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OcHOBHBIE 0003HAUEHUHA

R — MHOXeCTBO BelleCTBEHHBIX YHCEJI;

C — MHOXKeCTBO KOMIIIEKCHBIX YHCEJI;

7 — MHOX€eCTBO LEJIbIX YUCE;

N — MHOXKeCTBO HaTypaJbHBIX YHUCE;

R"™ — n-mMepHOe BellleCTBEHHOE MPOCTPAHCTBO;

C" — n-mepHOe KOMIIIEKCHOE TPOCTPAHCTBO;

plx, A) = ;22 |z — y| — paccrosiHue ot Touku x 10 MHOkecTBa A B R™;
Bp(2") —wap {z € B: ||z — 2°|| < R} B 6anaxoBoM npoctpasxcTse B;

BR = BR(O);

[a, b] — 3amkHyThIE HHTepBad {z € R :a < x < b};

(a,b) — otkpeITHIH HHTEpBaN {x € R:a < x < b};

() — 3amblkaHue Q;

[ [ — npsimoe mpousseneHue;

0 — opToroHaJjbHasi Cymma,

plr, A) = ;25 |x — y| — paccrosinue oT Touku x 10 MHOXecTBa A B R™;

[0 — KoHel[ 10Ka3aTeNbCTBa;

ki,ko, ... ¥ cy,Co, ... — MONOXKUTENbHBIE KOHCTAHTBI, He 3aBUCSILIHE OT apry-
MEHTOB WJIM HEM3BECTHBIX (DYHKUHI B HepPaBEHCTBE; B Ciydae APYTHX Mpef-

MOJIO?KEHUH OTHOCHUTEJIbHO KOHCTAHT 3TO 6YIL€T OroBOPEHO OOINOJHHTEJIBHO.



BBeneHue

[. O6bikHOBeHHbIE U (DepeHIInaNbHble YPABHEHUS C UHTErPaJbHBIMU Kpa-
€BBIMH YCJIOBUSIMHM BO3HUKAIOT B TEOPHH TypOyneHTHOCTH (cM. paboty A. Som-
Mepdenbaa [55]) U B TeopuH MapKOBCKHX IMPOIecCOB. PaspemnMocTs U criek-
TpaJibHble CBOMCTBA OOBIKHOBEHHBIX AU((epeHlInaNbHbIX YPaBHEHUH C HeJo-
KaJbHBIMA KpPaeBbIMU YCJOBHSIMH paccMmarpuBanuch M. [lukone [49, 50],
f. JI. Tamapkuneim [37], A. M. Kposiom [47], B. A. UnbunbimM u E. M. Mo-
uceeBbIM [11,12] ¥ MHOTUMH ADYTHMH.

OnHo#t U3 nepBBIX PabOT, MOCBSILLEHHBIX HeJJOKAJbHBIM 3JIJIUITHYECKHUM
KpaeBbIM 3ajmadaM, Obiia padora T. Kapsaemana [42], pesysnbraTel KOTOpPO#H
OH M3JI0XKHUJ Ha TJIEHApPHOM [OKJaae Bo BpeMss MeKIyHapOOHOTO KOHTpec-
ca matematukoB B 1932 r. T. Kapseman paccmoTpes 3afady 0 HaXOxXKAEHUU
rosioMopHO# PyHKUUU B 006/1acTH (2, YAOBJIETBOPSIOLIEH HEJOKaIbHOMY Kpa-
eBOMY YCJIOBHIO, CBSI3bIBAIOLIEMY 3HAUeHHs HEU3BECTHOU (DYHKLUHH B TOUKe ¢
rpanuibl J§) co 3HadeHusiMu B Touke a(t), rme ala(t)) =t u a(0Q2) = 1.
JlaHHasi 3agaya Oblia CBelleHa UM K CUHTYJISIPHOMY MHTerpajibHOMY YypaBHe-
HUIO CO CIBHUTOM.

HesaBucrmo oT ykazaHHBIX paboT paccMaTpHUBaJUCh abCTPAKTHBIE HEJO-
KaJibHble 3JIIUNITHYeCKHe KpaeBble 3a1auu (cM., HanpumMep, pa6otsl M. M. Bu-
wuka (o] u ®. bpaynepa [41]). B To BpeMst Obliy M3BECTHBI JIKIIb TPUMEPEI
3JIMIITHUECKUX 33/1a4 C HOCUTEJSIMU HeJIOKaJIbHBIX 4sleHOB Ha rpanuue. Ofn-

HaKo oOlue pe3y/bTaThbl, I0JyUYeHHble B 3TUX paboTax, 06pa3oBa/ii Mo3aHee



TEOPUIO JIMHEHHBIX OnepaTopoB B 6aHaXOBBIX mpocTpaHcTBax [20], KoTopas
UCIIOJIb3yeTCsl B COBPEMEHHOW TEOPUM JJIUNTHUECKUX 3a/1ay, BKJ/OUYas HeJo-
KaJIbHble 3aayH.

HoBasi HesnokanbHas kKpaeBasl 3amada A/ 3JJIMNTHYECKOr0 NH(QepeHLH-
aJIbHOTO ypaBHeHMs], BOSHUKAIOLLAs B TEOPUHU IJIa3Mbl, Oblja CPOPMYyIUPOBA-

Ha A. B. bunanse u A. A. Camapckum [4]:

n

(Aw)(x)z—Zaij( W, ( +Zaz 2wy, (x) 4+ ag(x)w(z) = 0

= fo(z) (z€Q),
w(z)|ar, = b(x)w(w())|ar, + fi(z) (z € M),
w(z)|ar, = fo(z) (z € Ma).

(2)

31ech

n

ij=1
() C R"™— orpannyenHas o6sacte ¢ rpanuueit 0Q, My C 9Q — (n — 1)-
MepHOe TJIaflkoe MHOT000pasue, OTKpbITOe B Tomojoruu 0@, My = 0Q \
M; — (n — 1)-mepHoe ragkoe MHOroo6pasue; w(x) — C*-nudpeomopdusm,
0TOOpaKaloLIKE HEKOTOPY0 OKPEeCTHOCTh §2; MHOroo6pasusi M Ha MHOXe-
ctBo w({2;) rak, uro w(M;) C @, aij,a;,a0,b € C*(R")— BellecTBeH-

Ho3HauHble (yHKUUH. Boobiue rosops, w(M;) N OQ # <, cm. puc. 1.




B [4] 6bl1a U3yyeHa cienylolias 3agaua:

—Aw(z) = folz) (€ Q=(0,2)x(0,1)), (3)
w(zy,0) = w(xry,1) =0 (0 2),

w(0,29) = nw(l,x9), w(2,22) =yw(l,ze) (0L 2y < 1)

I\
/N

X1

(4)

st y1 =0, v = 1, rne A — oneparop Jlamnaca, x = (x1,z3), cM. puc. 2.

AT2
1 |
e
/ L1
0 1 9
Puc. 2

[TockonbKy HOCHTeJb HeJsoKadbHbIX useHoB {1} x [0, 1] B 3anaue (3), (4)
MMeeT MycToe nepeceuenue ¢ MHoxkectBoM {2} x [0, 1], 3Ta 3amaua Gblia cBe-
IeHa K WHTerpajbHOMYy ypaBHeHHI0O Ppenrosbma BTOPOro popa. PaBeHcTBa
71 = 0 U 79 = 1 M03BOJISIIOT MPUMEHHUTH MPUHIUI MakCUMyMa. Takum o6pa-
30M, Obla J0Ka3aHa eIMHCTBEHHOCTb KJACCHUECKOTO pelleHus 3agaur (3),
(4). U3 enuHCcTBeHHOCTH pelieHusi U TeopeMbl Dpenrosbma Clenyer Cylie-
CTBOBaHHE pEIIeHHSI.

