, v4}, then the v1 = v3 = v4 = 1 and v2 = v5 = 0. With this
assignment, the formula is satisfied. Equivalently, the smallest index assigned to the
elements in inf(r) is 2, which is assigned to v3. This index is even, hence this run is
accepted.

If inf(r) = {v1, v2, v5}, then the v1 = v2 = v5 = 1 and v3 = v4 = 0. With this
assignment, the Chain formula is not satisfied. Equivalently, the smallest index assigned
to the elements in inf(r) is 1, which is assigned to v2. This index is not even, hence this
run is not accepted.

A game with any of the above mentioned formulas as objective function can be translated
to a Chain formula, i.e. a Chain game [Pur95, Theorem 5.3.2].

A Parity Game is a Chain game with two players, where Player Max tries to play such
that that σ accepts the resulting run, Player Min tries to play such that the result is
rejected.

Deciding a Parity Game means, given a start node, decide which player wins. The
search version asks for the strategy with which the player can win. Solving a chain
game is polynomial time equivalent to the model checking problem for µ-calculus [Pur95,
Theorem 5.3.6, Theorem 5.3.7]. The decision problem of the Chain game is in NP∩co-NP
[Pur95, p. 72].

There is no polynomial time algorithm known for that problem [Pur95]. Since there is
a reduction to Mean Payoff Game (MPG) and by extension to Discounted Game
and SSG, the sub-exponential algorithms that can be used to solve an SSG can also be
used to solve the Parity Game.
Theorem 5.8.3. There exists a polynomial time reduction from Parity Game to Mean
Payoff Game (MPG) [Pur95, Section 5.5].
Theorem 5.8.4. There exists a polynomial time reduction from Parity Game to
Simple Stochastic Game (SSG) [CF11].

Thus, the search version of the parity game is in UniqueEOPL.
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5.9. α-Ham Sandwich

The α-Ham Sandwich problem is a discrete version based on the Ham-Sandwich The-
orem [ST42] as introduced by [SZ10].

Let κ1, . . . , κd be a collection of d finite point sets in Rd. Each set is interpreted as
representation of one color. The set N = κ1 ∪ · · · ∪ κd is the union of all points.

A set {p1, . . . , pm} ⊆ N is called colorful if no two points pi, pj have the same color, i.e.
if for all i, j = 1, . . . ,m : i ̸= j ∧ pi ∈ κl ⇒ pj /∈ κl.

As defined in [SZ10], a set N has a very weak general position if for every choice C of
points p1 ∈ κ1, . . . , pd ∈ κd the affine hull of the set C = {p1, . . . , pd} is (d− 1)-flat and
does not contain any other point of N .

[CCM20] extended the definition as follows: Let C ⊂ N be a set with |C| = d and C
contains points with exactly d−1 different colors, i.e. one color is in the set twice. If for
every choice of C the affine hull of C is (d− 1)-flat and does not contain any other point
of N , C has a weak general position. Checking if a planar point set is in weak general
position is NP-hard [CCM20, p. 5].

An affine set is a set A that contains for each two points x, y ∈ A also all points on the
line between x and y. The affine hull of a set N is the smallest affine set containing
N [JS19, Definition 7.1.8.]. For example, the affine hull of three points in 3 dimensions
is the plane that contains all three points. If they are on a line, then the affine hull is
the line segment that goes through all of them. If all points are equal, the affine hull is
the set of the point itself. The d in the name d-flat corresponds to the dimension of the
affine hull. A plane is 2-flat, a line is 1-flat and a point is 0-flat. Analogously this works
for higher dimensions.

Example 5.9.1. Let d = 3, κ1 = {(1, 1, 1)}, κ2 = {(8, 8, 8), (1, 6, 8)} and κ3 = {(4, 4, 4)}.
It follows that N = {(1, 1, 1), (8, 8, 8), (1, 6, 8), (4, 4, 4)}.

x

y

z

(1, 1, 1)

(8, 8, 8)

(1, 6, 8) (4, 4, 4)

The set {(1, 1, 1), (8, 8, 8), (4, 4, 4)}
is colorful, as well as the set
{(1, 1, 1), (1, 6, 8), (4, 4, 4)}.

The set N is not in weak general position.
The affine hull of {(1, 1, 1), (1, 6, 8), (4, 4, 4)}
is a plane (colored in yellow) and
therefore 2-flat, but the affine hull of
{(1, 1, 1), (8, 8, 8), (4, 4, 4)} is a line (colored
in red) and only 1-flat.

A point set N is well separated if for every choice of points from the convex hull of each
color q1 ∈ conv(κi1), . . . , qk ∈ conv(κik), where i1, . . . , ik ∈ {1, . . . , d} are distinct indices
and 1 ≤ k ≤ d+ 1, the affine hull of {q1, . . . , qk} is (k − 1)-flat.

Equivalently, N is well separated if for every two index sets I, J ⊂ {1, . . . , d} there exists
a hyperplane that strictly separates the sets conv({

∪
i∈I κi}) and conv({

∪
j∈J κj}).

Intuitively this means that no two convex hulls of the different colors (or union of several
colors) are allowed to intersect. There must exist a hyperplane that strictly separates
them.

The complexity of testing well-separation is unknown [CCM20, p. 5].

91



Example 5.9.2. Let d = 2, κ1 = {(2, 1), (2, 4), (6, 1), (6, 4)} and κ2 = {(3, 0), (5, 0), (3, 4), (5, 5)}.
It follows that N = {(2, 1), (2, 4), (6, 1), (6, 4), (3, 0), (5, 0), (3, 4), (5, 5)}.

x

y

(2, 1)

(2, 4)

(6, 1)

(6, 4)

(3, 0) (5, 0)

(3, 4)

(5, 5)
The convex hull of κ1 is the square colored
in blue. The convex hull of κ2 is the square
colored in orange.
This example is not well separated. The con-
vex hulls intersect each other (colored in yel-
low).
The point (4, 3) is in both convex hulls. The
affine hull of the choice q1 = q2 = (4, 3) is
0-flat since it is only a single point.

For any set of positive integers {α1, . . . , αd} with αi ∈ {1, . . . , |κi|} for every i = 1, . . . , d,
a (α1, . . . , αd)-cut is an oriented hyperplane H that contains at least one point from each
color, i.e. H ∩κi ̸= ∅ and satisfied |H+∩κi| = αi for every i = 1, . . . , d. H+ is the closed
positive half space defined by H [SZ10, Definition 4].

Intuitively, an α-cut is a hyperplane going through at least one point of each color and
that cuts the points in half such that there are exactly αi many points of color κi on one
side of the plane.

Theorem 5.9.3. (α-Ham-Sandwich Theorem [SZ10, Theorem 1])

Let κ1, . . . , κd be finite, well-separated point sets in Rd. Let α = (α1, . . . , αd) be a vector
with αi ∈ {1, . . . , |κi|} for all i = 1, . . . , d.

1. If an α-cut exists, then it is unique.

2. If N has a weak general position, then a cut exists for each choice of α with
αi ∈ {1, . . . , |κi|}.
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Example 5.9.4. Let d = 2, κ1 = {(3, 4), (5, 5))} and κ2 = {(3, 2), (5, 2)}. It follows
that N = {(3, 4), (5, 5), (3, 2), (5, 2)}.

x

y

(3, 4)
(5, 5)

(3, 2) (5, 2)

The given example is well-separated and the
points are in weak general position. By The-
orem 5.9.3 on the previous page, for each
choice of α with αi ∈ {1, . . . , |κi|}, there ex-
ists a unique α-cut.
Let for example α = (1, 1). There are in-
finitely many hyperplanes that divide the
points such that there is one point of each
color on its side, but only one line that also
contains a point of each color. It is the line
that is defined by (5, 5) and (5, 2) (colored
in red).

Definition 5.9.5 (The search problem α-Ham Sandwich [CCM20]). Given d many
finite sets of points N = κ1 ∪ · · · ∪κd in Rd and a vector (α1, . . . , αd) of positive integers
with αi ≤ |κi| for all i = 1, . . . , d, find one of the following:

(HSS) A (α1, . . . , αd)-cut.

(HSV1) A subset of N of size (d+1) and at least (d−1) colors that lie on a hyperplane.

(HSV2) A disjoint pair of sets A,B ⊂ {1, . . . d} such that:
conv(

∪
a∈A κa) ∩ conv(

∪
b∈B κb) ̸= ∅.

There is no polynomial time algorithm known that solves α-Ham Sandwich [CCM20,
p. 2]. Since it can be reduced to UniqueEOPL, it can be solved by Aldous algorithm in
O(1, 4143d) time.

Theorem 5.9.6. There exists a promise preserving polynimial time reduction from α-
Ham Sandwich to Unique End of Potential Line and thus, α-Ham Sandwich is
in UniqueEOPL [CCM20, Section 3, Lemma 17, Theorem 10].
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5.10. Pairwise Linear Contraction (PL-Contraction)

A pairwise linear function is a function that is composed of linear segments.

Example 5.10.1. Example of a pairwise linear function:

f(x) =


x+ 3 if x < −1
−2x if − 1 ≤ x < 2

3x− 10 if 2 ≤ x.
x

f(x)

The function f is given as an arithmetic circuit (also called LinearFIXP circuit) consist-
ing of the operations min,max,+,− and ×b (which is the multiplication by a constant
b).

The function f : [0, 1]d → [0, 1]d is contracting under the ℓp norm with p ∈ N ∪ {∞}
if ∀x, y ∈ [0, 1]d : |f(x) − f(y)|p ≤ const · |x − y|p for some constant 0 < const < 1.
The Banach fixed point theorem states that for a function f that is contracting under a
metric δ, there exists a unique fixpoint of f , i.e. f(x) = x [Bar11, p. 146].

The problem PL-Contraction is the problem of finding a fixpoint of a pairwise linear
contraction map [Fea+20b, Section 5.2]. The definition of the actual search problem
however is strongly shaped by the reduction that is done later from PL-Contraction
to OPDC. There are a few preliminaries needed.

Definition 5.10.2 (Continuous i− Slice). Recall Definition 4.1.5 on page 25 of a slice
and Definition 4.1.7 on page 25 of an i− Slice for a discrete grid. Let an i− Slice for
a continuous function be the following:

A slice is a vector s = (s1, s2, ..., sd) ∈ Slicesd with si ∈ [0, 1] ∪ {∗} . If si ∈ [0, 1], this
means that dimension i is fixed. If si = ∗, dimension i is free to vary. An i− Slice is a
slice s for which holds:

∀j = 1, ..., d : (j ≤ i⇒ sj = ∗) ∧ (j > i⇒ sj ̸= ∗).

A point x ∈ [0, 1]d is a fixpoint of a slice s if (x− f(x))i = 0 for all i where si = ∗.

Since OPDC works with a discrete grid, the continuous space on which the function
f operates needs to be discretised. For a valid PL-Contraction instance it must be
possible to discretise the space such that all fixpoints of f in all i−Slice’s are contained
within the grid.

Lemma 5.10.3. [Fea+20b, Lemma 26] There exist integers ω = (ω1, . . . , ωd) such that
for every i − Slice s it holds that if x ∈ [0, 1]d is a fixpoint of s according to f , then
there exists a point p ∈ [0, 1, ..., ω1] × [0, 1, ..., ω2] × ... × [0, 1, ..., ωd] such that for all i
where si = ∗

• f(p1/ω1, . . . , pd/ωd)i = pi/ωi and
• pi = ωi · xi.
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Definition 5.10.4 (PL-Contraction [Fea+20b]). Given a LinearFIXP circuit com-
puting f : [0, 1]d → [0, 1]d, a constant a ∈ (0, 1) and p ∈ N ∪ {∞}, find one of the
following:

(PLCS) A point x ∈ [0, 1]d such that f(x) = x.

(PLCV1) Two points x, y ∈ [0, 1]d such that |f(x)− f(y)|p > a · |x− y|p. This violation
proves that f is not contracting.

(PLCV2) A point x ∈ [0, 1]d such that f(x) /∈ [0, 1]d. This violation is necessary to
make the problem total, since f might be contracting, but its fixpoint is not
in [0, 1]d.

(PLCV3) An i− Slice s and two points x, y ∈ [0, 1]d in s such that:

– (f(x)− x)j = (f(y)− y)j for all j < i,
– ωi · xi = ωi · yi + 1 where ωi is the integer given by Lemma 5.10.3 on the

preceding page, and
– f(x)i < xi and f(y)i > yi.

This violation is needed for the reduction to OPDC, more precisely to map
the violation (OV2) back to a violation in PL-Contraction.

There is no polynomial time algorithm known to solve that problem. [Fea+18, The-
orem 40] states that there exists an algorithm that is polynomial in the size of the
LinearFIXP circuit f and exponential in the size of d.

Theorem 5.10.5. There exists a promise preserving polynomial time reduction from
PL-Contraction to OPDC [Fea+20b, Lemma 29]. Thus, PL-Contraction is in
UniqueEOPL.
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6. Trying to prove Grid-USO to be in
UniqueEOPL

[GWJR+08] introduced the problem of finding a unique sink orientation on grids. Since
it is very similar to unique sink orientations of cubes and also has a unique solution, it
seemed a reasonable suggestion that Grid-USO might be in UniqueEOPL as well. This
result also proves the general version of the P-Matrix linear complementarity problem
to be in UniqueEOPL, since [GWJR+08; Rüs07] showed that there is a polynomial time
reduction from GLCP to Grid-USO.

It took several attempts to prove that Grid-USO actually is in UniqueEOPL. Since the
failed reduction is part of what I did for this master thesis, I will include it in this chapter
as well as the reason why it did not work. Hopefully this has some educational value for
the reader and deepens the understanding of these types of reductions.

6.1. Grid-USO

Definition 6.1.1 (d-dimensional grid [Rüs07]). Let N = {1, . . . , n} be a well-ordered
set and K = (κ1, . . . , κd) be a partition of N with |κi| ≥ 2. Every block κi is well-ordered.
The d-dimensional grid Γ = (N,K, V,E) is the undirected graph with

V := {v ⊆ N | i = 1, . . . , d, |v ∩ κi| = 1}
E := {(v, u) | |v ⊕ u| = 2}.

The vertices correspond to the Cartesian product of K. A node v ∈ V contains d many
elements, exactly one of each block: |v| = d.

There is an edge between two nodes whenever they differ in exactly one value. We refer
to each block as one dimension. All vertices in one dimension are a clique, i.e. their
induced subgraph is complete. Every vertex has (n− d) many edges.