B o6uiem cayuae 3amaua (1), (2) okasasnach 3Ha4MTeNbHO 0OJiee CJIOK-
HOl. Bonpoc o paspewumocmu HeAOKQAAbHbIX IAAUNMULECKUX 3a0ad BU-
da (1), (2) 6bir copmyruposan Kaxk Hepeuiennas 3adaua [27]. Pazauu-
Hble CJIyYad SJJIMITHUECKHX 3a/ad C HEJOKAJbHBIMH KPAeBBIMU YCJIOBHSIMHE

BUAa (2) u3ydyasucb MHOTMMH MaTeMaTHKaMH. DoOJIbIIMHCTBO MyOJHKaIHMHU
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ObLIO MOCBsileHO caydaln My = &, w(0Q) N IQ = . B npotusBHOM Ciiy-
yae aBTOPBI MPeMNoJarajn, 4YTo MHOXKECTBO w(M7) yIOBJIETBOPSIET HEKOTO-

PBIM 2KECTKHM TeOMEeTPUYECKHM YCJOBUSM BOJHM3U TpaHUlLbl (), HalpuMep

(,U(Ml) N Ml = .

JIMLp moc/siefHUe NOCTHXKEHUS B TEOPDUHU YPaBHEHHH B YACTHBIX MPOMU3-
BOAHBIX U (DYHKUHMOHANbHO-IU(]P(hepeHUHaNbHbIX YPaBHEHUN MO3BOJIUJIU HC-
c/JeloBaTh MpoOJeMy paspeliMMOCTH [Js LIMPOKOT0 KJjacca HeJOKaJbHbIX
3JJUNTHUECKUX KpaeBbIX 3amau, cM. [28-30,53], a Takxe MoHorpacduio [54]
U MpUBeJIeHHYI0 B Hel O6ubauorpaduio. B atux paborax Oblaa co3maHa KJjac-
cU(UKaLUS HeJOKAJbHBIX 3JJMITHYECKUX KpaeBbIX 3a4ay, OCHOBAaHHAas Ha

reOMEeTPUUECKOH CTPYKTYpe HOCUTEJIEH HeJOKaJbHbIX YJIEHOB:

(a) My = &, w(9Q) C Q (puc. 3),

(b) My # @, w(My) N (M, \ My) = @ (puc. 4),
(¢) My # @, w(My) N (M \ My) # & (puc. 5).

oQ

Puc. 3

Puc. 4



Puc. 5

B cooTBeTCcTBHUM € 3TOU KJacCU(pUKalued OblJIM HU3y4deHbl (hpearosbMoBa
U OJJHO3Ha4YHasi pa3pelinMOCTb B mpocTpaHcTBax CobosieBa U BECOBBIX MPO-
ctpaHcTBax KoHapaTbeBa, CBOHCTBa HMHIEKCA, CleKTpaJbHble CBOHCTBA CO-
OTBETCTBYIOLIMX ONEPAaTOPOB, ACUMIITOTHYECKOE MOBeleHHe pelleHuid BOIU3U
TOYEK CONPSKEHHUS, TJIAAKOCTh 0OOOLIEHHBIX PelleHHH M CBA3b C JJIUNTH-
YeCKHUMU (PYHKUHUOHAJIBHO-IU(P(hepeHUHaNbHbBIMU YPABHEHUSIMH.

B nepBom cayuae, rpy6o roeops, noOaBjeHHEe HeJOKaJbHBIX UJEHOB He
MeHsleT OCHOBHBIX CBOHMCTB 3JIIMNITUYECKOH 3aJauyd: UMeeT MEeCTO TIJagKOCTh
peleHui, (ppearoJbMOBO CBOMCTBO COOTBETCTBYIOLLErO ONepaTopa, yCTOUYH-
BOCTb MHJEKCA 10 OTHOLUEHHUIO K MPOU3BOJBHBIM HEJOKAJbHBIM BO3MYLIEHHU-
SIM, IUCKPETHOCTb U CEKTOpHaJbHasl CTPYKTypa CleKTpa omneparopa. Bropo#
U TPeTHH CJydyau 3HAYUTeJbHO OoJjiee TPYAHblE, TaK KaK HOCHUTeNb HeJo-
KaJbHBIX YJE€HOB HMeeT HelyCcToe MepeceyeHue ¢ TpaHULEeN. DTO IPUBOIUT K
MOSIBJICHUIO CTENEHHBIX OCOOEHHOCTEH y pelleHHUH BOJH3U MHOXKeCTBA TOYeK
conpsixkenuss M1 \ Mj, MosToMy COOTBETCTBYIOLIME HEJNOKA/NbHble 3JTHITH-
yecKHe 3aJaud eCTeCTBEHHO paccMaTpHUBaThb B BECOBBIX MPOCTpPaHCTBax. B
JAHHOM I0COOMM MOAPOOHO paccMaTpuBaeTcsl MepBblil cayyail. Cutyauus,
KOTZla HOCHUTENb HEJIOKAJIbHBIX UJIEHOB MMeeT HENyCToe IepeceyeHue C rpa-
HULEH, UCcaenyeTcss B 001aCTH CHELHaNbHOTO BUAA, @ UMEHHO LUJIUHApPHYe-

CKOH o0J1acTH. HpI/I 9TOM IpearnoJaraeTcd, 4TO HeJOKaJbHbIE YCJAOBHUSA 3alaHbl
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Ha CIBUTrax OCHOBaHWH LMJUHApPA. Kpome Toro, mogxom HOCUTeJSl K IPaHU-
le BO3MOXKeH B 3ajaye TePMOKOHTpoJs. B oboux ciydasfx ynaercs peluath
3amaun B 00bIYHBIX MpocTpaHcTBax CoboseBa. Bropo#t u TpeTu#t caydau mo-
ApoOHO paccMOTpeHbl B yueGHOM 1M0ocoOuH [33], TakxKe HAlTMCAHHOM B PaMKax
noanporpaMmMsl «FIHHOBaLLMOHHOTO 00Pa30BaTENBHOIO MPOEKTA».

[I. PaccmoTpum Tenepb HeKOTOpble MPUJIOKEHHS HEJNOKaJbHBIX 3JJUII-
TUYECKUX KpaeBblX 3agad. [lsis Toro 4yToObl MPOUJJIIOCTPUPOBATH B3aUMO-
CBSI3b M€Ky KpaeBbIMM 3aJadaM{ [AJS SJJUNTHUYECKHX (PYHKIIUOHAJIBHO-
a1 depeHIHaNbHbIX YPABHEHUH U SJJIUNTHYECKUMHU OU(pPepeHIHa bHbIMU
YPaBHEHHSAMH C HeJIOKAJbHBIMUA KPAaeBbIMH YCJIOBHUSIMU, PACCMOTPUM CJelyI0-

LUK IIpUMep:

—ARqu = fo(z)  (z€Q), (9)
u(z) =0 (x € 0Q)). (6)

3nech
Ru(z) = u(z1, x2) + nu(zy + 1, 22) + you(z; — 1, 1),

Q = (0,2) x (0,1), 7,72 € R, fo € L2(Q). [Tockosbky pasHOCTHBI oOrle-
patop R HeJOKaJbHBIA, Mbl JOJXKHBI 3aaBaTh KPaeBble YCJOBHS HE TOJBKO
Ha rpaHule O(), HO U B HEKOTOPOH OKpecTHOCTH O). [To3TOMYy MBI BBOIUM

OTPAHUYEHHBIA OMeparTop

Ro = PoRlg : La(Q) — La(Q),

rie I — oneparop nponoskenus GyHkuui us Lo(Q) uynem B R?\ Q, Py —
oneparop cyxeHus QyHKUMH U3 Lo(R?) Ha Q.
ycts W*(Q) — npoctpanctso Cobosesa nopsifka k, 1 MycTh

o

WHQ) = {u € WH(Q) : ulog = 0},

11



roe ulpg —cnen GyHkuuMd u (cM. npunoxenue B). Ilpeanosoxum, uto

u e WHQ). O6osnaunm w = Rou. Torza w € WHQ) u
w‘fEQZO = w‘l‘gil = 07
w‘xlzo - 71“‘3?1:17 w‘l‘lzl - u‘$1:17 w‘.’l’,‘1:2 — ’}/Q/U/|$1:1.