Example 6.1.2. A d-dimensional grid for d = 3 [Rüs07, Figure 3.1].

Let N = {1, . . . , 7} and κ1 = {1, 2, 3}, κ2 = {4, 5} and κ3 = {6, 7}.

κ1

κ3

κ2

1 2 3

6

7

4

5 146

156

147

157

246

256

247

257 357

347

346

356
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All the sets we are talking about in this section are well-ordered sets. This means that
we can refer to the i’th element of a set, e.g. for a node v ∈ V , vi is the element for
which holds that |v ∩ κi| = 1, i.e. vi is an element in κi.

Let va,b := {vk | a ≤ k ≤ b} be the subset of elements of a point from index a to index b.

Lemma 6.1.3. ∀v, u ∈ V, a, b ∈ {1, . . . , d} it holds that a ̸= b⇒ va ̸= ub. For each node
it holds that if we look at two different indices of a node, their values cannot be the same.

Proof. Intuitively this holds because we constructed the nodes such that each entry i
only contains an element of κi.

Let v, u ∈ V and a, b ∈ {1, . . . , d} with a ̸= b. It holds that va ∈ κa and vb ∈ κb. Since
κa ∩ κb = ∅, this implies that va ̸= vb.

Definition 6.1.4 (Subgrid). Every subset N ′ ⊆ N defines a subgrid Γ′ = (N ′,K ′, V ′, E′)
of Γ with κ′i := κi ∩N ′ for all i = 1, . . . , d.

Note that in a subgrid it is not necessary that for each block i |κi| ≥ 2. In a subgrid it
holds that |κ′i| ≥ 1. There must be at least one element of each block contained in the
subgrid since otherwise the subgrid would not be distinctly defined.

Example 6.1.5. Recall Example 6.1.2 on the previous page. Here are a few examples
of subgrids.

(i) Let N ′ = {1, 2, 3, 4, 6}. It follows that κ′1 = κ1,
κ′2 = {4} and κ′3 = {6}.

146 246 346

(ii) Let N ′ = {1, 2, 3, 4, 5, 6}. It follows that κ′1 =
κ1, κ′2 = κ2 and κ′3 = {6}.

146

156

246

256

346

356

(iii) Let N ′ = {1, 2, 4, 5, 6}. It follows that κ′1 =
{1, 2}, κ′2 = κ2 and κ′3 = {6}.

146

156

246

256

(iv) Let N ′ = {1, 2, 4, 5, 6, 7}. It follows that κ′1 =
{1, 2}, κ′2 = κ2 and κ′3 = κ3.

146

156

147

157

246

256

247

257
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A node has neighbors in (n − d) many directions. They are not called dimensions on
purpose because they aren’t really dimensions. For every block κi the node has |κi| − 1
many directions in the dimension i. If the grid was a cube, the directions are the same
as the dimensions.

Let N (v) be the set of all neighboring nodes of a given node v: N (v) := {u ∈ V |(v, u) ∈
E}.

Let D(v) := {i ∈ N |u ∈ N (v) ∧ {i} = u \ v} = N \ v be the set of the numbers which
the neighbors of v contain, but not v. One element of this set is the direction in which
v and one of its neighbors differ. The set is well-ordered.

For va,b, D(va,b) := {i ∈
∪

j=a,...,b κj |u ∈ N (v)∧{i} = u \ v} =
∪

j=a,...,b κj \ v. Here only
the directions for dimensions a to b are returned.

Let N (v, i) := u with (v, u) ∈ E and {i} = u \ v. If i ∈ v, then N (v, i) := ∅. The
function returns the neighbor of v in direction i.
Definition 6.1.6 (Orientation function). Let ϕ : V → {0, 1}n be an orientation function
that assigns each edge a direction such that

• ϕi(v) = 1 ⇔ v has an outgoing edge in direction i ∈ D(v), i.e. v points towards
N (v, i).

• ϕi(v) = 0 ⇔ i ∈ v or v has an incoming edge in direction i ∈ D(v), i.e. N (v, i)
points towards v.

Definition 6.1.7 (Outmap function). The outmap function returns a subset of D(v)
containing all numbers of the neighboring nodes to which v points.

σϕ(v) := {j ∈ D(v) | ϕj(v) = 1}
σϕ(va,b) := {j ∈ D(va,b) | ϕj(v) = 1}.

In the following, for shortness the ϕ in the index will be omitted whenever it is clear
which orientation function is meant and σϕ will be just written as σ.

For a subgrid Γ′ let σ′ be the outmap function on that subgrid, i.e. for v ∈ Γ′ : σ′(v) =
σ(v) ∩N ′.
Definition 6.1.8 (Unique sink orientation on grids). An orientation ϕ is called unique
sink orientation if all nonempty subgrids have a unique sink [Rüs07, Definition 2.3].

As with cubes, a unique sink orientation of grids may contain cycles.
Example 6.1.9. A d-dimensional grid for d = 3 and a unique sink orientation with a
cycle colored in red [Rüs07, Figure 3.1].

Let N = {1, . . . , 7} and κ1 = {1, 2, 3}, κ2 = {4, 5} and κ3 = {6, 7}.

κ1

κ3

κ2

1 2 3

6

7

4

5 146

156

147

157

246

256

247

257 357

347

346

356
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6.1.1. Grid-USO- Failed definition

Definition 6.1.10 (h-vector [GWJR+08]). Let h(σ) = (h0(σ), . . . , hn−d(σ)) be the
vector that contains at position r the number of nodes that have r outgoing edges:

hr(σ) := |{v ∈ V | |σ(v)| = r}|.

Lemma 6.1.11. For any two unique sink orientations ϕ and ϕ′ of a grid Γ, it holds
that h(σϕ) = h(σϕ′) [GWJR+08, Theorem 2.6].

It immediately follows that all unique sink orientations of a grid have the same h-vector.
For a given grid this vector is called h(Γ).

The h-vector is symmetric, i.e. h(Γ)r = h(Γ)n−d−r.

Lemma 6.1.12. The h-vector of a given grid Γ can be calculated by the following
recursive formula in polynomial time:

hr(Γ) := count(r, d)

count(r, t) :=
|κt|−1∑
a=0

count(r − a, t− 1)

count(r, 1) :=

{
1 if 0 ≤ r < |κ1|
0 otherwise.

Proof. We construct the orientation ϕ̃ as:

ϕ̃i(v) :=

{
0 if N (v, i)i > vi or i ∈ v

1 if N (v, i)i < vi.

ϕ̃ points in each direction i from the larger to the smaller node, i.e. an edge (v, u)
in direction i points from v towards u if vi > ui. It is easy to see that the result is
always a unique sink orientation. The bottom left node is then the unique sink. In the
Cube-USO case, this is equivalent to the orientation function being the identity.

Since by Lemma 6.1.11 all h-vectors for a given grid are identical, h(σ
ϕ̃
) is equal to h(Γ).

h(Γ) can therefore be calculated by counting the nodes and their outgoing edges in ϕ̃.

Definition 6.1.13 (Mapping the grid). Let f : V → {0, . . . , |κ1|−1}×· · ·×{0, . . . , |κd|−
1} be a function that maps v ∈ V of a grid Γ to a vector. fi(v) is defined as the number
of elements in κi that are smaller than vi. f is bijective. Let f−1 be the reverse function
of f .

In ϕ̃, the number of outgoing edges of each node v is the sum of all entries of f(v):

|σ
ϕ̃
(v)| =

d∑
i=1

fi(v).

This is due to the fact that ϕ̃ always points to the smaller nodes, and for each node, in
dimension i there are fi(v) many smaller nodes it points to.
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Example 6.1.14. Recall the grid from the previous examples. The following shows this
grid with the alternative node names mapped by f and the orientation function ϕ̃. The
number in red under each node is the number of this nodes outgoing edges. Observe
that this numbers is always equal to the sum of the nodes entries.

κ1

κ3

κ2

1 2 3

6

7

4

5 000

0

010
1

001
1

011
2

100
1

110
2

101
2

111
3

211
4

201
3

200
2

210
3

To calculate the r’th entry of the h-vector, we have to calculate how many vectors in
{0, . . . , |κ1| − 1}× · · · × {0, . . . , |κd| − 1} there are, whose sum of the entries is exactly r.

The recursive step in count is doing the following: The value of the last dimension t
gets fixed to the value a. Then it is asked how many nodes exist which sum up to (r−a)
without using dimension t, i.e. using one dimension less. So for each a we are looking at
a different subcube of the original cube and count the occurrences of a node with (r−a)
outgoing edges in this subcube. This is done for any possible value that a can take in
dimension t, i.e. all values from 0 to |κt| − 1.

When there is only one dimension left, i.e. d− 1 dimensions are fixed, we have a single
line left.

Example 6.1.15. For example if dimension 3 is fixed to 1 and dimension 2 is fixed to
0, then the following line is left in which the nodes differ only in the first entry:

001 101 201

The number of nodes with r outgoing edges is always 1 if r is within the domain of the
respective dimension, and 0 otherwise.

When using dynamic programming and saving for r = 0, . . . , (n − d) and t = 1, . . . , d
each result of count(r, t) in a table, then the h-vector can be calculated in polynomial
time in d and n.
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Corresponding to Lemma 5.2.8 on page 70 that holds for unique sink orientations of
cubes, similar properties for unique sink orientations of grids can be proven.

Lemma 6.1.16. [GWJR+08, Lemma 2.8] Let σ be an outmap. It is the outmap of
a unique sink orientation ϕ for a grid Γ = (N,K, V,E) if and only if it satisfies the
following conditions:

(i) ∀v ∈ V : v ∩ σ(v) = ∅

(ii) ∀v, u ∈ V with v ̸= u it holds that (v ⊕ u) ∩ (σ(v)⊕ σ(u)) ̸= ∅

(iii) h(σ) = h(Γ).

[GWJR+08, Lemma 2.8] remarks that unlike in the cube USO case, condition (iii) is not
implied by the other two conditions as in Cube-USO and therefore needs to be stated
explicitly. Subgrids that have no unique sink but a cycle for example are not covered by
the second condition, they are however covered by the third one.

Example 6.1.17. Let N = {1, 2, 3, 4}, κ1 = {1, 2} and κ2 = {3, 4}.

Condition (ii) is true. For all combinations of nodes the resulting set is nonempty.

13 23

14 24
({13} ⊕ {23}) ∩ ({4} ⊕ {1}) = {1}
({13} ⊕ {14}) ∩ ({4} ⊕ {2}) = {4}
({13} ⊕ {24}) ∩ ({4} ⊕ {3}) = {3, 4}
({23} ⊕ {14}) ∩ ({1} ⊕ {2}) = {1, 2}
({23} ⊕ {24}) ∩ ({1} ⊕ {3}) = {3}
({14} ⊕ {24}) ∩ ({2} ⊕ {3}) = {2}

Condition (iii) does not hold. The h-vector does not correspond to the correct h-vector
of that grid: h(σ) = (0, 4, 0) ̸= (1, 2, 1) = h(Γ).

Definition 6.1.18 (Grid-USO (wrong definition)). Given a d-dimensional grid Γ =
(N,K, V,E) and an orientation function ϕ : V → {0, 1}n, find one of the following:

(GU1) A node v ∈ Γ with σϕ(v) = ∅.

(GUV1) A node v ∈ Γ with v ∩ σϕ(v) ̸= ∅

(GUV2) Two nodes v, u ∈ Γ with (v ⊕ u) ∩ (σϕ(v)⊕ σϕ(u)) = ∅

(GUV3) A subgrid Γ′ and an index i for which hi(σ
′
ϕ) ̸= hi(Γ

′).

The problem with this definition The problem with this definition is (GUV3). We
can calculate hi(Γ

′) in polynomial time, we can compare two vectors in polynomial time,
but we can not verify in polynomial time, whether hi(σ′

ϕ) is actually a valid h-vector for
the given orientation. In order to do that, we would have to check every node in the
subgrid and count their outgoing edges. This might take exponential time. So it is not
possible to guess an h-vector and see if this is a violation, because we cannot verify, if
the guessed h-vector actually is a valid h-vector for the given orientation function.
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6.1.2. Grid-USO- Correct definition

The refined index as defined by [GWJR+08] assigns each node a d-tuple containing at
index i the number of outgoing edges in dimension i.

If the orientation always points towards the smaller node (as in Example 6.1.14 on
page 100), then the refined index equals the nodes in Example 6.1.14 on page 100. For
any other orientation, the node names from Example 6.1.14 on page 100 are still the
same, but they might be shuffled through out the grid.

Definition 6.1.19 (Refined Index). The refined index rσ of an outmap σϕ with rσ : V →
{0, . . . , |κ1| − 1} × · · · × {0, . . . , |κd| − 1} is defined as:

rσ(v) := (|σ(v) ∩ κ1|, . . . , |σ(v) ∩ κd|).

Example 6.1.20. Recall Example 6.1.9 on page 98. Let N = {1, . . . , 7} and κ1 =
{1, 2, 3}, κ2 = {4, 5} and κ3 = {6, 7}. The nodes in the figure below are labeled by the
refined index.

κ1

κ3

κ2

1 2 3

6

7

4

5 201

011

010

000

101

211

210

200 111

100

001

110

Theorem 6.1.21. If σ is a unique sink orientation, then rσ is a bijection [GWJR+08,
Theorem 2.14].

This Theorem alone is not enough to define a total problem. For example it might
happen, that there is an orientation, which is not a unique sink orientation, but still its
refined index is a bijection. This is why we need the following Theorem:

Theorem 6.1.22. σ is a unique sink orientation, if and only if for every subgrid Γ′ it
holds that rσ is a bijection.

Proof. If σ is a unique sink orientation, then all its subgrids are unique sink orientations
as well. By Theorem 6.1.21 this means that for each subgrid Γ′, rσ′ is a bijection as well.

If for some subgrid Γ′ rσ′ is a bijection, this means that there exists a unique node v
with rσ′(v) = (0, . . . , 0). This implies, that v is a unique sink. Therefore, every subgrid
has a unique sink, which means that the orientation is a unique sink orientation.
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Definition 6.1.23 (Grid-USO). Given a d-dimensional grid Γ = (N,K, V,E) and an
orientation function ϕ : V → {0, 1}n ∪ {⊥}, find one of the following:

(GU1) A node v ∈ Γ with σϕ(v) = ∅.

(GUV1) A node v ∈ Γ with v ∩ σϕ(v) ̸= ∅.

(GUV4) A subgrid Γ′ and two nodes v, u ∈ Γ′ with v ̸= u and rσ′(v) = rσ′(u).

By Theorem 6.1.22 on the previous page, (GUV4) is sufficient to make the problem total.

In comparison to the h-vector, we just need two nodes with the same refined index to
proof a violation and not the h-vector for the orientation. The refined index can be
checked for any given node in polynomial time.

Furthermore, condition (GUV2) can be removed as well, since it is covered by condition
(GUV4) too.

Example 6.1.24. Let N = {1, 2, 3, 4}, κ1 = {1, 2} and κ2 = {3, 4}.

13 23

14 24 rσ(13) = (01)
rσ(14) = (10)
rσ(24) = (01)
rσ(23) = (10)

The above example is no unique sink orientation. There are several nodes that have the
same refined index. Therefore the refined index is not a bijection, which proves that the
orientation is no unique sink orientation.
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6.2. Grid-USO to OPDC - Failed Construction

Given an instance I = (Γ, ϕ) of Grid-USO as defined in Definition 6.1.18 on page 101,
create an instance I ′ = (Γ′,D) of OPDC.

The reduction is similar to the reduction from Cube-USO to OPDC, with the exception
that we need more information to decide whether a direction in OPDC should point
upwards or downwards.

The idea is that the grid of the Grid-USO instance can be used as grid for the OPDC
instance as well. A sink is encoded by setting the direction to Zero. The directions of
the other grid-cells are then defined to point towards the sink.

The grid Since both problems work with a grid, the Grid-USO grid can be just reused
for OPDC. Let Γ′ := {0, . . . , |κ1|−1}×· · ·×{0, . . . , |κd|−1}. A grid cell can be converted
from one grid to the other in polynomial time by f and f−1 as defined in Definition 6.1.13
on page 99.

The direction functions The function sinkIsRightOf : {(v, i) | v ∈ V, i ∈ {1, . . . , d} →
{true, false} returns true if the sink is right of given node v in dimension i and false
otherwise.

Algorithm 2: sinkIsRightOf
Data: v, i
for u ∈ {N (v, j) | j ∈ κi} do ; // For all neighbors of v in dimension i

if σ(u) ∩ κi = ∅ then ; // u is sink

if vi < ui then
return true;

else
return false;

Otherwise there exists no unique fixpoint in this subgrid. ϕ is not a unique sink
orientation.

Example 6.2.1. Recall Example 6.1.9 on page 98.

κ1

κ3

κ2

1 2 3

6

7

4

5 146

156

147

157

246

256

247

257 357

347

346

356
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Given the node v = (246) and the direction i = 1, sinkIsRightOf(v, i) looks at the
following subgrid:

146 246 346

The algorithm iterates over each node and checks whether it is the sink of this subgrid.
In this example the sink is (346). It then is checked whether the given node is before
the sink or not. In this case the sink is right of (146) (hence the name of the function)
and sinkIsRightOf(146, 1) = true.

If called with v = (247) and i = 1, sinkIsRightOf(247, 1) = false since the sink in this
subgrid is (147), which is left of (247).

sinkIsRightOf can be calculated in polynomial time in d and n. Therefore, the direction
function D can be calculated in polynomial time for a given node p ∈ Γ′ as follows: For
all i = 1, . . . , d

Di(p) =


Zero if σϕ(f−1(p)) ∩ κi = ∅
Up if σϕ(f−1(p)) ∩ κi ̸= ∅ and sinkIsRightOf(f−1(p), i)

Down if σϕ(f−1(p)) ∩ κi ̸= ∅ and not sinkIsRightOf(f−1(p), i).

Correctness In order to prove the correctness of this construction, it must be shown
that each solution to the constructed OPDC instance matches back to the correct solu-
tion of the Grid-USO instance.

Unfortunately, the construction is not correct. Though the correctness can be proven for
solutions of type (O1), (OV1) and (OV3), the reduction has a major flaw for solutions
of type (OV2). For interested readers, the prove for the other solution types is given in
Appendix B on page 138.

A solution of type (OV2) If there is a violation of type (OV2), there is an i− Slice
s and two points p, q ∈ Γs such that

• ∀j < i : Dj(p) = Dj(q) = Zero
• pi = qi + 1
• Di(p) = Down and Di(q) = Up

We will look at the subsets of the first (1, . . . , i−1), (i) and the last (i+1, . . . d) elements
separately. Let v := f−1(p) and u := f−1(q).

Since p and q are on the same i − Slice, their last d − i elements are equal. This also
means that the last d − i elements of v and u are equal and therefore vi+1,d = ui+1,d.
Hence (vi+1,d ⊕ ui+1,d) = ∅. Therefore, if (v ⊕ u) ∩ (σϕ(v)⊕ σϕ(u)) ̸= ∅, it must be due
to the first 1, . . . , i elements of v, u and their orientation functions.

Now let’s take a closer look at the first 1 to i−1 elements. Because of the first condition
of the (OV2) violation, it holds that ∀j < i : σϕ(v) ∩ κj = σϕ(u) ∩ κj = ∅ which implies
that σϕ(v1,i−1) = σϕ(u1,i−1) = ∅.

So for the whole condition to be nonempty, dimension i must make the difference.
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A dimension < i

i

< i

v

u

sink

sink

This diagram shows the current situation.
We know that for all dimensions smaller
than i, v and u are sinks. Here this
is indicated by the blue edges. We also
know that sinkIsRightOf(v, i) = true
(which is equivalent to Di(v) = Down)
and sinkIsRightOf(u, i) = false (which is
equivalent to Di(u) = Up). This does not
mean though that their direct neighbor in
dimension i is the sink. So we know nothing
about the edges that are colored in red.

In Cube-USO this construction works,
because there are only two nodes in
each dimension and there the value of
sinkIsRightOf tells us something about the
orientation of the red edges. In the grid case
it does not.

We know that pi = qi +1, and therefore vi > ui from which follows that ({vi}⊕ {ui}) =
{vi, ui} and therefore {vi, ui} ⊆ ({v} ⊕ {u}) ̸= ∅.

There are three cases that we need to look at, which are the possible directions of the
red edges:

1) The edges point towards v and u: i.e. ui ∈ (σϕ(v)∩κi) and vi ∈ (σϕ(u)∩κi). This
implies that there is a subcube with two sinks and therefore a violation of type
(GUV3) of that subcube and by extension of the whole instance.

2) The edges point away from v and u: i.e. ui /∈ (σϕ(v) ∩ κi) and vi /∈ (σϕ(u) ∩ κi).
This means that in that subcube formed by v and u, the orientation function is
not a bijection. It holds that (v1,i ⊕ u1,i) ∩ (σ(v1,i) ⊕ σ(u1,i)) = {vi, ui} ∩ ∅ = ∅.
We found a solution of type (GUV2).

3) One edge points away from v but the other
one points towards u. The case works
symmetrically for the one edge pointing
towards v and the other one pointing
away from u. Without loss of generality,
ui ∈ (σϕ(v) ∩ κi) and vi /∈ (σϕ(u) ∩ κi).

This is not a (GUV2) violation, since (v1,i⊕
u1,i)∩(σ(v1,i)⊕σ(u1,i)) = {vi, ui}∩{ui} ̸= ∅.
Furthermore, it is not necessarily a violation
of type (GUV3).
This case does not lead to a violation of
Grid-USO. It might happen that this is a
valid Grid-USO instance that is recognized
as an OPDC violation.

Therefore, this reduction does not work.
A dimension < i

i

< i

v

u

sink

sink
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Example 6.2.2. The following is an example of a valid Grid-USO instance. Its unique
sink is the node (248). When using the construction to build an OPDC instance from
this Grid-USO instance, the nodes (137) and (246) colored in yellow form a (OV2)
violation.

135

136

137

138

145

146

147

148

235

236

237

238

245

246

247

248

137

246

Conclusion This construction is not a valid reduction.

The general problem of this construction is that knowing where the sink of a one di-
mensional subgrid is has no influence on where the fixpoint of the higher dimensions
is.
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6.3. Grid-USO to Unique Forward EOPL

Theorem 6.3.1. There exists a promise preserving polynomial time reduction from
Grid-USO to Unique Forward EOPL, and thus Grid-USO is in UniqueEOPL.

Proof. Given an instance I = (Γ, ϕ) of Grid-USO as defined in Definition 6.1.23 on
page 103 with N = {1, . . . , n} being a well-ordered set and a partition of that set
K = (κ1, . . . , κd), construct a Unique Forward EOPL instance I ′ = (S, c).

For a formal definition of Unique Forward EOPL, see Definition 4.1.15 on page 30.

The idea for this reduction is based on the reduction from OPDC to Unique Forward
EOPL. [GWJR+08, Section 3.1] presented a line following algorithm to solve Grid-
USO (called the Product algorithm) but here a slightly different algorithm is used. It
is an algorithm that follows a line of nodes of the Grid-USO instance until it reaches
the unique sink. In the OPDC case we look at i dimensions and find the unique sink
before looking at i + 1 dimensions. Here, we look at i directions and find the sink of
these before we search for the unique sink of i+ 1 directions.

The line following algorithm works with the fact, that if we have the unique sink of
some subgrid and add the next direction (and therefore another subgrid), the unique
sink of the overall grid is either the sink of the first subgrid or the added subgrid. The
states of this local search line following algorithm are represented as vertices of Unique
Forward EOPL.

First, let’s reassign the elements in the blocks so that they are strictly increasing by 1,
i.e. κ1 = {1, 2, . . . , a}, κ2 = {a+1, . . . , b} and so on. We can simply rename the elements,
the grid afterwards is the same. This can be done with any grid in polynomial time. For
the rest of the proof we assume that the grid has this structure.

Definition 6.3.2 (subgrid γ). Let γ be a function that gets an integer i and a set
M ⊆ N and returns the following subgrid: γ(i,M) := (N ′,K ′) where

N ′ :=
∪

j=1,...,d


{(κj)1} if M ∩ κj = ∅ ∧ κj ∩ {1, . . . , i} = ∅
κj ∩ {1, . . . , i} if M ∩ κj = ∅ ∧ κj ∩ {1, . . . , i} ̸= ∅
M ∩ κj if M ∩ κj ̸= ∅

and K ′ := {κ′1, . . . , κ′d} with κ′j := κj ∩N ′ for all j = 1, . . . , d.

In the following we will use γ(i,M) equivalently with N ′.

Intuitively, if for γ(i,M) M contains only one element j of block κk, then the directions
{1, . . . , i} \ κk are free to vary. For dimension k we fix it to the value j. All higher
dimensions are fixed to the first value of their corresponding block.

If M contains more elements, then the directions {1, . . . , i} that are not contained in
the fixed blocks are still free to vary. But several dimensions are fixed to a certain value,
namely to the values given by M . Again, all higher dimensions are fixed to the first
value of their corresponding block.
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Example 6.3.3. Here are a few examples of subgrids for the grid Γ with N = {1, . . . , 7},
κ1 = {1, 2}, κ2 = {3, 4} and κ3 = {5, 6, 7}.
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Figure 6.1.: γ(1, ∅)
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Figure 6.2.: γ(1, {6})
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Figure 6.3.: γ(i, {2, 4, 7})
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Figure 6.4.: γ(2, ∅)
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Figure 6.5.: γ(2, {6})
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Figure 6.6.: γ(4, {2, 3, 4, 7})
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Figure 6.7.: γ(6, ∅)
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Figure 6.8.: γ(6, {6})
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Figure 6.9.: γ(7, {6, 7})
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Whenever M is empty, the subgrid starts at the bottom left corner and expands from
there depending in i. If M is not empty, the subgrid only consists of nodes which contain
the fixed elements.

Later on, we will only inspect subgrids whose set M contains at most one element of
each block κi for each i = 1, . . . , d. This excludes Figure 6.6 on the preceding page and
Figure 6.9 on the previous page.

Example 6.3.4. The following is an example of a valid Grid-USO instance. The blue
colored area is the subgrid γ(6, ∅). The yellow colored area is the subgrid γ(7, {7})

Since it is a valid unique sink orientation, both subgrids have a unique sink, (245) and
(147), colored in orange. The unique sink of the subgrid combined by both subgrids is
either (245) or (147). In this case, it is (147). None of the other nodes can be the unique
sink.

135

136

137

145

146

147

235

236

237

245

246

247147

245

Lemma 6.3.5. If σ is the outmap of a unique sink orientation, the unique sink of a
subgrid γ(i,M) with |M ∩ κj | ≤ 1 for all j = 1, . . . , d is:

(i) If M ∩κk ̸= ∅ with i ∈ κk, the unique sink of subgrid γ(i,M) is equal to the unique
sink of the subgrid γ(i− 1,M).

(ii) If M ∩ κk = ∅ the unique sink of subgrid γ(i,M) is either equal to the unique sink
of the subgrid γ(i− 1,M) or γ(i,M ∪ {i}).

The first condition ensures that we look at one direction after another, like the line-
following algorithm intends. If M ∩ κk ̸= ∅, this means that we are in some kind of
yellow subgrid, one where one direction of block k is fixed. Even though we could
technically fix a subgrid like γ(5, {6, 7}) (which is the top cube in Example 6.3.4), this
is omitted by this condition.

The second condition describes that if σ is a unique sink orientation, either the unique
sink of the blue subgrid or the unique sink of the yellow subgrid is the unique sink of
the overall subgrid.

When a subgrid only contains one node, this node is the sink.
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Proof. Intuitively, the idea of the proof is that either one of the two sinks of the subgrids
is the the sink of the overall grid or we can prove a (GUV4) violation. It will be proven
via induction.

Base: i = 2

M can contain an arbitrary number of elements but at most one of each
block, specifying the subgrid we are in. Since i = 2, we know that i ∈ κ1,
because each partition must contain at most 2 elements.

14

15

16

24

25

26

34

35

36 If M ∩ κ1 ̸= ∅ (case (i)), one dimension of
the first block is fixed and the subgrid con-
tains only one node. In the image on the
left for example, for i′ = 1, 2, 3, the subgrid
M(i′, {3}) contains only the node (34). It is
clearly the unique sink.

For M ∩ κ1 = ∅ (case (ii)), there are the following cases.

The overall grid γ(2,M) contains two nodes, one that contains direction
”1” at the first position and one that contains a ”2” at the first position,
for example (1...) and (2...).

The blue subgrid γ(1,M) consists of one node that contains direction ”1”.