CrienoBaTesibHO, w(x) YAOBAETBOPSIET HEJOKAJIbHBIM ycaoBusM (4). Hdpyrumu

caoamu, Ro(WHQ)) C W(Q), rne

1 L) -
W(Q) = {w e W (Q) : w ynosnetsopsier ycnosuam (4)}.

3ametuM, uto onepatop R : Lo(Q) — Lo(Q)) uMeeT orpaHHueHHBIH 06paT-
HBIH TOrJa M TOJIBKO TOTAA, Korma 717y, # 1. B mpumepe 8.4 us [54, ri. 2,
§ 8] nmoxasano, uto ecau ;72 # 1, To omepatop R oroGpaxaer Wl(Q)
Ha W,}(Q) HEMPePBIBHO ¥ B3aMMHO OfIHO3HAUHO. DTO yTBEPKAEHHE SBJSETCS
YaCTHBIM CJIydaeM TeopeMbl 06 H30MOpP(hH3ME [JisT HEBBIPOXKAEHHOIO PA3HOCT-
Horo omnepartopa (cm. Teopemy 8.1 B [54, § 8]). Onpenenvm HeorpaHuYeHHbIE

ornepaTopsbl

Ar : D(Ag) C L2(Q) — L2(Q), A, :D(A,) C La(Q) — La(Q),

[eACTBYOIIHE B POCTPaHCTBe 060011eHHbIX (yHKIHHE D' (Q)) (cM. mpusoxke-
e B) mo dpopmynam
Apu=—ARqu (u€ D(Ap) = {u € WHQ) : Agu € Ly(Q)}),
Au=-Aw  (weDA)={weW](Q): Aw e Ly(Q)}).
Ecmu 172 # 1, 10 Ap = A, Rg. Takum o6pasom, 3anauu (3), (4) u (5), (6)
SKBHBAJIEHTHBI MJs1 y1Y2 # 1. [103TOMYy MBI MOXKEM MPHUMEHHUTb HEKOTOpbhIE

pesyJibTaThl, Kacatlirecs 3agauu (5), (6), K uccaenoBanuio 3anaud (3), (4)

(cM. mpumepst 13.3 u 13.4 B [54, ra1. 2, § 13]). B uactHOCTH, ecu

|71 +’72| < 27

12



To onepatop Ap MMeeT orpaHudeHHblii o6patHbl AR ¢ Lo(Q) — WHQ).
CrenoBatesibHO, eCaH |1 + Ya| < 2, TO CyLIeCTBYeT eIHHCTBEHHOE 0600IIEeH-
HOe pelleHue w € W%(Q) 3anauu (3), (4) nas awo6oro fo € Lo(Q). 3amerum,
4TO B 9TOM CJydyae Mbl He MOXeM MPUMEHHUTb MPUHUUN MakcuMyMa. O6pat-
HO, HEKOTOpble YTBEPXKAEHHS O pa3pelmiuMocTd 3anauu (3), (4) moryT ObITh

MCII0JIb30BaHbI B UCCIeloBaHUM 3anaul (), (6) (cm. mpumep 23.1 B [54, . 5,

§ 23]).

PaccmoTpuM Tenepb MpuJ/okKeHHs HeJIOKAJbHBIX 3aJau K MpoleccaM pac-
npefeseHysl Telsa. B HacTosleM NOCOOMH M3y4aloTCsl MaTeMaTH4YeCKHe MOo-
[eJId 33724 TePMOPeryJ/IsiLluM, BO3HUKAWLIAE B XUMUUECKUX PeaKTopax U CH-
cTeMax KJAMMaT-KOHTpoJs. 3ajgaua 3aKJ4aeTcsl B peryJupoBaHUN TeMIepa-
TYPBl BHYTPH 06JIaCTH (HampuMep XUMHUECKOT0 peakTopa) MOCPeACTBOM Ha-
rpeBaTe/IbHbIX 3J€MEeHTOB, YCTAHOBJIEHHBIX Ha rpaHuue obJsactu. [Ipu stom
oOpaTHasl CBfI3b OCYLLECTBJIIETCS Ha OCHOBAHMM IOKaszaresed TemIieparyp-

HBIX JaTYHKOB, PAClOJIOXKEHHBIX BHYTPH 00JacTH (pHUC. 6).

Puc. 6. CxematrnyHoe M300pakeHHe CeYeHUs] XMMHUUECKOro peakTopa

O6o3Hauum yepe3 w(z,t) TemnepaTypy B TOuke = € () B MOMEHT BpeMe-

Hu t > 0. [pennonoxum, uto ¢HyHKUUs w(x,t) yoOBAETBOPSIET ypPaBHEHHUIO
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TEILIONPOBOAHOCTH
we(x,t) = Aw(z,t) — p(z)w(z,t) ((z,1) € Qr) (7)

C HAYAJBLHBIM YCJIOBHEM
w(z,0) =p(z) (ve€Q), (8)
e Qr = Q x (0,T), T > 0, p e COR"), plx) > 0u ¢ € Ly(Q)—

3aJlaHHas BellleCTBeHHO3HauyHasi GyHKIUs (puc. 7).
tlk

T

(@]
A\

Puc. 7. O6nactu Q u Qr

KpaeBoe ycioBue CONEPKHUT BellleCTBEHHO3HAUHYIO (DYHKLMIO YIIpaBJe-
Hus u(t), KOTOpasi peryjaupyeT COOTBETCTBEHHO TeMIepaTypy Ha TpaHHIE,

MOTOK 4Yepes3 TPaHUILy WJX TeMIlepaTypy OKpYXKarolled Cpebl:

ow

g, = 0@ (w(@,t) —we(z)) — K(@)(u(t) —uc) ((z,¢) €I'7), (9)
rne I'y = I x (0,T), v — BHewHsisi Hopmanb K ['p B Touke (x,t), v = 0,
o, we, K € C*°(R™) — BelecTBeHHO3HauHble GYyHKUUH, o(x) = 0, o(x) >

oo > 0 npu v =0, u. > 0.

st mo6oit pyHkuuu v(x,t) BBeIeM 0003HAUeHHEe

/m v(z,t)dx,
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rie m € Loo(Q). Ecau w(x,t) cooTBeTcTBYeT Temieparype B ob6Jjact (),
TO Wy, (t) — «cpennsis» Temneparypa 1o objactu (¢ Becom m(x)). B koH-
KPETHBIX MPUIOKEHHSIX CBOUCTBA (PYHKUUHK m () ONPeAessiioTCs CBOMCTBAMH
TEMIEePATyPHBIX TaTYUKOB, PACIIOJIOKEHHBIX BHYTPH OOJIACTH.