The yellow subgrid γ(2,M ∪{2}) consists of one node that contains direc-
tion ”2”.

Since both the yellow and the blue subgrid contain only one node, they
both are the unique sink of their respective subgrid.

If M = ∅, the nodes actually are the bottom left node and its neighbor
in direction ”2”. If M ̸= ∅, then some higher dimensions are fixed by the
elements in M . Later on, this means we are recursively searching for a
unique sink in a subgrid which has some dimensions fixed by M .

There are four cases that can occur:

1... 2... If the edge points towards (1...), (1...) is the unique
sink of the overall grid.

1... 2... If the edge points towards (2...), (2...) is the unique
sink of the overall grid.

1... 2...

If both nodes have an outgoing edge, both of
them have refined index of the subgrid rσ′(1...) =
rσ′(2...) = (1). Therefore we found a violation of
type (GUV4).

1... 2...

If both nodes have no outgoing edge and therefore
claim to be the sink, both of them have refined index
of the subgrid rσ′(1...) = rσ′(2...) = (0). Therefore
we found a violation of type (GUV4).
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Assumption: Let q is the unique sink of γ(i − 1,M) (the blue subgrid). Let p is the
unique sink of γ(i,M∪{i}) (the yellow subgrid), provided that M∩κk = ∅
with i ∈ κk, since otherwise this subgrid violates the assumption that M
must only contain at most one element of each block. Then no other node
in the respective subgrids can be a sink, since this would be a refined index
violation.

Induction: Let (N,K) = γ(i,M) (the overall grid), (N ′,K ′) = γ(i− 1,M) (the blue
subgrid) and (N ′′,K ′′) = γ(i,M ∪ {i}) (the yellow subgrid).

First assume M ∩ κk ̸= ∅ for i ∈ κk.

This means that both γ(i,M) and γ(i−1,M) are fixed in some directions,
namely the directions M ∩ κk. We are recursively searching for a unique
sink in a yellow subgrid. This is like imagining that the example above is
itself the yellow subrgid of an even bigger grid.

In this case, the first two subgrids are equal and N = N ′: For all j < k,
κj ∩{1, . . . , i} = κj ∩{1, . . . , i−1} because the only element in which they
differ is i and we already know that i is in no κj , since it already is in κk.
For all j > k, N and N ′ either both contain (κj)1 or both contain κj ∩M .
For κk, N and N ’ both contain exactly κk ∩M .

Therefore, their unique sink is also the same.

We don’t have to consider γ(i,M ∪ {i}), because M is only allowed to
contain at most one element of κk, which already does.

Second, assume it holds that M ∩ κk = ∅ for i ∈ κk.

This means that for both γ(i,M) and γ(i − 1,M) there is no direction
fixed in dimension k.

Let p be the unique sink of the blue subgrid γ(i − 1,M). We know that
σ(p)∩N ′ = ∅. Analogously, let q be the unique sink of the yellow subgrid
γ(i,M ∪ {i}) with σ(q) ∩N ′′ = ∅.

N ′ and N ′′ differ only in the elements of κk, where i ∈ κk: (N ′⊕N ′′) ⊆ κk.

The union of γ(i− 1,M) and γ(i,M ∪ {i}) equals the grid γ(i,M): Since
M ∩ κk = ∅, N contains all elements {x | x ∈ κk, x ≤ i} ∪ {(κk)1}. N ′

contains all elements {x | x ∈ κk, x ≤ i−1}∪{(κk)1}. N ′′ contains exactly
one element of κk, namely i.
Therefore, N ′ ∪N ′′ = N . This means that γ(i− 1,M) and γ(i,M ∪ {i})
together actually result in the subgrid γ(i,M).

By induction assumption, there is only one node with 0 outgoing edges
in γ(i − 1,M) as well as in γ(i,M ∪ {i}). None of the other points in
either subgrid can have 0 outgoing edges for all N ′ (and N ′′ respectively)
directions. Therefore, none of the other points can be the unique sink of
γ(i,M).

If σ(p) ∩N = ∅ and σ(q) ∩N ̸= ∅, p is the overall sink.

If σ(p) ∩N ̸= ∅ and σ(q) ∩N = ∅, q is the overall sink.

If σ(p)∩N = ∅ and σ(q)∩N = ∅, this is a proof for two sinks in the grid,
which is a refined index violation: rσ(p) = (0, . . . , 0) = rσ(q).

112



If σ(p) ∩N ̸= ∅ and σ(q) ∩N ̸= ∅, none of them is the sink of γ(i,M).

q

p

The refined index of p must be
rσ(p) = (0, . . . , 0, 1). It is the sink
of i − 1 directions, therefore it has
0 outgoing edges for all other direc-
tions, but since it is not the over-
all sink, it must have one outgoing
edge in direction i.
The refined index of q is 0 for
all dimensions except the last one:
rσ(q) = (0, . . . , 0, x)

If x = 0, q would be the unique sink.

If x = 1, there is clearly a refined index violation of type (GUV4) since
rσ(p) = (0, . . . , 0, 1) = rσ(q).

v

u

If x > 1, q has some outgoing edges.
In this case we can construct a sub-
grid which has a refined inedx vio-
lation of type (GUV4), by remov-
ing some of the middle directions.
Whenever we remove a direction
(κk) < l < i with l ∈ σ(q), we re-
duce x of the refined index of q by
1, while the refined index of p stays
the same.

We can remove middle directions (for example the ones colored in red)
until we reach a subgrid in which the refined index of q is the same as
the refined index of p, i.e. rσ′(q) = (0, . . . , 0, 1). Therefore we found a
violation of type (GUV4).

In conclusion, either p or q is the unique sink, or there is a violation of
type (GUV4).

This Lemma can be applied recursively on any grid whose unique sink shall be found.
For an instance of Grid-USO the grid whose sink we want to calculate is γ(n, ∅). The
unique sink of γ(n, ∅) is either the unique sink of the subgrid γ(n, {n})) or γ(n − 1, ∅).
The unique sink of these subgrids can be calculated by the same rule until a subgrid
γ(1,M) is reached, for which the unique sink is trivially the one node it contains.

It can be done in a bottom up manner as well: We can start with the subgrid γ(1, ∅) and
use the Lemma to calculate the unique sink of γ(2, ∅) and so on until we reach γ(n, ∅).

This results in a line-following algorithm: For a given γ(i − 1,M) with i > 1 and its
unique sink p:

(i) check if p is also the unique sink of γ(i,M) and continue with p and γ(i,M),
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(ii) otherwise start calculating the unique sink of γ(1,M∪{i}) and continue to increase
the directions there since that will eventually lead to the unique sink of γ(i,M∪{i}).
This is then, by Lemma 6.3.5 on page 110, also the unique sink of γ(i,M). M
cannot contain any other element of κk with i ∈ κk, since then by the first case of
Lemma 6.3.5 on page 110 p would already have been the sink of γ(i,M).

Example 6.3.6. Recall Example 6.3.4 on page 110.

To calculate the unique sink of the grid γ(7, ∅), we start with the subgrid γ(1, ∅) =
{1, 3, 5}, which contains only the node (135). This node is trivially the unique sink of
that subgrid.

1. Now step (i) checks, whether (135) is also the unique sink of γ(2, ∅) = {1, 2, 3, 5}.
It is not, because σ(135) ∩ {1, 2, 3, 5} = {2}.

1.ii. Therefore, step (ii) looks at γ(1, {2}) = {2, 3, 5} which again contains only one
node: (235).

1.ii.1. Now, step (i) is executed again: γ(2, {2}) = {2, 3, 5} and still (235) is the
unique sink of that subgrid.

2. It is also the unique sink of : γ(2, ∅) = {1, 2, 3, 5}.
3. Step (i) is executed again: γ(3, ∅) = {1, 2, 3, 5} and still (235) is the unique sink

of that subgrid.
4. Step (i) is executed again: γ(4, ∅) = {1, 2, 3, 4, 5} but now σ(235)∩ {1, 2, 3, 4, 5} =
{4}.

4.ii. Therefore, step (ii) looks at γ(1, {4}) = {1, 4, 5} which again contains only one
node: (145).

• And so on ...

Note that γ(i,M) and γ(i−1,M) might describe the same set. This happens for example
when (i−1) ∈ κk and i is the first element in κk+1. Lemma 6.3.5 on page 110 still applies
though. It adds an unnecessary step to the algorithm (as can be seen in step 2 and 3 of
Example 6.3.6), but it simplifies the reduction since we don’t have to make distinctions
of (i− 1) and i being in the same or in different blocks. We can treat both cases equally.

This line following algorithm is the basis of our reduction. The idea of this algorithm is
used to implement the successor function.
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The vertices For a given grid Γ = (N,K, V ′, E′), let the vertices V of the Unique
Forward EOPL instance be V := (V ′ ∪ {⊥})n+1.

A node can be viewed as vector of either points in V ′ or ⊥: v = (p1, . . . , pn, pn+1), with
each pi ∈ V ′ ∪ {⊥}. Whenever a point pi ̸= ⊥, this shall encode that pi is a unique sink
of γ(i− 1,M), where M is determined by the indices of v bigger than i that are not ⊥:
M(v, i) := {j | j > i ∧ pj ̸= ⊥}.

The idea is that each node represents a step of the line following algorithm which contains
all unique sinks of subgrids that were already visited.

Only some of the vectors are valid vertices. Formally, a vertex v = (p1, . . . , pn, pn+1) is
valid if and only if it fulfills all of the following conditions:

• for i = 1, ..., n+ 1:

(a) If i = 1: pi ̸= ⊥ ⇒ σ(pi) ∩ {1} = ∅,
for i > 1: pi ̸= ⊥ ⇒ σ(pi) ∩ {1, . . . , i− 1} = ∅

• for i = 1, ..., n:

(b) Let pl be the first point in v that is not ⊥.
pi ̸= ⊥ ∧ i > l⇒ σ(pi) ∩ {1, . . . , i} ̸= ∅.

(c) pi ̸= ⊥∧ pj = ⊥∧ i < j ⇒ j /∈ (pi) or j is the first of the block that contains
j, i.e. (pi)k = (κk)1 with j ∈ κk.

(d) pi ̸= ⊥ ∧ pj ̸= ⊥ ∧ i < j ⇒ j ∈ (pi), i.e. (pi)k = j with j ∈ κk.

(e) pi ̸= ⊥ ∧ pj ̸= ⊥ ∧ i < j ⇒ pi is from right to left lexicographically bigger
than pj .

Condition (a) ensures that each point at a position i is a sink for all directions smaller
than i.

Recall Example 6.3.4 on page 110. The node (⊥,⊥, 135,⊥, ...,⊥) is not a valid node,
because (135) is not the unique sink of the subgrid γ(2, ∅) = {1, 2, 3, 5}. σ(135)∩{1, 2} =
{2}. (⊥,⊥, 235,⊥, ...,⊥) on the other hand is a valid vertex, since (235) is the sink of
that subgrid.

Condition (b) ensures that we push a point through as long as it is the unique sink
for the next higher dimension as well, i.e. it ensures that rule (i) of the line following
algorithm is always applied if possible. We only start searching for the other sink in a
new subgrid, if pi is not the unique sink of γ(i,M(v, i)), even though it is the unique
sink of γ(i− 1,M(v, i)).

Condition (c) ensures two things. First, it ensures that for each i the blocks whose value
is not fixed by M(v, i), (pi)k is set to the first value of the respective block k. Second, it
ensures that if a value for a block is fixed, none of the other values of the block which
are not fixed by M(v, i) appear in pi.

Recall Example 6.3.4 on page 110. The node (235,⊥, ...,⊥) is not a valid node. All
other points of the node are ⊥, therefore p1 should only contain the first elements of
each block, but 2 is not the first element of any block. The node (135,⊥, ...,⊥) on the
other hand is a valid vertex.

Condition (d) ensures that for each i if the value of a certain block is fixed by M(v, i),
this value is actually contained in the point pi.
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Recall Example 6.3.4 on page 110. The node (135, 235,⊥, ...,⊥) is not a valid node. For
i = 1, M((135, 235,⊥, ...,⊥), 1) = {2} because p2 = (235) ̸= ⊥, but (135) does not
contain the 2. The node (235, 135,⊥, ...,⊥) on the other hand is a valid vertex.

Condition (e) ensures the property stated by Lemma 6.3.5 on page 110. This will be
explained in more detail later on when it is described what happens if this condition is
violated.

The function isVertex : V ⇒ {true, false} returns whether v fulfills all these conditions
or not. The function can be calculated in polynomial time.

The start vertex o is defined as o := (((κ1)1, . . . , (κd)1),⊥, ...,⊥).

Note that V must be encoded by 0-1-bit strings in order to actually be a valid set of
vertices for the Unique Forward EOPL instance. For convenience and the sake of
better understanding we will continue to use V as defined above in the reduction.
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Construction of the successor function S Let S : V → V . Given a vertex v =
(p1, ..., pn, pn+1), let S(v) be constructed as follows:

(1) If isVertex(v) = false then S(v) := v to indicate that v is not a valid vertex.

(2) If isVertex(v) = true, let i be the smallest index such that pi ̸= ⊥. This means
we are in a subgrid γ(i− 1,M(v, i)) with M(v, i) := {j | j > i ∧ pj ̸= ⊥} and pi is
its unique sink.

(2.1) If i = n+ 1 then v = (⊥, ...,⊥, pn+1). Furthermore, σ(pn+1) ∩ {1, . . . , n} = ∅,
which means that pn+1 is a unique sink in all n directions. We set S(v) := v
to indicate that the point before v is the end of the line.

(2.2) If σ(pi) ∩ {1, . . . , i} = ∅ and i < n+ 1 then S(v) := u where

uj =


⊥ if j < i+ 1

pi if j = i+ 1

pj if j > i+ 1

This operation overwrites the point at position i+1 with pi and sets position
i to ⊥. All other components are unchanged.
S(⊥, ...,⊥, pi, pi+1, pi+2, ..., pn) = (⊥, ...,⊥,⊥, pi, pi+2, ..., pn).
This means that pi is also the unique sink of γ(i,M(v, i)), equivalently to case
(i) of the line-following algorithm.

(2.3) If σ(pi) ∩ {1, . . . , i} ̸= ∅ and i < n + 1, it holds that σ(pi) ∩ {1, . . . , i} = {i}:
Since isVertex is true, we know that σ(pi) ∩ {1, . . . , i − 1} = ∅. So if the
intersection is nonempty, then it must contain i.