[Tyctb dyHKUMS ynpaBaeHus u(t) ymoaerBopsieT 3anade Kouiu

u'(t) + au(t) = H(wy,,t) (t € (0,T)), (10)
u(0) = uy, (11)

rme a > 0, ug € R, a w— QyHKIUMs, yIOBJIETBOPSIONIAs COOTHOIIEHHSIM
(3.1.1)-(3.1.3). dyukuuonan H(g,t) (g € C[0,T]) npu t > 0 onpenesen
caenyroium obpasom (cp. [19, ra. 5, § 28]):

1, ecau g(t) < wy,
1, ecmu g(7) € (w1, wq) npu 7 € [0, ]
1, ecau g(t) € (wy,ws) u Ity € [0,1) :
H(g,t) = < g(t1) =wy u g(t) € (wy,we) mpu t € (t1,1],
0, ecau g(t) € (wy,we) u Ity € [0,1) :
g(t1) =wy u g(t) € (wy,we) mpu t € (ty,1],

07 eCJsin g(t) > w2,

\
rae wy; U wy (wy < we) puxkcupoBaHsl (6osee MogpoOHO CM. TJ1. 3). 3aBUCH-
MOCTb (PYHKILIMOHaMa [ OT cpenHed TemmnepaTypsl w,, U300paxeHa Ha pUC. 8
[Tockosbky omepatop ructepe3uca H HenuHeiHbld, 3agaua (7)-(11) Takxke
HesuHelHass. C APYrod CTOPOHBI, 3aBUCUMOCTb (DyHKIIMOHAJIA OT «CpeIHEei»
no o0JlacTH TeMIlepaTypbl o0ycJ/aBauBaeT HeJiokaabHble 3(dekTrl. Hac Oy-
[T WHTEPecoBaTh BOMPOC CYIIECTBOBAHUS U €IUHCTBEHHOCTH pelleHUH 3a-

nauu (7)—(11), a Tak»ke MepUOTUUHOCTH peleHuit 3agauu (7), (9), (10).
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4 ’li)m
0 w1 w2

Puc. 8. 3aBucumocTb (pyHKIHMOHAMA [ OT cpenHed TeMIepaTypsl W,

Mopenu perynnpoBaHUs TeMIepaTypsl, OJH3KHe K paccMaTprBaeMoH, Obl-
au BrepBble npensoxenbl K. Tmacxodom u k. npekenbcom (cm. pado-
Ty [45]), THe 6BLIO N0KA3aHO CYyIIEeCTBOBAaHHE pEIIeHHUH 3alaydl TePMOKOH-
TPOJIS.

Bomnpoc o cylecTBoBaHUY nepuoduteckux pellieHu i oKa3aJscs 3HaYUTeNb-
HO GoJiee cJ0KHBIM. B padote [43] A. ®punman u JI.-C. JxKuaHr paccmoT-
peJi OMHOMEpPHYIO 3a1ady, Tpeamnosaras, 4To TeMIepaTypa TepMocTaTa u3me-
HsieTcss MTHOBeHHO. MHbIMU ciioBamu, BMecTo ypaBHeHus (10) nmesno mecto
paBeHcTBO u(t) = H (wy,,t). B atom ciydyae 6bl10 10Ka3aHO CYIIECTBOBAaHHE
nepruoandeckoro peiieHus. CyliecTBOBaHHE MEePUOAMUYECKHX PEIeHUH OHO-
MEepHOH 3ajlauu B cJydae, KOTHa TeMIlepaTypa TepMocTaTa MeHsieTCsi MoCTe-
neHHo (T. e. B caydae, Korna u(t) yooBJETBOpPsIET OObIKHOBEHHOMY HH(de-
peHIHaJbHOMY ypaBHeHHI0), Obl10 mokazaHo Jxx. [Iprocom [51]. Bompoc o
CYI1eCTBOBAHUH MEPHOIUUECKUX pellleHUH B MHOTOMEPHOM CJlydae OCTaeTcs
OTKPBITHIM.

B nanHoM moco6uu MBI 0Ka3biBaeM CYIIeCTBOBaHWE M €IMHCTBEHHOCTb
pelleHus 3aauyd TEPMOKOHTPOJISI B CJydae ypaBHEHUs TEIJONPOBOIHOCTH, a

TakxKe UCCJeqyeM nepuoduuHocms pelleHuil B MHOromepHom cJhaydae. [lapa,
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cocrositast u3 pyHkuud w(z,t) u u(t) (Temnepatypa u ynpaBjeHHe COOTBET-
CTBEHHO), TIEPUOJUUHBIX 0 BPeMEHHU C OJHUM U TeM e TepHOJOM, Ha3biBa-
eTCsl CUNbHbIM nepuoduueckum peuteruem (cMm. onpenenenus 3.3.1 u 3.3.2).
Hapsiny ¢ cu/ibHBIM NMepUOAHYECKUM pellieHHeM Mbl BBOAUM IOHSTHE nepuo-
duueckoeo 8 cpednem peulerus. Ilon nepuoguyecKMM B CpeHEM pelleHHeM
noHuMaeM Takyio napy (w(x,t),u(t)), 4To «cpeaHsis» TeMnepatypa u (yHK-
LU YTIpaBJIeHUs] TIEPUOAUYHBI 10 BpDEMEHH C OIHUM U TeM Ke TeprHoaoM (cMm.
onpenenenue 3.3.3). OCHOBHOU pe3ysbTaT, KOTOPbIH OyIeT 10Ka3aH B II. 3, —
TaK Ha3blBaeMoe YCL08HOE cyujecmsosarnue nepuoduueckoeo peuterus. Mel
MOKaxKeM, UTO CYyllleCTBOBAHUE MePUOAUYECKOr0 B CPEeIHEM pelleHHUs BJjeueT
CYLLECTBOBAHHE CHJIBHOIO MEPUOAUUYECKOTO PeLIeHUs] C TeM Ke TePHUOIOM.

[lanee Mbl paccMOTpPUM YacTHBIM caydail 3ajaul TEPMOKOHTPOJIS, a UMeH-
HO TIPEeNMOJIOKHUM, YTO Ha TpaHHlle KOHTPOJUPYeTCs TEIMJIOBOH MOTOK (T. e.
KpaeBble YCJIOBHS SIBJSIOTCS YyCJIOBUSAMM HefimaHa), a TemmepaTypHble nart-
YUKW pacripelesieHbl o Bcel o6acTv paBHOMepHO. B 3ToM cayuae Mbl f1oKa-
JKeM CYIeCTBOBaHUe MepUOIUYecKoro B cpeaHeM pelienus. CiienoBaTesbHO,
npuMeHsis c(hOPMYJTUPOBAHHBIN BbIlIe OOLIUH Pe3yJbTaT, Mbl 3aKJAOUaEM, UTO
CYLLECTBYET TaKxKe CHJbHOE TepUOANYECKOe pelleHue.

[II. Tlocobue coCTOUT K3 Tpex IyIaB WU MPHUJIOKEHHS.