Let S(v) := (q, p2, ..., pn+1) with

(q)j :=


(κj)1 if i ∈ κk and j < k

i if i ∈ κj

(pi)j if i ∈ κk and j > k.

This case is equivalent to step (ii) of the line following algorithm. We continue
to search in γ(1,M(v, i)∪{i}) = γ(1,M(v, 1)∪{i}) in order to find the unique
sink of γ(i,M(v, i) ∪ {i}). i is automatically added to M(v, i) by pi being at
position i. Condition (c) and (d) of isVertex ensure that i is contained in
all points below index i.
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Example 6.3.7. In this example n = 6 and therefore N = {1, . . . , 6}. There are d = 2
blocks κ1 = {1, 2, 3} and κ2 = {4, 5, 6}. The outmap is given by the arrows in the figure
below. It is a unique sink orientation. The unique sink is (16).

14

15

16

24

25

26

34

35

36

The vertices for this example have 7 entries. The start node is (14,⊥,⊥,⊥,⊥,⊥,⊥).

Vertex v i σ(pi) ∩ {1, . . . , i} Case S(v)

((14),⊥,⊥,⊥,⊥,⊥,⊥) 1 σ((14)) ∩ {1, . . . , 1} = () 2.2 (⊥, (14),⊥,⊥,⊥,⊥,⊥)

(⊥, (14),⊥,⊥,⊥,⊥,⊥) 2 σ((14)) ∩ {1, . . . , 2} = (2) 2.3 ((24), (14),⊥,⊥,⊥,⊥,⊥)

((24), (14),⊥,⊥,⊥,⊥,⊥) 1 σ((24)) ∩ {1, . . . , 1} = () 2.2 (⊥, (24),⊥,⊥,⊥,⊥,⊥)

(⊥, (24),⊥,⊥,⊥,⊥,⊥) 2 σ((24)) ∩ {1, . . . , 2} = () 2.2 (⊥,⊥, (24),⊥,⊥,⊥,⊥)

(⊥,⊥, (24),⊥,⊥,⊥,⊥) 3 σ((24)) ∩ {1, . . . , 3} = () 2.2 (⊥,⊥,⊥, (24),⊥,⊥,⊥)

(⊥,⊥,⊥, (24),⊥,⊥,⊥) 4 σ((24)) ∩ {1, . . . , 4} = () 2.2 (⊥,⊥,⊥,⊥, (24),⊥,⊥)

(⊥,⊥,⊥,⊥, (24),⊥,⊥) 5 σ((24)) ∩ {1, . . . , 5} = (5) 2.3 ((15),⊥,⊥,⊥, (24),⊥,⊥)

((15),⊥,⊥,⊥, (24),⊥,⊥) 1 σ((15)) ∩ {1, . . . , 1} = () 2.2 (⊥, (15),⊥,⊥, (24),⊥,⊥)

(⊥, (15),⊥,⊥, (24),⊥,⊥) 2 σ((15)) ∩ {1, . . . , 2} = (2) 2.3 ((25), (15),⊥,⊥, (24),⊥,⊥)

((25), (15),⊥,⊥, (24),⊥,⊥) 1 σ((25)) ∩ {1, . . . , 1} = () 2.2 (⊥, (25),⊥,⊥, (24),⊥,⊥)

(⊥, (25),⊥,⊥, (24),⊥,⊥) 2 σ((25)) ∩ {1, . . . , 2} = () 2.2 (⊥,⊥, (25),⊥, (24),⊥,⊥)

(⊥,⊥, (25),⊥, (24),⊥,⊥) 3 σ((25)) ∩ {1, . . . , 3} = (3) 2.3 ((35),⊥, (25),⊥, (24),⊥,⊥)

((35),⊥, (25),⊥, (24),⊥,⊥) 1 σ((35)) ∩ {1, . . . , 1} = () 2.2 (⊥, (35), (25),⊥, (24),⊥,⊥)

(⊥, (35), (25),⊥, (24),⊥,⊥) 2 σ((35)) ∩ {1, . . . , 2} = () 2.2 (⊥,⊥, (35),⊥, (24),⊥,⊥)

(⊥,⊥, (35),⊥, (24),⊥,⊥) 3 σ((35)) ∩ {1, . . . , 3} = () 2.2 (⊥,⊥,⊥, (35), (24),⊥,⊥)

(⊥,⊥,⊥, (35), (24),⊥,⊥) 4 σ((35)) ∩ {1, . . . , 4} = () 2.2 (⊥,⊥,⊥,⊥, (35),⊥,⊥)

(⊥,⊥,⊥,⊥, (35),⊥,⊥) 5 σ((35)) ∩ {1, . . . , 5} = () 2.2 (⊥,⊥,⊥,⊥,⊥, (35),⊥)

(⊥,⊥,⊥,⊥,⊥, (35),⊥) 6 σ((35)) ∩ {1, . . . , 6} = (6) 2.3 ((16),⊥,⊥,⊥,⊥, (35),⊥)

((16),⊥,⊥,⊥,⊥, (35),⊥) 1 σ((16)) ∩ {1, . . . , 1} = () 2.2 (⊥, (16),⊥,⊥,⊥, (35),⊥)

(⊥, (16),⊥,⊥,⊥, (35),⊥) 2 σ((16)) ∩ {1, . . . , 2} = () 2.2 (⊥,⊥, (16),⊥,⊥, (35),⊥)

(⊥,⊥, (16),⊥,⊥, (35),⊥) 3 σ((16)) ∩ {1, . . . , 3} = () 2.2 (⊥,⊥,⊥, (16),⊥, (35),⊥)

(⊥,⊥,⊥, (16),⊥, (35),⊥) 4 σ((16)) ∩ {1, . . . , 4} = () 2.2 (⊥,⊥,⊥,⊥, (16), (35),⊥)

(⊥,⊥,⊥,⊥, (16), (35),⊥) 5 σ((16)) ∩ {1, . . . , 5} = () 2.2 (⊥,⊥,⊥,⊥,⊥, (16),⊥)

(⊥,⊥,⊥,⊥,⊥, (16),⊥) 6 σ((16)) ∩ {1, . . . , 6} = () 2.2 (⊥,⊥,⊥,⊥,⊥,⊥, (16))

(⊥,⊥,⊥,⊥,⊥,⊥, (16)) 7 σ((16)) ∩ {1, . . . , 7} = () 2.1 (⊥,⊥,⊥,⊥,⊥,⊥, (16))

Cost function c The requirements for the cost function are that the cost increases the
further on the line we are. Furthermore it needs to be represented that two sinks of
the same subgrid in an invalid Grid-USO instance result in the same cost. The nodes
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of the line following algorithm result in a sequence of nodes that are lexicographically
increasing from right to left. This property is used to define the cost function.

Let ω := n+ 2.

First, the help function g : (V ′ ∪ {⊥}) × {1, ..., n} × {1, . . . , d} → {0, . . . , ω − 1} will be
called with a point p from a vertex and the index i at which p is at the vertex, i.e. p = pi.
j stands for the element of p we are looking at, i.e. (pi)j . It is defined as follows:

g(p, i, j) :=


0 if p = ⊥
ω − 1 if σ(p) ∩ {1, . . . , i} = ∅
pj otherwise.

In the first case, if pi = ⊥, 0 is returned which will result in pi not being relevant in the
cost later. If σ(p) ∩ {1, . . . , i} = ∅, this means that pi will be pushed through by case
2.2 in the next step. This means pi is more valuable than any other point which is not a
sink of i directions. Therefore it returns ω−1, which is the highest possible value that g
can return. In particular it is bigger than any value returned by the third case, in which
the value of pi at position j is returned. The third case enforces that if given two points
which are both not the sink of direction i, the lexicographically bigger point is valued
more. If there are two points that both are the sink of all directions {1, . . . , i}, then g
returns the same value for both of them, which is (ω − 1).

The function L calls g for each point of v as well as for each index of each node.

L : V → Nnd

L(v) := (g(p1, 1, 1), . . . , g(p1, 1, d), g(p2, 2, 1) . . . , g(p2, 2, d), . . . , g(pn, n, 1), . . . , g(pn, n, d))

=: (l1, . . . , lnd).

Example 6.3.8. Recall Example 6.3.7 on the preceding page. If we are given for example
the node v = (⊥, (35), (25),⊥, (24),⊥,⊥) with σ(35) ∩ {1, 2} = ∅, L(v) is:

v ⊥ 3 5 2 5 ⊥ 2 4 ⊥ ⊥
i 1 2 3 4 5 6 7
j 1 2 1 2 1 2 1 2 1 2 1 2 1 2

g(pi, i, j) 0 0 ω − 1 ω − 1 2 5 0 0 2 4 0 0 0 0

With these two helper functions, c is defined as follows:

c(v) :=

(
nd∑
i=1

ωili

)
+

{
0 if pn+1 = ⊥
ωnd+1 if pn+1 ̸= ⊥

=

 n∑
i=1

ωi−1 ·
d∑

j=1

ωjg(pi, i, j)

+

{
0 if pn+1 = ⊥
ωnd+1 if pn+1 ̸= ⊥.

Example 6.3.9. Recall Example 6.3.7 on the previous page. n = 6, d = 2 and ω = 8.
Here are the costs of the nodes:
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Node v L(v) c(v)

((14),⊥,⊥,⊥,⊥,⊥,⊥) (7 7 , 0 0 , 0 0 , 0 0 , 0 0 , 0 0 , 0 0 ) 504

(⊥, (14),⊥,⊥,⊥,⊥,⊥) (0 0 , 1 4 , 0 0 , 0 0 , 0 0 , 0 0 , 0 0 ) 16896

((24), (14),⊥,⊥,⊥,⊥,⊥) (7 7 , 1 4 , 0 0 , 0 0 , 0 0 , 0 0 , 0 0 ) 17400

(⊥, (24),⊥,⊥,⊥,⊥,⊥) (0 0 , 7 7 , 0 0 , 0 0 , 0 0 , 0 0 , 0 0 ) 32256

(⊥,⊥, (24),⊥,⊥,⊥,⊥) (0 0 , 0 0 , 7 7 , 0 0 , 0 0 , 0 0 , 0 0 ) 2064384

(⊥,⊥,⊥, (24),⊥,⊥,⊥) (0 0 , 0 0 , 0 0 , 7 7 , 0 0 , 0 0 , 0 0 ) 132120576

(⊥,⊥,⊥,⊥, (24),⊥,⊥) (0 0 , 0 0 , 0 0 , 0 0 , 2 4 , 0 0 , 0 0 ) 4563402752

((15),⊥,⊥,⊥, (24),⊥,⊥) (7 7 , 0 0 , 0 0 , 0 0 , 2 4 , 0 0 , 0 0 ) 4563403256

(⊥, (15),⊥,⊥, (24),⊥,⊥) (0 0 , 1 5 , 0 0 , 0 0 , 2 4 , 0 0 , 0 0 ) 4563423744

((25), (15),⊥,⊥, (24),⊥,⊥) (7 7 , 1 5 , 0 0 , 0 0 , 2 4 , 0 0 , 0 0 ) 4563424248

(⊥, (25),⊥,⊥, (24),⊥,⊥) (0 0 , 7 7 , 0 0 , 0 0 , 2 4 , 0 0 , 0 0 ) 4563435008

(⊥,⊥, (25),⊥, (24),⊥,⊥) (0 0 , 0 0 , 2 5 , 0 0 , 2 4 , 0 0 , 0 0 ) 4564779008

((35),⊥, (25),⊥, (24),⊥,⊥) (7 7 , 0 0 , 2 5 , 0 0 , 2 4 , 0 0 , 0 0 ) 4564779512

(⊥, (35), (25),⊥, (24),⊥,⊥) (0 0 , 7 7 , 2 5 , 0 0 , 2 4 , 0 0 , 0 0 ) 4564811264

(⊥,⊥, (35),⊥, (24),⊥,⊥) (0 0 , 0 0 , 7 7 , 0 0 , 2 4 , 0 0 , 0 0 ) 4565467136

(⊥,⊥,⊥, (35), (24),⊥,⊥) (0 0 , 0 0 , 0 0 , 7 7 , 2 4 , 0 0 , 0 0 ) 4695523328

(⊥,⊥,⊥,⊥, (35),⊥,⊥) (0 0 , 0 0 , 0 0 , 0 0 , 7 7 , 0 0 , 0 0 ) 8455716864

(⊥,⊥,⊥,⊥,⊥, (35),⊥) (0 0 , 0 0 , 0 0 , 0 0 , 0 0 , 3 5 , 0 0 ) 369367187456

((16),⊥,⊥,⊥,⊥, (35),⊥) (7 7 , 0 0 , 0 0 , 0 0 , 0 0 , 3 5 , 0 0 ) 369367187960

(⊥, (16),⊥,⊥,⊥, (35),⊥) (0 0 , 7 7 , 0 0 , 0 0 , 0 0 , 3 5 , 0 0 ) 369367219712

(⊥,⊥, (16),⊥,⊥, (35),⊥) (0 0 , 0 0 , 7 7 , 0 0 , 0 0 , 3 5 , 0 0 ) 369369251840

(⊥,⊥,⊥, (16),⊥, (35),⊥) (0 0 , 0 0 , 0 0 , 7 7 , 0 0 , 3 5 , 0 0 ) 369499308032

(⊥,⊥,⊥,⊥, (16), (35),⊥) (0 0 , 0 0 , 0 0 , 0 0 , 7 7 , 3 5 , 0 0 ) 377822904320

(⊥,⊥,⊥,⊥,⊥, (16),⊥) (0 0 , 0 0 , 0 0 , 0 0 , 0 0 , 7 7 , 0 0 ) 541165879296

(⊥,⊥,⊥,⊥,⊥,⊥, (16)) (0 0 , 0 0 , 0 0 , 0 0 , 0 0 , 0 0 , 7 7 ) 34634616274944

Correctness To prove the correctness of this construction, it must be shown that each
solution of the constructed Unique Forward EOPL instance matches back to the
correct solution of the Grid-USO instance.

In order to prove that the reduction is also promise preserving, it will be shown that every
solution of type (GU1) is only mapped to solutions of type (UF1) and every violation
of the created Unique Forward EOPL instance is mapped back to a violation of the
Grid-USO instance.

A solution of type (UF1) a Let v = (p1, ..., pn, pn+1) be a solution of type (UF1) and
u = S(v). This means that S(v) ̸= v and either

(a) S(u) = u or

(b) c(u) ≤ c(v).

Assume it holds that S(u) = u.

First we consider the case that isVertex(u) = true.

2.1. In this case we have a point pn+1 for which it holds that σ(pn+1) ∩ {1, . . . , n} =
σ(pn+1) = ∅. Therefore it is a sink and a solution of type (GU1).

2.2. In this case it cannot happen that for a given u, S returns the same u.

2.3. In this case it might happen that S(u) = u if i = 1 and σ(p1)∩{1} = {1}. It must
hold that p1 = q because otherwise S(u) wouldn’t be u again. This means that
1 ∈ p1, which results in a self loop in the grid and a violation of type (GUV1).
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Second we consider the case that isVertex(u) = false. In this case we have to take a
closer look at how S(v) was determined.

1. Since S(v) = u and v ̸= u, this rule was not used to determine S(v).

2.1. Since S(v) = u and v ̸= u, this rule was not used to determine S(v).

2.2. If S(v) is determined by rule 2.2, let i be the smallest index of v such that pi ̸= ⊥.

Vertex Index
1 ... i− 1 i i+ 1 i+ 2 ...

v ⊥ ... ⊥ x y z ...
S(v) ⊥ ... ⊥ ⊥ x z ...

v and S(v) differ only in the two points at position i and i+1. Since isVertex(v) =
true, one of these two points of S(v) must violate the conditions of isVertex. More
specifically, it is x at position i+ 1 that makes the difference because position i is
set to ⊥ and therefore none of the conditions of isVertex are interested in it.

(a) It holds that σ(x) ∩ {1, . . . , i− 1} = ∅. Since we only enter case 2.2 if σ(x) ∩
{1, . . . , i} = ∅, this condition is also satisfied for S(v).

(b) Since this condition is only relevant for all pk that are not the first non-bottom
point in v, and since we only remove one non-bottom point and no new non-
bottom point is added, this condition holds trivially for S(v) as well.

– If conditions (c), (d) or (e) do not hold for S(v) it follows that it could not
have been true for v either. Therefore, S(v) cannot break these conditions.

It follows that if isVertex(v) is true, after applying rule 2.2 it holds that isVertex(S(v))
is true. Therefore this rule could not have been used to determine S(v).

2.3. If u = (q,⊥, . . . ,⊥, pi, . . . ), isVertex(v) = true and isVertex(u) = false, then q
must violate one of the conditions of isVertex, since nothing else changed from v
to u. Let i be the first index of v that is not ⊥.

We want to show in the following for each condition of isVertex that it either
always holds, or if it doesn’t, that there is a violation in the Grid-USO instance.

(a) Since q ̸= ⊥, if the first condition is violated, it holds that σ(q)∩ {1} ̸= ∅, i.e.
σ(q) ∩ {1} = {1}.

If 1 ∈ q we found a self loop and therefore a violation of type (GUV1).

If 1 /∈ q, there must be another element l ∈ κ1 with l ∈ q instead. Furthermore,
it must hold that l = i and also i ∈ κ1. There is a cycle in the grid: From q
to (q \ κ1) ∪ {1} to pi back to q.

• From q to (q \ κ1) ∪ {1}: This clearly holds since 1 ∈ σ(q).

• From (q \ κ1) ∪ {1} to pi: For pi it holds that σ(pi) ∩ {1, . . . , i− 1} = ∅,
therefore pi has an incoming edge from direction 1. Since qj = (pi)j for
all j > 1, (q \ κ1) ∪ {1} points towards pi.

• From pi to q: It holds that σ(pi) ∩ {1, . . . , i} = {i} and qj = (pi)j for all
j > 1. Therefore, pi points towards q.
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q (q \ κ1) ∪ {1} pi

This results in an refined index violation (GUV4) of the subgrid Γ′: rσ′(q) =
(1) = rσ′(pi). So if this condition is broken, there is a violation in the Grid-
USO instance.

(b) q is now the first point in S(v) that is not ⊥, whereas it was pi before. So
if this condition is broken now, it must be due to pi. But we entered case
2.3 under the condition that σ(pi) ∩ {1, . . . , i} ̸= ∅, therefore this condition
cannot be violated and also holds for S(v).

(c) Let k be the index of the block that contains i: i ∈ κk.

v has the form (⊥, . . . ,⊥,⊥, . . . , pi, . . . ,⊥︸ ︷︷ ︸
κk

, . . . ).

S(v) has the form (q,⊥, . . . ,⊥,⊥, . . . , pi, . . . ,⊥, . . . ) with i ∈ q. We now look
at each element of q individually.

For j < k it holds that qj is the first element of block κj because we are in the
construction case 2.3. Therefore condition (c) holds for S(v) for all j < k.

For j > k, qj is set to (pi)j . Since isVertex(v) is true, this condition holds
for S(v) for all j > k.

So if this condition is broken it must be due to j = k. We know that qk = i.

Either (c) holds, or (c) and (d) are both broken.

Assume condition (d) is not broken (since otherwise this leads to a violation
as described in the next case (d)). Then all indices of S(v) associated with
κk must be ⊥ except for pi.

Since q already contains i, it cannot contain any other element of κk.

Therefore, if this condition holds for v, it also holds for S(v), or there is also
a violation of condition (d), which will be dealt with in the next case.

(d) If pi is the only non-bottom element of the points representing κk in v, then
condition (d) trivially also holds for S(v) by the construction of 2.3.

Let l be the smallest index of v after i which is not ⊥. There must exist one
because otherwise this condition would not be broken.

v must have the form (⊥, . . . ,⊥, . . . ,⊥, pi, . . . , pl, . . .︸ ︷︷ ︸
κk

, . . . ).

S(v) has the form (q,⊥, . . . ,⊥, pi, . . . , pl, . . . ) with i ∈ q.

pi is the smallest index of v which is not ⊥. Let k be the index of the block
that contains i: i ∈ κk. For 1 < j < k, all elements in S(v)j are ⊥. Therefore
this case is irrelevant and this condition holds for all 1 < j < k. For j > k, qj
is set to (pi)j . Since isVertex(v) is true, this condition holds for all j > k.

So if this condition is broken it must be due to j = k and the elements
associated with κk.
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For j = k and i ∈ κj we set qk to i. Since pi is unchanged, it holds that i ∈ q.

There is a problem though if there exists another node pl with l > i and l ∈ κk.
In this case, this condition asks for l to be in q as well, which is not possible
since it contains only one element from each block and it already contains i.

We want to show that then Lemma 6.3.5 on page 110 is violated.

The most simple example of this case is a cycle:
Example 6.3.10. Consider the following example with a cycle. The relevant
case is the last entry of the table. i = 3 and k = 2.

13

14

23

24

Vertex v i σ(pi) ∩ {1, . . . , i} Case S(v)

((13),⊥,⊥,⊥,⊥) 1 σ((13)) ∩ {1, . . . , 1} = () 2.2 (⊥, (13),⊥,⊥,⊥)

(⊥, (13),⊥,⊥,⊥) 2 σ((13)) ∩ {1, . . . , 2} = () 2.2 (⊥,⊥, (13),⊥,⊥)

(⊥,⊥, (13),⊥,⊥) 3 σ((13)) ∩ {1, . . . , 3} = () 2.2 (⊥,⊥,⊥, (13),⊥)

(⊥,⊥,⊥, (13),⊥) 4 σ((13)) ∩ {1, . . . , 4} = (4) 2.3 ((14),⊥,⊥, (13),⊥)

((14),⊥,⊥, (13),⊥) 1 σ((14)) ∩ {1, . . . , 1} = () 2.2 (⊥, (14),⊥, (13),⊥)

(⊥, (14),⊥, (13),⊥) 2 σ((14)) ∩ {1, . . . , 2} = (2) 2.3 ((24), (14),⊥, (13),⊥)

((24), (14),⊥, (13),⊥) 1 σ((24)) ∩ {1, . . . , 1} = () 2.2 (⊥, (24),⊥, (13),⊥)

(⊥, (24),⊥, (13),⊥) 2 σ((24)) ∩ {1, . . . , 2} = () 2.2 (⊥,⊥, (24), (13),⊥)

(⊥,⊥, (24), (13),⊥) 3 σ((24)) ∩ {1, . . . , 3} = (3) 2.3 ((13),⊥, (24), (13),⊥)

((13),⊥, (24), (13),⊥) 1 σ((13)) ∩ {1, . . . , 1} = () 1 ((13),⊥, (24), (13),⊥)

This describes the case, where we are given the unique sink of γ(l−1,M(v, l))
(e.g. the blue area in Example 6.3.4 on page 110): pl. It is the sink of
l − 1 directions but not of l directions, since then it would have been pushed
further through. But it hasn’t, there are elements unequal to ⊥ with a smaller
index than l (i.e. pi). Therefore by condition (b) of isVertex, it holds that
σ(pl) ∩ {1, . . . , l} ̸= ∅. It follows that pl is not the sink of γ(l,M(v, l)).

By Lemma 6.3.5 on page 110 it must then hold that the unique sink of
γ(l,M(v, l)) must be equal to the sink of γ(l,M(v, l) ∪ {l}) (e.g. the yellow
area in Example 6.3.4 on page 110).

pl was not pushed further through by rule 2.2, therefore for all elements
before pl (including pi), l ∈ M(v, 1). This means that pi is actually the sink
of γ(l,M(v, l) ∪ {l}):

By (a) of isVertex it holds that σ(pi) ∩ {1, . . . , i − 1} = ∅. Since l ∈ pi
it holds that σ(pi) ∩ {l} = ∅ because otherwise there would be a self loop.
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Remember that i, l ∈ κk.

σ(pi) ∩ {1, . . . , i− 1} = ∅ ⇒ σ(pi) ∩ ({1, . . . , i− 1} \ κk) = ∅
⇒ σ(pi) ∩ ({1, . . . , i− 1} \ κk) ∪ {l} = ∅
⇒ σ(pi) ∩ ({1, . . . , l} \ κk) ∪ {l} = ∅
⇒ σ(pi) ∩ γ(l,M(v, l) ∪ {l}) = ∅
⇒ pi is the sink of γ(l,M(v, l) ∪ {l}).

But pi is not the sink of γ(l,M(v, l)), since we are in case 2.3:

σ(pi) ∩ {1, . . . , i} ̸= ∅ ⇒ σ(pi) ∩ γ(l,M(v, l)) ̸= ∅.

Therefore, neither the unique sink of γ(l,M(v, l)∪{l}) nor the unique sink of
γ(l− 1,M(v, l)) is the sink of γ(l,M(v, l)). σ is not a unique sink orientation.
This results in a violation of type (GUV4) as described in the proof of the
Lemma 6.3.5 on page 110.

(e) If (e) is broken, there must be a point that is equal or lexicographically bigger
than q. Let pj be that point.

If q = pj , we know that pj is not pushed further through and there is no
violation of condition (b), therefore it must hold that σ(pj)∩{1, . . . , j} = {j}.
Since there is no violation of (d), it must hold that j ∈ q. But we assumed
that q = pj , therefore j ∈ pj . Thus we found a self loop violation of type
(GUV1).

If q ̸= pj , let l be the largest index at which (pj)l > ql. For all k > l it holds
that (pj)k = qk. There are four cases we have to take a closer look at.

First: (q, . . . , . . . , pj , . . . , . . .︸ ︷︷ ︸
κl

).

In this case, (q)l ̸= (pj)l, this means either q or pj violates (c) or (d) of
isVertex.

Second: (q, . . . , . . . , pj , . . .︸ ︷︷ ︸
κl

, . . . ).

In this case we know by condition (d) of isVertex that (q)l = j. It follows
that for all k with k > j and k ∈ κl, it must hold that pk = ⊥. Otherwise
there would be a violation of condition (d), since then q would have to contain
j as well as k, which is not possible. Condition (c) therefore enforces, that
(pj)l ̸= k. So ((pj)l) ≤ j, which is a contradiction to the assumption that q is
lexicographically bigger than pj .

Third: (q, . . . , . . .︸ ︷︷ ︸
κl

, pj , . . .︸ ︷︷ ︸
κk

, . . . ) and fourth : (q, . . .︸ ︷︷ ︸
κl

, . . . , pj , . . .︸ ︷︷ ︸
κk

, . . . ).

Let k be the block which contains j, i.e. j ∈ κk. If there is no violation of
condition (d) of isVertex, it must hold that qk = j. Furthermore, it must
hold that (pj)k = j, because l is by assumption the largest index at which q
and pj differ. Since there is no violation of (b) it must hold that σ(pj) = {j}.
Thus, we found a self loop violation of type (GUV1).

All in all, whenever S(u) = u and isVertex(u) = false, there is a violation in the
Grid-USO instance.
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A solution of type (UF1) b Let v = (p1, ..., pn, pn+1) be a solution of type (UF1) and
u = S(v). This means that S(v) ̸= v and either

(a) S(u) = u or

(b) c(u) ≤ c(v).

Assume it holds that c(u) ≤ c(v). Note that S(u) ̸= u. Based on the rules that are used
to calculate S(v) we can argue that this is impossible:

1. S(v) cannot be determined by rule (1), since then it would hold that S(v) = v,
which is a contradiction to our assumption.

2.1. S(v) cannot be determined by rule (2.1), since then it would hold that S(v) = v,
which is a contradiction to our assumption.

2.2. If S(v) was determined by the second rule, it can be proven that c(u) > c(v).

v and u differ only in the two points at position i and i+ 1. The cost of v and u
differs only in the terms of the sum of i and (i+ 1).

c(u)
!
> c(v)

⇔
nd∑
j=1

ωj lj >

nd∑
j=1

ωj l′j

⇔
i·d∑

j=(i−1)·d+1

ωj lj +

(i+1)·d∑
j=i·d+1

ωj lj >

i·d∑
j=(i−1)·d+1

ωj l′j +

(i+1)·d∑
j=i·d+1

ωj l′j

⇔
i·d∑

j=(i−1)·d+1

ωjg(⊥, i, j − (i− 1) · d) +
(i+1)·d∑
j=i·d+1

ωjg(pi, i+ 1, j − i · d)

>

i·d∑
j=(i−1)·d+1

ωjg(pi, i, j − (i− 1) · d) +
(i+1)·d∑
j=i·d+1

ωjg(pi+1, i+ 1, j − i · d)

⇔
(i+1)·d∑
j=i·d+1

ωjg(pi, i+ 1, j − i · d) >
i·d∑

j=(i−1)·d+1

ωj(ω − 1) +

(i+1)·d∑
j=i·d+1

ωjg(pi+1, i+ 1, j − i · d).