['naBa | nocesiieHa OOBIKHOBEHHBIM NH((pepeHUHaNbHbIM YPABHEHUSIM C
HeJIOKaJIbHBIMH KPaeBbIMU YCJIOBUSIMU U KPaeBbIM 3ajiadaM 11 nuddepeHLn-
aJIbHO-PA3HOCTHBIX ypaBHEHUH B ofHOMepHOM ciydae. OCHOBHas 1LieJib 3TOU
TJIaBbl — MPOJEMOHCTPUPOBATh HEKOTOPblE METOABl 3TOH PabOoThl B MPOCTEM-
eM cjydae M MOJYy4YUTb BCIOMOraTe/bHble Pe3yJbTaThl, UCIOJb3yeMble B

APYTUX TJlaBax.
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B § 1.1 paccmarpuBaetcsi 06biKHOBEHHOE NUd(epeHIIHalbHOe ypaBHEHHE
BTOPOr0 MOPSIIKA CO CHEKTPaJbHBIM MapamMeTPOM U HeJIOKaJbHBIMH KpaeBbl-
MU YCJIOBHUSIMH, CBSI3bIBAIOIIMMU 3HAUEHUS] HEU3BECTHOH (DYHKLHMU Ha KOHLAX
UHTEpBa/sa CO 3HAYEHUSIMU HA HEKOTOPOM KOMIaKTe BHYTPH HHTepBaJa. B
YaCTHOCTH, 3TOT KOMIIAKT MOXKET COCTOSITb U3 KOHEUHOro 4yucJ/a Touek. Bbl-
BOASITCS alpUOpHbIE OLIEHKH pellleHWd B mpocTpaHcTBax CoboJsieBa ¢ HOpMa-
MU, 3aBUCALIMMH OT CIeKTpaJsbHOro napametrpa. Kak ciaenctsue, mosydeHa
(ppeArobMOBOCTb COOTBETCTBYIOLLETO ONepaTopa, AUCKPETHOCTb U CEKTOPH-
aJIbHYI0 CTPYKTYpPY CII€KTpa.

B § 1.2 6ynyTt u3yueHbl CBOHCTBa pPAa3HOCTHBIX OMNEPAaTOPOB Ha KOHeU-
rom unrepsase (0,d). OcHOBHOH pe3ynbTaT 3TOTO maparpaga 3ak/uaeTcs
B TOM, UTO HEBBIPOXKJIEHHBIH PA3HOCTHBIA OMepaTop 0ToOpakaeT HelpepbIBHO
U B3aUMHO OfIHO3HAuyHO npocTpaHcTBO CoboJieBa WI(O,d) Ha MPOCTPAHCTBO
W%(O, d), KoTopoe fAIBISieTCs MOANpPocTpaHcTBoM GyHKuMi us W1(0,d), cea-
3BIBAIOIMX 3HaueHUs: PyHKUMH Ha KoHLax uHTepBasa (0,d) co 3HaUeHUSIMU
B HEKOTOPbIX BHYTPEHHHUX TOUKaX.

B § 1.3 uccnenyiorcs KpaeBble 3aiaud AJs1 AUdpepeHHanbHO-Pa3HOCT-
HbIX ypaBHEHHH. BrlilleynomMsiHyToe CBOHCTBO Pa3HOCTHOrO oleparopa Mo3-
BOJISIeT CBECTH KpaeBYIO 3anady A8 AhdQepeHlIna bHO-Pa3HOCTHOIO ypaB-
HEHUsl BTOPOro Mopsiika K OOBIKHOBEHHOMY AHU((epeHLUaJbHOMY ypaBHe-
HUIO BTOPOTO MOPSIIKA C HEJOKaJbHBIMH KpaeBbIMHU YCJOBUSIMH U IpUMe-
HUTb pesynabTathl § 1.1. HMcnosab3ysi 3TOT moaxod, Mbl OOKaKeMm, 4TO CO-
OTBETCTBYIOUIMH AU(depeHLna bHO-PA3HOCTHBIN onepaTop (PpearosbMoB U
MMeeT TPHUBHUAJbHBIH HMHOEKC, a TJIaAKOCTh 0000ILEHHbIX pelleHUH CoXpaHs-
eTCsl Ha HEKOTOPBIX MOAbIHTepBasax. M3BecTHO, UTO I1aiKOCTb 0000ILEHHbIX

pellleHH# MOXeT HapyiiaTbesi BHYTpd uHTepBana (0,d), cm. mpumep 1.3.2.
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[Tpumensiss umeo GpuApUXCOBa paclIMpeHHs] B Caydae, KOTAa CHMMeTpHYe-
CKasl yacTb PA3HOCTHOrO orepaTopa MOJOXKHTEJbHO OfpefaeseHa, Mbl A0Ka-
’KeM JUCKPETHOCTb W CEKTOPHa/NbHYI0 CTPYKTYpy clekTpa. B manbHeliiem
MbI UCIIOJIb3YeM 3TOT Pe3yJbTaT B J0Ka3aTeJbCTBE OAHO3HAUHOH pa3pelirnMo-
CTH HEJIOKAJbHOU 3JIJIMIITHYECKON KpaeBOW 3aJauyu B ABYTPaHHOM yrje (CM.
§ 2.3, npumep 2.3.2, B [33]).

B § 1.4 paccmatpuBaetcsi cucteMa OOBIKHOBEHHBIX AH(depeHIHaNbHbBIX
ypaBHEHUH TOpsAKa 2m ¢ mapaMeTpoM U OOIMMHM KpaeBbIMU YCJOBHSIMH,
COlepKAIlUMU HeJIoOKaJibHble uJieHbl. DTOT maparpad siBjasieTcsi 0000IIeHH-
em § 1.1. C npyro# cTopoHbl, OH OydeT UCMOJAb30BaTbCS MAJSI UCCJEN0BAHHS
HeJIOKaJIbHbIX 3JIJIMNTHYECKHX KpPaeBbIX 3amau B MJIOCKUX yraax (cm. § 2.1
B [33]).

B ra. 2 uccnenyiores sanuntuueckue auddepeHunanbHble YpaBHEHUS C
HOCUTEJIIMU HeJIOKaJbHBIX UJIEHOB HAa HEKOTOPOM KOMIaKTe BHYTPH obJa-
ctd. Takue 3aaun MOXKHO paccMaTpHBaTh Kak o6o0uieHre 3anadyu (1), (2) B
MepBOM CJiydae.

B § 2.1 usyyaercss ypaBHeHHe

Au = Z aap(2)N Du(x) = fo(x) (x € Q) (12)

B+]al<2m

C HEJIOKAJIbHBIMH KpPd€BbIMHU YCJOBHUAMH

S
Bau=Y" 3 buas@N(Du)(wi(a))lag = fu(x)

s=0 B+|al<m, (13)
(x €0, p=1,...,m).

31echb Gop,busap € C(R") — KOMIUIEKCHO3HA4YHble (QYHKLMH, 1 > 2,

Q) € R" — orpanuueHHasi 06/acTb ¢ rpanuued 0@ € C'°, \ — KOMIJIEKCHbIH
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napametp, ws — C'*°-nuddeomopdusmbl, oToOpaxKawliire HEKOTOPYIO OKPeCT-
HOCTb {2 rpaHHLBl J() HAa MHOXeCTBO w,(€)) Tak, uTo w,(2) C Q mpu s > 0

(puc. 9), wo(x) =z, S € N. Mbl GyneM mpeanoJarathb, 4To OMepaTopsl

S @D Y bus@e’Dt (p=1.....m)

B+lal=2m Btlal=my,

VIOBJIETBOPAIOT YCJAOBHSM 3JIMITHYHOCTH C APaMeTPoM A B yIJie
O={AeC:p <arg) <y}

B cMmbicsie ArpanoBuua u Bumwka (cm. ycemoBus C.3 u C.4). Mbl nonyyum
anpyopHble OLEHKU pelleHU B npocTpaHcTBax CoboJieBa U JOKaXKeM Cylile-
CTBOBaHUE U €JMHCTBEHHOCTb pelleHUs AJ/5 AOCTATOYHO OOJIbLINX 3HAUEHHUH
napamerpa A € 6. ATH pe3ysabTaThl 00001IEHBl HA Caydal abCTPAKTHBIX HEJO-

KaJbHBIX YJE€HOB C HOCHTEJAMH BHYTPHU 00J1aCTH.

Puc. 9

B § 2.2 paccmaTtpuBaercs HeJioKaJbHasi 3anada

Au= Y ao(x)Du(x) = fox) (v €Q), (14)

la]<2m
S
Biu=" Y busal@)(Du)(ws(2))log = fu(x)
$=0 |a|<my, (15)
(x€ed@, p=1,...,m).
3neck aq,busq € C(R") — KOMIIEKCHO3HAUHble GYHKLMH, N > 2,

@ C R" u ws uMeroT TOT XKe cMbica, 4To U B § 2.1. Bynem mpennosarats,
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4TO OMepaTopsbl

> ao(x)D" > bua(x)D” (p=1,...,m)

|a|=2m la|l=m,,
COOTBETCTBYIOT 3JunTudyeckoi 3agade (cM. yeaous C.1 u C.2). B otnnuue
oT § 2.1 Mbl He MOXKeM [0Ka3aTh CYLIECTBOBAHHE €IUHCTBEHHOTO pelLIeHUSs
IJ151 10CTAaTOYHO OOJBLIMX 3HaYeHUH napaMerpa. OnHaKo, UCIONb3YS, KaK U B
§ 2.1, oTneneHue HeJIOKAJIbHBIX YJE€HOB, Mbl BbIBEIeM alPUOPHYIO OLEHKY pe-
weHui B npoctpaHcTBax CoboJsiea. CiaenoBaresbHo, onepatop L = {A, B, },
cooTBeTcTByMoNMH 3anade (14), (15), umeer 3amMmkHyTHIH 06pa3 R (L) 1 KoHeu-
HomepHoe sapo N (L). 3aTem, UCMOJb3yst CielHa bHbIH MeTOl KOMIEHCAIIHH
HeJIOKaJbHbIX YJIEHOB, Mbl MOCTPOUM IMpaBblil pery/aspusatop AJs orepaTo-
pa L. Orciona cienyer, 4To OpTOroHajsbHOe AomnosHeHHe K R(L) Takke Ko-
HeyHoMepHO. Takum ob6pasom, onepatop L (ppenrosbMoB. PesynbTaThl 0006-
ILleHbl Ha ciy4aid abCTPaKTHBIX HeJOKaJbHBIX UJEHOB C HOCUTENSMHU BHYTPH
00J1acTH.

B § 2.3 Mbl u3y4yuM HesloOKaJbHYIO 3a/auy B LHUJAWHIADE

L0 Ou <~ Ou
Au-—Za—%aija_%+;a¢8—%+aou+)\u—fo($) (z € Q), (16)

1,5=1

k
BPU - u|$1=tp + Z bpj(x/)u‘an:dj - fp(x/) (ZB/ S G, P = L, 2)7 (17)
j=1

ulo.qxac = 0.

Brecb Q = (0,d) x G € R, n > 2, G C R"!—orpanuuennas o06-

aactb (¢ rpanuuedt 0G € C*, ecnmu n > 3); * = (x1,...,2,) € R,
g = (z9,...,2,) € R"Y ay, a;, a9 € C®(R") — BelecTBEHHO3HAUHbIE
dbyHKUEH, a;; = aj; (5,7 = 1,...,n); b,; € C°(R"!) — komriekcHo3Hau-

Hele pyHkuuK; 0 < d; < d, t; = 0, t3 = d (puc. 10).
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Ty

v

0dy dy - de—rdy --- d

Puc. 10

[Ipennonoxum, 4To

n

D ai()&5 >0 (zr€Q, 0£LER).

ij=1
dopmanbHo 3anava (16), (17) npuHanIeKUT BTOPOMY KJIacCy Hallle# KJjaccu-
bukauuu. OnHako 6Jjarogapst crenuajbHOMY TOAX0OAY HOCUTENEH HeJoKaJjb-
HBIX Y4JIEHOB K TPaHHIlE Mbl MOXKEM TMPUMEHHTh Te K& MeTOHbl, uTo U B § 2.1.
st noctaTouo Gosbmwux A € 0 = {\A € C: |arg A\| < & < 7} Mbl 10KaxkeM
CYLIECTBOBaHHWE M €IMHCTBEHHOCTb pellleHUs. B 4yacTHOCTH, 3TO yTBepKie-
HHe BHIMOJNHseTcs s 3agadd (3), (4) (cm. npumep 2.3.2). PesyibraThl 0
paspemnMocT# 3agadyu (16), (17) o6oObliieHbl HA caydaidl aGCTPaKTHBIX HEJo-
KaJbHbIX Y/JEHOB ¢ HOCHTeNsMH Ha [o,d — o] x G, o > 0.

Bo BTOpoM H TpeTheM cJyuasiXx HM3-3a MOSIBJEHHSI CTEMEeHHbIX 0COOEHHO-
CTell pellleHHE HesJOKaJbHBIX 3aJau Mbl OyleM paccMaTpHUBaThb 3TH 3aJaud B
BECOBBIX MpocTpaHcTBax (cM. 1. 2 u 3 B [33]).

[1aBa 3 mocBsillleHa MPHUJIOXKEHHIO HeJOKaJbHBIX 3aau K Mpoleccam pac-
npefiesieHUst TerJa.

B § 3.1 paccmaTpuBaeTcs nocTaHoBKa 3anadd TepMokoHTpoJsi. [Ipennona-
raetcsi, 4To (hyHKIIMS, OMUCHIBAIOIIAsT TeMIepaTypy B 06J1aCTH, YIOBJIETBOPSI-
eT YPaBHEHHIO TEMJIOMPOBOAHOCTH U KPaeBOMY YCJOBHIO Ha IpaHuIle 00/acTh

(momyckaeTcsi mepBOe, BTOpPOEe WJIM TpeTbe KpaeBoe ycsoBue). [IpaBas yactb
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KPaeBOT'0 yCJIOBUS CONEPKHUT (DYHKIMIO yIPaBJeHHUs, OMUCHIBAIOILYIO MOBeJie-
HUe HarpeBaTeJbHOr0 3JeMeHTa Ha rpaHule. PyHKUUS yrnpaBaeHUs yIOBJe-
TBOpsieT OOBIKHOBEHHOMY AU epeHlnaJbHOMY YPaBHEHHIO, B IPABOM YaCTH
KOTOPOTO CTOUT HeJIMHEHHBIH omepartop rucrepesnca. Hanuune oOGbIKHOBEH-
Horo nuddepeHIHaNbHOIO YpaBHEHHUS /i (PYHKUHH yIpaBJeHUs COOTBET-
CTBYeT TOMY (DAKTY, UTO COCTOSIHHE HArpeBaTeJbHOrO 3JeMeHTa U3MEeHSeTC s
MOCTENEHHO, & HE CKAYKOM.

B § 3.2 uccnenyercs 3amaya ¢ HauasJbHBIMH YCJIOBUSIMH M OKA3blBaeTCs
CYLLECTBOBAHWE U €UHCTBEHHOCTb CHUJIbHOTO pelleHUsi. Mcrosb3ys Teopuio
HayaJbHO-KpaeBbIX 3ajad [Js JUHeHHbIX Napa0doJuyecKHX ypaBHEHWH, MbI
JI0Ka3blBaeM CYIlleCTBOBaHHE pelIeHUH MeXIy MOMEHTaMU TepeKaYeHus
oreparopa THUCTepe3uca U OLIEHWBAaeM CHU3Yy HHTepPBaJbl MEXNIY TMepeKJio-
YeHHUSIMHU.