There are 4 cases that need to be inspected now. First, g(pi, i+ 1, j − i · d) might
either be (ω−1) or (pi)j−i·d. Second, g(pi+1, i+1, j−i·d) might either be (pi+1)j−i·d
or 0 if pi+1 = ⊥. We need to check all four combinations of them to make sure the
inequality holds every time.

First, let g(pi, i+ 1, j − i · d) = (ω − 1) and g(pi+1, i+ 1, j − i · d) = 0:

(i+1)·d∑
j=i·d+1

ωj(ω − 1)
!
>

i·d∑
j=(i−1)·d+1

ωj(ω − 1) +

(i+1)·d∑
j=i·d+1

ωj · 0

(i+1)·d∑
j=i·d+1

ωj(ω − 1) >
i·d∑

j=(i−1)·d+1

ωj(ω − 1)

ωid
d∑

j=1

ωj(ω − 1) > ω(i−1)d
d∑

j=1

ωj(ω − 1)

ωid > ω(i−1)d.
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This is obviously true.

It holds that:
d∑

j=1

ωj(ω − 1) = ωd+1 − ω.

Second, let g(pi, i+ 1, j − i · d) = (ω − 1) and g(pi+1, i+ 1, j − i · d) = (pi+1)j−i·d:

(i+1)·d∑
j=i·d+1

ωj(ω − 1)
!
>

i·d∑
j=(i−1)·d+1

ωj(ω − 1) +

(i+1)·d∑
j=i·d+1

ωj(pi+1)j−id

ωid
d∑

j=1

ωj(ω − 1) > ω(i−1)·d
d∑

j=1

ωj(ω − 1) + ωid
d∑

j=1

ωj(pi+1)j

ωid
d∑

j=1

ωj(ω − 1)− ωid
d∑

j=1

ωj(pi+1)j > ω(i−1)·d
d∑

j=1

ωj(ω − 1)

ωid

 d∑
j=1

ωj(ω − 1)−
d∑

j=1

ωj(pi+1)j

 > ω(i−1)·d(ωd+1 − ω)

ωid

 d∑
j=1

ωj(ω − 1)−
d∑

j=1

ωj(pi+1)j

 > ωid+1ω−(d+1)(ωd+1 − ω)

ωid+1

 d∑
j=1

ωj−1(ω − 1)−
d∑

j=1

ωj−1(pi+1)j

 > ωid+1(1− ω−d)

 d∑
j=1

ωj−1(ω − 1)−
d∑

j=1

ωj−1(pi+1)j


︸ ︷︷ ︸

>1

> (1− ω−d)︸ ︷︷ ︸
<1

.

Third, let g(pi, i+ 1, j − i · d) = (pi)j−i·d and g(pi+1, i+ 1, j − i · d) = (pi+1)j−i·d:

(i+1)·d∑
j=i·d+1

ωj(pi)j−id

!
>

i·d∑
j=(i−1)·d+1

ωj(ω − 1) +

(i+1)·d∑
j=i·d+1

ωj(pi+1)j−id

ωid
d∑

j=1

ωj(pi)j > ω(i−1)d
d∑

j=1

ωj(ω − 1) + ωid
d∑

j=1

ωj(pi+1)j

ωid
d∑

j=1

ωj(pi)j − ωid
d∑

j=1

ωj(pi+1)j > ω(i−1)d(ωd+1 − ω)

ωid

 d∑
j=1

ωj(pi)j −
d∑

j=1

ωj(pi+1)j

 > ωid+1ω−(d+1)(ωd+1 − ω)

ωid+1

 d∑
j=1

ωj−1(pi)j −
d∑

j=1

ωj−1(pi+1)j

 > ωid+1(1− ω−d)

 d∑
j=1

ωj−1(pi)j −
d∑

j=1

ωj−1(pi+1)j


︸ ︷︷ ︸

>1

> (1− ω−d)︸ ︷︷ ︸
<1

.

126



The left side of the inequality is larger than 1 because of condition (e) of isVertex
we know that pi+1 is lexicographically smaller from right to left than pi. Therefore
this inequality holds.
Fourth, let g(pi, i+ 1, j − i · d) = (pi)j−id and g(pi+1, i+ 1, j − i · d) = 0:

(i+1)·d∑
j=i·d+1

ωj(pi)j−id

!
>

i·d∑
j=(i−1)·d+1

ωj(ω − 1) +

(i+1)·d∑
j=i·d+1

ωj · 0

(i+1)·d∑
j=i·d+1

ωj(pi)j−id >

i·d∑
j=(i−1)·d+1

ωj(ω − 1)

ωid
d∑

j=1

ωj(pi)j > ω(i−1)d
d∑

j=1

ωj(ω − 1)

ωid+1
d∑

j=1

ωj−1(pi)j > ω(i−1)d(ωd+1 − ω)

ωid+1
d∑

j=1

ωj−1(pi)j > ωid+1ω−(d+1)(ωd+1 − ω)

ωid+1
d∑

j=1

ωj−1(pi)j > ωid+1(1− ω−d)

d∑
j=1

ωj−1(pi)j︸ ︷︷ ︸
>1

> (1− ω−d)︸ ︷︷ ︸
<1

.

In conclusion, every inequality holds.
2.3. If S(v) was determined by the third rule, it can be proven again that c(v) < c(u).

v and u only differ in the first position. Furthermore we know that p1 = ⊥. If
it wasn’t and i was equal to 1, then this is proof of a self loop and we found a
violation of type (GUV1).

c(u)
!
> c(v)

nd∑
j=1

ωj lj >

nd∑
j=1

ωj l′j

d∑
j=1

ωj lj >

d∑
j=1

ωj l′j

d∑
j=1

ωjg(q, 1, j) >

d∑
j=1

ωjg(p1, 1, j)

d∑
j=1

ωjg(q, 1, j) >

d∑
j=1

ωjg(⊥, 1, j)

d∑
j=1

ωjg(q, 1, j) > 0.

Since q ̸= ⊥, this inequality is clearly true.

In conclusion, it can never happen that S(v) ̸= v and c(u) ≤ c(v).
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A violation of type (UFV1) a Given v = (p1, ..., pn) and u = (q1, ..., qn) with v ̸= u,
v ̸= S(v), u ̸= S(u) and isVertex(v) = isVertex(u) = true, for a violation of type
(UFV1) it holds that either

(a) c(v) = c(u) or
(b) c(v) < c(u) < c(S(v)).

If we are in case (a) it follows that there are two unique sinks in a subcube and it follows
a violation of type (GUV4):

If the cost of v and u are equal but v ̸= u, there must be one or more points in the
nodes for which it holds that pi ̸= qi but g(pi, i, j) = g(qi, i, j) for all j = 1, . . . , d. This
can only be true if g(pi, i, j) = g(qi, i, j) = ω − 1. Therefore σ(pi) ∩ {1, . . . , i} = ∅ and
σ(qi) ∩ {1, . . . , i} = ∅. Let pi ∈ v, qi ∈ u be the ones with the largest index i for which
that holds. Therefore for all points l > i it holds that they are equal: pl = ql.

Let k be the index of the block that contains i, i.e. i ∈ κk. By condition (c) and (d) of
isVertex it holds that for all l ≥ k, it holds that (pi)l = (qi)l.

It follows that v and u are both in the subgrid γ(i,M(v, i)). Since they are both sinks,
this is a (GUV4) violation. Both have the same refined index of (0, . . . , 0) in the subgrid
γ(i,M(v, i)).

A violation of type (UFV1) b If we are in case (b), we take a look at how S(v) is
determined in order to show that the original Grid-USO instance had a violation as
well or that the case cannot possibly be reached by the construction.

1. S(v) cannot be determined by rule 1, since then it would hold that S(v) = v, which is
a contradiction to our assumption.

2.1. S(v) cannot be determined by rule 2.1, since then it would hold that S(v) = v, which
is a contradiction to our assumption.

2.2. If S(v) was determined by the second rule, let i be the smallest index of v such that
pi ̸= ⊥.

Since c(v) < c(u) < c(S(v)) and v and S(v) only differ in positions i and i+ 1, it must
hold:

Vertex Index
1 ... i− 1 i i+ 1 i+ 2 ...

v ⊥ ... ⊥ x y z ...
u ? ... ? a b z ...

S(v) ⊥ ... ⊥ ⊥ x z ...

For all indices k > i + 1, v, u and S(v) have the same entries because if they hadn’t it
would imply that for some k g(pk, k, j) = g(qk, k, j) = ω − 1 which results in a violation
of isVertex (b), since both nodes have an element unequal to ⊥ with an index smaller
than k.

There are several cases in which it might hold that c(v) < c(u) < c(S(v)). In the
following it will be shown that each case leads to a violation in the Grid-USO instance.

In order to fulfill c(v) < c(u) < c(S(v)) one of the following three cases must hold:
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(i) ∀j = 1, . . . , d : g(b, i+ 1, j) = g(y, i+ 1, j), g(a, i, j) = g(x, i, j) and ∃l < i : ul ̸= ⊥.

Note that this does not mean that y = b and a = x. It can happen that they are
two different nodes for which g returns the same value ω − 1.

(ii) ∀j = 1, . . . , d : g(b, i+ 1, j) = g(y, i+ 1, j) and ∃j ∈ {1, . . . , d} : g(a, i, j) > g(x, i, j)
and g(a, i, k) = g(x, i, k) for j < k < d.

(iii) ∃j ∈ {1, . . . , d} : g(b, i + 1, j) > g(y, i + 1, j) and g(b, i + 1, k) = g(y, i + 1, k) for
j < k < d.

Case (i): Since we are in case 2.2, it holds that ∀j = 1, . . . , d : g(x, i, j) = ω − 1. It
follows that also ∀j = 1, . . . , d : g(a, i, j) = ω − 1, but not all elements below i are ⊥.
Thus there is a violation against (b) of isVertex.

Case (ii): Since ∀j = 1, . . . , d : g(x, i, j) = ω − 1, there is no possibility that there exists
a j ∈ {1, . . . , d} for which g(a, i, j) > g(x, i, j). Therefore this case cannot happen.

Case (iii): It must hold that b ̸= ⊥, otherwise its cost could not be bigger than the cost
of y.

In this case we have to take a closer look at some predecessor w of u that must exist,
which is equal to u for all indices bigger than i+1 and otherwise looks like the following:

Vertex Index
1 ... i− 1 i i+ 1 i+ 2 ...

w ⊥ ... ⊥ b r z ...
S(w) ⊥ ... ⊥ ⊥ b z ...

... ...
u ? ... ? a b z ...

We compare w to v: We know that for all j = 1, . . . , d : g(b, i, j) = ω− 1 and g(x, i, j) =
ω − 1.

Vertex Index
1 ... i− 1 i i+ 1 i+ 2 ...

v ⊥ ... ⊥ x y z ...
w ⊥ ... ⊥ b r z ...

If r = y = ⊥ or r ̸= ⊥ and y ̸= ⊥, M is equal for both x and b: M(v, i) = M(w, i).
Furthermore, since both x and b are pushed through in the next step, they are both
sinks of the same subcube γ(i,M). By Lemma 6.3.5 on page 110 This is an refined
index violation of type (GUV4) for that subcube.

If r ̸= ⊥ and y = ⊥, M is different for x and b: M(v, i) ̸= M(w, i). They differ in exactly
one element: M(v, i) ∪ {i+ 1} = M(w, i). r is the sink of the subcube γ(i,M(w, i+ 1))
and b is the sink of subcube γ(i + 1,M(w, i + 1) ∪ {i + 1}) = γ(i + 1,M(w, i)). By
Lemma 6.3.5 on page 110 one of them must be the sink for γ(i+1,M(w, i+1)). Since r
was not pushed through, r is not the unique sink of γ(i+1,M(w, i+1)). b is the sink of
γ(i+1,M(w, i+1)), which implies that ∀j = 1, . . . , d : g(b, i+1, j) = ω− 1. This means
that S(v) cannot possibly have bigger cost than u, which is a contradiction against our
assumption. This case cannot happen.
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If r = ⊥ and y ̸= ⊥, M is different for x and b: M(v, i) ̸= M(w, i). We know that y
is not the unique sink of γ(i + 1,M(v, i + 1)), since x is that sink. x is also the sink
of γ(i + 1,M(v, i + 1) ∪ {i + 1}). Therefore y must be the sink of γ(i,M(v, i + 1)). It
follows that there exists a predecessor s of v with the following form:

Vertex Index
1 ... i− 1 i i+ 1 i+ 2 ...

s ⊥ ... ⊥ y ⊥ z ...
v ⊥ ... ⊥ x y z ...

We compare w to s:

Vertex Index
1 ... i− 1 i i+ 1 i+ 2 ...

s ⊥ ... ⊥ y ⊥ z ...
w ⊥ ... ⊥ b ⊥ z ...

M is equal for y and b: M(s, i) = M(w, i). It holds that for all j = 1, . . . , d : g(y, i, j) =
ω − 1 and g(b, i, j) = ω − 1. b and y are both sinks of the same subcube γ(i,M(w, i)).
By Lemma 6.3.5 on page 110 This is an refined index violation of type (GUV4) for that
subcube.

In conclusion, every possible case either let to a violation or it was proven that it is
impossible to reach.

2.3. v and S(v) only differ in the first element. Therefore u must only differ from them
in the first element as well.

Vertex Index
1 2 ... i− 1 i i+ 1 ...

v ⊥ ... ... ⊥ x y ...
u z ⊥ ... ⊥ x y ...

S(v) q ⊥ ... ⊥ x y ...

It holds that i ̸= 1, since otherwise we have a self loop. Therefore, g(p1, 1, j) = 0 for all
j = 1, . . . , d. It follows that u1 ̸= ⊥ because otherwise c(v) = c(u).

Since all other elements of u and S(v) are equal, they enforce the same value of each
element of the first point by rule (c) and (d) of isVertex. Therefore z must be equal
to q and u = S(v).

As in case (UFV1 a) it follows a violation of type (GUV4).

A violation of type (UFV2) If there is a violation of type (UFV2), there are two points
v and x such that v is a solution of type (UF1), v ̸= x, S(x) ̸= x and c(v) < c(x). Since
v is also a solution of type (UF1), it holds that S(v) = u, v ̸= u and either S(u) = u or
c(u) ≤ c(v).