B § 3.3 nokasan ocHOBHOH pe3ysbTaT 00 YCJOBHOM CYIleCTBOBAHHUH MEPU-
OIMYECKOTO pelieHusi. Mbl BBOIUM HeJMHeHHbIH onepatop (G coBUra Ha Mepu-
on T pyHKUHMH, oNHUCHIBaOLLEN TeMnepaTypy B obsactu. Onepatop G onpeje-
JIeH Ha BCeX TaKHWX HayaJibHbIX paclipefesieHUsiX TeMIepaTyphl, AJs1 KOTOPBIX
COOTBETCTBYIOILllee CHJbHOE pellleHWe HMeeT 3afaHHYy T'-NeprHoIuyecKyIo
«CpeNHI0» TeMIepaTypy H 3aJaHHyio T-nepruoguueckyio (PyHKIHIO yIpaB-
Jenusi. Ml 1oKaseiBaeM, 4To 06J1aCTh onpeneseHus oneparopa G ecTb Hemy-
CTOe 3aMKHYTO€ MHOXKECTBO, a caMm omepatop (G ecTb CKHMamllee 0ToOpa-
x)enue. [Ipumensis reopemy banaxa o HenmopBUXKHOU TOYKe, MOJydaeM Tpe-
OyeMblil pe3yJ/ibTar.

B § 3.4 npexncraB/eH npuMep, KOrjia Ha IpaHUlle peryaupyercsl Tena0BOU
MOTOK (T. €. KpaeBoe yCJIOBHe siBjisieTcsl ycaoBueM Helimana) u temmepatyp-

Hbl€ 0ATYHNKHW BHYTPH obJlacTu pacrpeneJsieHbl PaBHOMEPHO. OK&SbIBaeTCH, 4TO
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B 3TOM CJIyuyae «CpefHsisl» TeMIlepaTypa YIOBJETBOPSeT HEKOTOPOMY OOBIK-
HOBEHHOMY NHU((hepeHIHaNbHOMY YpaBHEeHHIO. AHanU3UpPys 3TO ypaBHEHHe
COBMECTHO C ypaBHeHWeM s (PyHKLMUH YIpaBJeHUs, HAM yoaeTcs N0Ka3aThb
CYLLLeCTBOBaHHE NEPHOAUYECKOro B cpeaHeM peuleHus. [IpumeHsis 0CHOBHOH
pesynbtaT U3 § 3.3, Mbl MoJyyaeM TeopeMy O CyLIeCTBOBAHUH CHJIBHOTO Ie-
pPUOJMYECKOTO pellleHHUs] pacCMaTpUBaeMoOl 3a1ayH.

[V. B koHue rsaB, B mpuMeudaHUsiX, oO0CyxkKaawTcs Oubarorpaduueckre
ccolKK. Kpome Toro, K KakA0H ryiaBe MpensioxKeHbl YIpaKHeHUs, 03BOJS-
IOLLMe YUTATeJI0 NPOBEPUTh Ce0s1 U 3aKPEeNUThb OOLIMe TeopeTHUeCKHe I0J10-
JKEHHS.

B KoHIle mocoOus NMpUBeJeH CIUCOK JUTepaTypbl. PaboTel, o0s3aTebHbIe
K M3ydyeHMI0, TIoMedeHbl 3Be3104KOoH. OHHU BKJIOYAIOT B cebsd KHUTU U CTa-
TbU N0 HEKOTOPbIM (DYyHAAMEeHTaJbHBbIM pasfesaM (PYHKIUOHAJbHOTO aHaJH-
3a, TeOpUHU (PYHKLUHUOHAJbHBIX MPOCTPAHCTB U TEOPUM 3IJJIUNTUUECKHUX Kpae-
BbIX 3aj1ad. [ns ynoOcTBa uuTaTesisi OCHOBHBIE Pe3Y/bTaThl 3TUX Pas3lesioB
conepxkarcs B npusoxenusix A, B u C. Kpome Toro, yactb 3THUX pe3y.b-
TaTOB MOAPOOHO M3JI0XKEHa B yueOGHOM MocoOMH [2], HamHMCaHHOM B paMKax
TOW ke moanporpaMmbl «FIHHOBaLIMOHHOTO 06pa30BaTeNbHOrO MPOEKTa», UTO

U HacTosllee nmocooue.
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IF'nasa 1
HCJIOKaJII)HbIe KpaeBbIe 3daJd4YU

B OJHOMEPHOM CJiy4dac

1.1. O6biKHOBeHHbIe AU depeHInaTbHbIE YPaBHEHNS

BTOPOro nmopdaika ¢ HEJOKAaJbHBIMH YCJIOBUSIMHU

IlocTaHoBKa HeJIOKAJbHOM KpaeBod 3agayu. PaccMOTpUM ypaBHeHHe
Au+ Nu = —ag()u"(t) + Alu+ XNu = fo(t)  (t€(0,d) (1.L1)

C HEJIOKAJIbHbIMH KpPd€BbIMHU YCJOBHUAMH

Biu = uli—o + (Bju)|=o + Biu = f1, (119)

Bou = uli—q + (B%u) li—a + Biu = f5. h
3nech ag € C[0,d] — BeuecTBeHHO3HauHass QyHKIHs, ag(t) = k > 0 (0 <
t < d); fo € Ls(0,d) — xomnnekcHosnaunast ¢yukuus, f, € C(p = 1,2);

. 1 pl 2
A € C — cnekrpasnbHblii mapamerp, onepatopel A°, B, n B yioB/eTBOPSIOT

CJEeNYIOIIUM YCJIOBUSIM.

Ycaosue 1.1.1. Onepatop Al : W1(0,d) — L(0,d) siBasieTcst uHeHHBIM

OrpaHHYE€HHBIM ONEPATOPOM.

Ycaoue 1.1.2. CymectByet oy > 0 Takoe, uto pJjs Jwobdoro 0 < o < 0y

HaUAyTCs JUHEUHble OrpaHUYeHHble ONepaTophbl
1 o2
GZ ,Gg : LQ(O, d) — LQ(O, d),

YI0BJETBOPSAIOLINE YCIOBUSM: B; = Ggl + GZQ "

25



1G5 ullwsa) < callullws@i—oy  (uw€ W?(0,d)), (1.1.3)
1GTullws.a) < c2(0)Jullwsa) (€ W?(0,d)), (1.1.4)

rae ¢; > 0 He 3aBUCHT OT 0 U u, ¢2(0) = 0 He 3aBUCUT OT u, Co(0) — 0 npu

c—0,5=0,2,p=1,2

Yenosue 1.1.3. Onepatopsl B : Ly(0,d) — C sBIsAIOTCA JMHEAHBIMU

OrpaHUYeHHBIMH (DYHKLHOHAJAMHU.

Beenem siuneiinbil orpanuuennsiii oneparop A% : W1(0,d) — L(0,d) no

(hopmyJsie
AP = —ao(t)u"(t). (1.1.5)

M3yuum Tenepb mpuMep Takod HeJOKaJbHOH 3a1auyH.

IIpumep 1.1.1. PaccmoTtpum nuddepeHunasbHoe ypaBHeHHE
—ag(t)u" (t) + a1 () (t) + as(H)u(t) + N2u = fi(t) (t € (0,d)) (1.1.6)

C HEJIOKAJIbHBIMH KPd€BbIMH YCJOBHUAMH

d
/el(t)u(t)dt = fl;

Od (1.1.7)
/

u(0) 4+ i biju(d;) +

u(d) + Z boju(d;) + [ ex(t)u(t)dt = fo,

rae a;,e, € C|0,d] — BemecTBenHo3HauHble GyHKUMK (i = 0,1,2, p =1,2),
ap(t) 2 k>0 (0<t<d); fo € Lao(0,d) — KoMneKcHO3HaYHass (QyHKIUS;
by, [, € C; A € C— cnekrpanbhblit napamerp; 0 < d; <d (j =1,2,...).