If S(u) is determined by anything other than rule (2.1), there is a violation in the
Grid-USO instance as shown in case (UF1).
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So if S(u) is indeed determined by rule (2.1), we must show that this, in combination
with x, leads to another violation.

Since x is a node on a line, there must exist an end of that line somewhere. Let y be that
end. It holds that c(y) > c(x). Therefore it must hold that v ̸= y because c(x) > c(v).

If y is not a violation, it was also determined by rule (2.1). Then u and y have the
following form: u = (⊥, . . . ,⊥, p) and y = (⊥, . . . ,⊥, q).

This means that both p and q are a sink of the whole grid, which is a clear refined
index violation of type (GUV4), since these are two nodes with 0 outgoing edges and
rσ(p) = (0, . . . , 0) = rσ(q).

Conclusion All in all, every solution that is found in the constructed Unique For-
ward EOPL instance can be mapped back to the corresponding Grid-USO instance
in polynomial time.

Every solution of type (GU1) is only mapped to solutions of type (UF1). Every violation
of the created Unique Forward EOPL instance is mapped back to a violation of the
Grid-USO instance. Therefore this reduction is promise preserving.
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7. Conclusion and Future Directions

In this thesis, in Chapter 3 on page 13 an overview over several complexity classes for
search problems was given. In Chapter 4 on page 23 a detailed prove of OPDC being
UniqueEOPL-hard was presented. An overview over all currently known problems in
UniqueEOPL was given in Chapter 5 on page 58. We were able to prove that Grid-USO
is in UniqueEOPL as well, as shown in Chapter 6 on page 96.

The complexity of many problems that were proven to be in UniqueEOPL is still unknown
though, i.e. it is not known whether they are complete for UniqueEOPL, any other class
or maybe even solvable in polynomial time. One objective for future research clearly is to
find more problems contained in UniqueEOPL and more UniqueEOPL-complete problems.

As a summary, here is a checklist of properties that any new problem for UniqueEOPL
must fulfill:

• The problem needs to have a unique solution under certain circumstances (i.e. the
promise).

• There must be a polynomial time verifiable certificate that proves that the promise
does not hold.

• It is not necessary that the promise can be checked in polynomial time.
• The problem must be solvable by local search, i.e. there must exist an algorithm

that allows us to get monotonically nearer to the solution. Each step must be
calculated in polynomial time, even if it takes more than polynomial many steps
to reach the end.

• The problem must have a unique start node and a line-following algorithm that
solves the problem.

• Any problem that is complete for another complexity class (e.g. PLS, PPAD, CLS)
is unlikely to be in UniqueEOPL, since this would imply that UniqueEOPL is equal
to that other class [Fea+17, p.2].

• Problems that are in CLS and have unique solutions but that are not CLS-complete
are good candidates to be in UniqueEOPL.

[Fea+20b] considers Cube-USO and PL-Contraction likely to be UniqueEOPL-complete.
If Cube-USO was UniqueEOPL-complete, so would Grid-USO. There is also a relation
between Parity Game and model checking propositional µ-calculus [Pur95, p. 60],
maybe some problems from that area can be proven to be in UniqueEOPL as well. There
are also other versions of P-LCP which might be proven to be in UniqueEOPL. For
example, [AV11] suggests that every P0 ∩Q0-Matrix in a perturbed LCP is a P-Matrix.

[Fea+20b] believes that there are more interesting subclasses of UniqueEOPL, since there
are problems with a unique solution under a certain promise and problems that have a
unique solution unconditionally (like SSG).

The question whether EOPL = CLS is still unresolved. Since [Fea+20a] proved that
CLS = PPAD ∩ PLS, this question is even more interesting. [Fea+20a] conjectures that
EOPL ̸= CLS and suggests to provide an oracle separation similar to the ones done in
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[Bea+98]. To prove that EOPL = CLS, one could try to reduce a CLS-complete problem
(like Meta Metric Contraction, KKT or GD-LocalSearch) to a problem in
EOPL. There is currently no problem known that is in EOPL but not in UniqueEOPL.
Finding one is of great interest.

All in all, there are many possibilities to continue the research on this topic with the
help of the basics presented in this work.
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Appendix

A. Background Information on LCP’s

A.1. Solving an LCP

One can solve an LCP by a Bard-type algorithm [SW78]:

Algorithm 3: Solve-LCP
Data: N,M, q
if ∃k : qk < 0 then

choose a pivot row k;
(N ′,M ′, q′) := exchange zk and wk by a principal pivot transformation;
return Solve− LCP(N ′,M ′, q′);

return (0, q);

Calling Solve−LCP(I,−M, q), this algorithm solves the LCP (q,M). The termination
of the algorithm depends on the rule by which k is chosen and if the LCP is degenerate
or not.

For example when k is chosen such that qk is the smallest entry of q, it is possible that
the algorithm cycles in an endless loop. There are different strategies to prevent that,
for example lexicographic perturbation. If M is a P-Matrix, a different rule for choosing
k was proposed by Murty: k := min{i : qi < 0} [CPS92, p. 244].

The algorithm may take exponential time before it terminates [Fat79, Theorem 2.3].

There are other algorithms to solve an LCP, for example Lemkes algorithm [CPS92,
Chapter 4.4].

A.2. Principal Pivot Transformation

For a good introduction, see [CPS92, p. 71ff.].

The basic idea of principal pivot transformation is to rewrite a given LCP to an equiv-
alent LCP so that it might be simpler to solve. Ideally, after some transformation the
result to the LCP is the trivial solution.

Given an LCP with M ∈ Rd×d and q ∈ Rd×1, let i := {1, ..., k} and j := {k + 1, ..., d}
such that Mi,i is the i’th principal submatrix of M . Assume Mi,i is nonsingular, i.e. it
can be inverted.

Mi,j ,Mj,i and Mj,j are the other rectangular parts of M :
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m1,1, ... m1,k m1,k+1, ... m1,d

... ... ... ...
mk,1, ... mk,k mk,k+1, ... mk,d

mk+1,1, ... mk+1,k mk+1,k+1, ... mk+1,d

... ... ... ...
md,1, ... md,k md,k+1, ... md,d



M =

Mi,i

Mj,i Mj,j

Mi,j

Furthermore one can write z as z =

(
zi
zj

)
and analogously w and q.

Note that it is always possible to rearrange M such that for any set α ⊆ {1, ..., d}, Mα,α

is the leading principal submatrix [CPS92, p. 59f]. So if we want to swap only two
variables zk and wk, we can rearrange the LCP such that the k’th line is the first one
and the principal pivot transformation is done for the 1’st leading principal submatrix.

The LCP w = Mz + q can be written as:

wi = Mi,i · zi +Mi,j · zj + qi (7.1)
wj = Mj,i · zi +Mj,j · zj + qj (7.2)

zi and wi can now be exchanged which results in the following system:

zi = M ′
i,i · wi +M ′

i,j · zj + q′i (7.3)
wj = M ′

j,i · wi +M ′
j,j · zj + q′j (7.4)

where

q′i := −M−1
i,i · qi (7.5)

q′j := qj −Mj,i ·M−1
i,i · qi (7.6)

and

M ′
i,i := M−1

i,i (7.7)
M ′

j,i := Mj,i ·M−1
i,i (7.8)

M ′
i,j := −M−1

i,i ·Mi,j (7.9)
M ′

j,j := Mj,j −Mj,i ·M−1
i,i ·Mi,j . (7.10)

The resulting matrix and vector

M ′ :=

(
M ′

i,i M ′
i,j

M ′
j,i M ′

j,j

)
(7.11) q′ :=

(
q′i
q′j

)
(7.12)

are called principal pivot transform of M and q with respect to the index i. The LCP
with the rearranged matrix is equivalent to the original one.

Example A.1. Recall Example 5.3.6 on page 75. Let d = 2 and the P-LCP problem
(q,M) be (

a
b

)
=

(
1 −1
1 3

)(
x
y

)
+

(
1
−2

)
.
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We want to exchange b and y. As a first step, we need to rearrange the LCP, since we
need to be the line index k for which qk < 0 to be 1.(

b
a

)
=

(
3 1
−1 1

)(
y
x

)
+

(
−2
1

)
.

In this example k = 1. The LCP split apart is:

b = 3 · y + 1 · x− 2

a = −1 · y + 1 · x+ 1

q′1 = −1/3 · −2 = 2/3

q′2 = 1− (−1 · 1/3 · (−2)) = 1/3

M ′
1,1 = 1/3

M ′
1,2 = −1/3 · 1 = −1/3

M ′
2,1 = −1 · 1/3 = −1/3

M ′
2,2 = 1− (−1 · 1/3 · 1) = 4/3

M ′ =

(
1/3 −1/3
−1/3 10/3

)

The transformed LCP is:(
y
a

)
=

(
1/3 −1/3
−1/3 4/3

)(
b
x

)
+

(
2/3
1/3

)
.

The solution for this LCP is the trivial solution. Since the principal pivot transformation
creates an equivalent LCP, it is also the solution to the original LCP.

x = 0, y = 2/3, a = 1/3, b = 0.

A.3. Perturbation

The most common application of solving degeneracy is to prevent the simplex algorithm
from cycling. Many methods are directly applied to the algorithm instead of the original
linear program. Since we are not using the simplex algorithm in any way, we use a
strategy called perturbation instead, which augments a given linear program so that it
is nondegenerate.

For a good introduction to perturbation, see [Mur83, Chapter 10]. As this book is very
hard to find online, the relevant Lemmata and their proofs will be given in the following.

Recall Lemma 5.3.11 on page 80 [Mur83, Theorem 10.1]:

Given any q ∈ Rd, there exists a positive number ϵ̃ > 0 such that whenever 0 < ϵ < ϵ̃,
the following perturbed problem is nondegenerate:

(Aα)y = q(ϵ) (7.13)
y ≥ 0 component wise.
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Proof. (As done in [Mur83])

Let B1, ..., BK be all the bases to 7.13, i.e. each B is nonsingular and consists of m =
rank((Aα)) many linear independent columns of (Aα).

Let Bk be one of these bases. We name the element of Bk at row i and column j by βk
i,j .

Since B−1
k is nonsingular, it holds that (βk

i1, . . . , β
k
im) ̸= 0 for each i = 1, . . . ,m.

Let p := B−1
k q. Then

B−1
k q(ϵ) =

 p1 + βk
1,1ϵ+ ...+ βk

1,mϵm

...
pm + βk

m,1ϵ+ ...+ βk
m,mϵm

 .

For i = 1, ...,m, each polynomial pi + βk
i,1θ + ... + βk

i,mθm has at most m roots, i.e. m
assignments of θ such that the polynomial is 0. If ϵ is chosen to be a number that is not
a root, the polynomial is non-zero as required.

Let R be the set of roots of all polynomials for k = 1, ...,K and i = 1, ...,m. R is a finite
set consisting of at most Km2 real numbers. Hence it is possible to pick an ϵ̃ such that
R contains no element belonging to the open interval 0 < ϵ < ϵ̃.

In any basic solution of 7.13 all basic variables are nonzero whenever 0 < ϵ < ϵ̃ and
hence 7.13 is nondegenerate.

Recall Lemma 5.3.12 on page 80 [Mur83, Theorem 10.5]:

If B is a feasible basis for the perturbed LCP 7.13 with ϵ being arbitrarily small, then
B is a feasible basis for the original un-perturbed LCP 5.2.

Proof. Again, we name the element of B at row i and column j by βi,j . Let p := B−1q.
Then

B−1q(ϵ) =

 p1 + β1,1ϵ+ ...+ β1,mϵm

...
pm + βm,1ϵ+ ...+ βm,mϵm

 .

If for some i it holds that pi < 0, then pi + βi,1ϵ+ ...+ βi,mϵm < 0 when ϵ is arbitrarily
small. This is a contradiction to B being a feasible basis to the perturbed LCP 7.13.
Hence pi ≥ 0 for all i = 1, ...,m, which implies that B is a feasible solution for the
original LCP 5.2.
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B. Grid-USO to OPDC - Working Solution Types

A solution of type (O1) Let point p ∈ Γ′ be a solution of (O1). It holds that ∀i =
1, ..., d : Di(p) = Zero. This implies that σϕ(f

−1(p)) ∩ κi = ∅ for all i which means that
σϕ(f

−1(p)) = ∅ and therefore f−1(p) is a sink and a solution of type (GU1).

A solution of type (OV1) For an i−Slice s, a solution of type (OV1) consists of two
fixpoints p, q ∈ Γ′

s with p ̸= q such that ∀j ≤ i : Dj(p) = Dj(q) = Zero.

Let v := f−1(p) and let u := f−1(q).

This implies that ∀j ≤ i : σϕ(v) ∩ κj = σϕ(u) ∩ κj = ∅ which means that v and u are
both sinks on the same subgrid j, which is a violation of type (GUV2):

Let va,b := v ∩ κa ∩ · · · ∩ κb. To formally prove this, we will look at the subsets of the
first 1 to i and the last i + 1 to d elements separately. This can be done because of
Lemma 6.1.3 on page 97.

First, we take a closer look at the last i + 1 to d elements. Since p and q are on the
same i− Slice, their last d− i elements are equal. This also means that the last d− i
elements of v and u are equal and therefore vi+1,d = ui+1,d. Hence (vi+1,d ⊕ ui+1,d) = ∅.
Therefore, if (v ⊕ u) ∩ (σϕ(v)⊕ σϕ(u)) ̸= ∅, it must be due to the first 1, . . . , i elements
of v, u and their orientation functions.

Now let’s take a closer look at the first 1 to i elements. It holds that v1,i ̸= u1,i and
hence (v1,i ⊕ u1,i) ̸= ∅. Since we have a (OV1) violation, it also holds that ∀j ≤ i :
σϕ(v) ∩ κj = σϕ(u) ∩ κj = ∅ which implies that σϕ(v1,i) = σϕ(u1,i) = ∅.

It follows that (v ⊕ u) ∩ (σϕ(v)⊕ σϕ(u)) = ∅. Therefore, we found a (GUV2) violation.

A solution of type (OV3) If there is a violation of type (OV3), there is an i− Slice
s and two points p, q ∈ Γs such that

• ∀j < i : Dj(p) = Zero and either
• pi = 0 and Di(p) = Down or
• pi = ωi and Di(p) = Up.

If this happens, it implies that the subgrid that is represented by the i− Slice does not
have a sink. This immediately implies a violation of type (GUV3) for that subgrid and
by extension a violation for the whole instance.
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