B orsuune oT 0OBIUHBIX KPaeBbIX YCJOBHUH HeJioKajbHble ycjaoBus (1.1.7)
colmepKaT 3HAUEHHUs] HEW3BECTHOH (DYHKUHH He TOJbKO HA KOHIAX WHTEpPBa-

aa (0,d), HO ¥ BO BHYTPEHHHUX TOYKaX MHTepBaJa.
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Jlemma 1.1.1. [Ipednosoxcum, umo

D byl <o (p=1,2). (1.1.8)
j=1
Toeda onepamoper A u B, moeym boimo npedcmasaers. 6 suode
Au = A% + Alu, (1.1.9)
Byu = (u+ Byu)|e—, + Bu, (1.1.10)

ede onepamop A° sadan gopmynroii (1.1.5), a onepamopo A', B) u B
yodosaemsopsarom ycaosuam 1.1.1, 1.1.2 u 1.1.3 coomsemcmsenno, t; = 0,

tgzd,p:1,2.

Jlokazameavcmeo. O603HAUUM
Alu = a1 () (t) + as(t)u(t).

OuesupHo, onepatop Al ynosaersopser ycaosuio 1.1.1.

st kaxnoro 0 < o < d/6 0603HaYUM
JI'={jeN:0<d; <d/2}, J7?={jeN:0<d; <o},
JI'={jeN:d2<d;<d—0o}, JP*={jeN:d—o<d;<d}
BBenem JMHEHHBIH OrpaHUUEHHBIA OMepaTop
B Ly(0,d) — Ly(0,d)  (p=1,2),

3alaHHbIH (PopMyIaMU

B,=Gl'+G7?  (p=1,2), (1.1.11)
rue
( Zblju(t ‘|‘ Zblj t_l_d ()
jeJy! jeJg!
ol .
0 st d/2 <t < d,

27



(S boju(d — t + dyn(t — d)+
jeJy!
(G'u)(t) = 1 + Z boju(t —d+dj)n(t —d) nasd/2 <t <d,
jegg!
0 s 0 <t < df2,

\

(1.1.13)

rie | = 1,2. 3neck € C°(R) — BelllecTBeHHO3HAYHAS (BDYHKIUSA TAKAs, UTO
O0<n) <1, nt)=1 (tf<d/4),  nt)=0 (|t =d/3).

13 ycnosus (1.1.8) u dopmyn (1.1.11)—(1.1.13) cnenyert, 4To onepaTophl B;
ynoBJetBopsitoT yeaosuio 1.1.2 ¢ og = d/6.

O6o3HauuM
d
Bﬁu = /ep(t)u(t)dt.
0

2
OuesnaHo, dyHKUKOHAB B ynosnersopsiior yeosuio 1.1.3.
Takum o6pasom, onepatopel A U B, MoxHO 3anucaTb B Buie (1.1.9) u

1.1.10) cooTBeTCTBEHHO. L]
(

Pa3zpemnmMocTh u cniekTp. BBeneMm JiMHelHble OrpaHHYEHHBIE ONlepPaTOPbl
L(N), Lo(\), L-(\) : W?(0,d) — WI[0,d] = Ly(0,d) x C x C
no gopmysaam

L(Nu = (Au+ Nu, Byu, Bou), Lo(Nu = (A%u + Nu,u(0),u(d)),
L-(Nu = Lo(A) + 7(L(X) — Lo(N))u,
rne 0 <7< 1.
OueBupHo, L;(A) = Lo(A) pna 7 =0u L.(\) = L(A\) o 7= 1.
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Mkl 6yeM HCIIONb30BaThb HOPMBI

1/2
Nellbwon = (llln + M el n) (1114

1/2
1o = (ol + APUAE +152) (LL15)
saBucsue ot napamerpa A (cm. mpusoxenue C); smech f = (fo, f1, f2)

u|A =1

Onpeneaenne 1.1.1. Oynxuuo v € W2(0,d) Mbl HAa30BeM CULbHbIM pe-

wenuem 3agadu (1.1.1), (1.1.2), ecau

L(\u = f. (1.1.16)

[Tosn02xuM
w.={A € C:|arg\| <e umu |arg\ — 7| < ¢},
wan:{/\EWE: ‘)\‘ >q}7
rie 0 < e < /2.
OCHOBHO# LiesIbl0 JaHHOTO maparpada siBjsieTcst 10Ka3aTebCTBO CJIeAYIo-

l1led TeopeMBbl.

Teopema 1.1.1. [Iycmo svinoanaromes ycaosus 1.1.1-1.1.3. Toeda cnpa-

8edauBblL caedyroujue ymeepucoenus.

(a) Onepamop L(\) : W?(0,d) — WI0,d] ¢pedeorsmos u ind L(N\) = 0
oas ecex \ € C.

(b) Ars awboeo 0 < € < /2 cywecmsyem q = q(e) > 1 makoe,
4mo 0as A € w. 4 onepamop L(\) umeem oeparuuerrolli obpammoLii
L7Y(\) : W[0,d] — W?2(0,d) u kamndas ¢pynkyus v € W20,d)
yodosaemsopsiem HepaseHcmasy

es|llL(N)ulllwioa < [llllw20.a) < calll LA wlllwio.a, (L.L17)

ede c3,cy > 0 He 3asucsm om A\ u om u.
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Benem Heorpanuuenusiit onepatop Ap : D(Ap) C Ly(0,d) — Ly(0,d)

no gopmyJie
Apu=Au,  D(Ap) =W3(0,d) = {u e W*(0,d): Bju=0, p=1,2}.

[Ipennosaras Ha naHHBIA MOMeHT, 4yTo TeopeMa 1.1.1 cnpaBensinBa, Mbl HOKa-

XeM caenyiollee yTeepxaeHue (cp. caenctsue C.2).

CaencrBue 1.1.1. [lycmo soinoanensr ycaosus 1.1.1-1.1.3. Toeda cnpa-
gedAusblL caedyroujue ymeepuroeHus.
(a) Onepamop Ap : D(Ap) C L9(0,d) — Lo(0,d) ¢pedeorvmos, u
ind Ag = 0.
(b) Cnexmp o(Ap) onepamopa Ap duckpemroiil.

(c) Ars n ¢ o(Ap) pesoarvsenma
R(n, Ag) = (nI — Ap)~": Ly(0,d) — Ly(0,d)

ecmov KOMRAKMHbLL onepamop.
(d) Aas awboeo 0 < 6 < m ece mouku cnexkmpa o(Ap), kpome, 803-
MONMCHO, KOHEUHOEO UX HUCAQ, NPUHAOLEHAM Yeily KOMNAEKCHOL

naockocmu | argn| < 9.

Jlokasameavcmso. O603HAUUM
Qs ={neC:largn| =46, |n| =>r}.

[yets A € wey, Tie € = (m—6)/2, 0 < § < ™ — NPOU3BOJBHOE (PUKCHPO-
BanHoe uucso. Torma n = —\* € Qg, anst r = ¢> B cuny Teopems 1.1.1

CYILleCTBYeT OrpaHUUeHHBbIH OrepaTop

(nI — Ap)~" : Ly(0,d) — W0,d).
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CJ/iefioBaTe/IbHO, U3 KOMIAKTHOCTH onepartopa Baoxkenus W?2(0,d) B Ly (0, d)

BbITEKAET, YTO OIlepaTop
(nI — Ag)~" : Ly(0,d) — Ly(0,d)

KoMmakTHbIA. Takum obpasom, no teopeme A.12 crektp o(Ap) cocTout U3
M30JIMPOBAHHBIX COOCTBEHHBIX 3HAYEHUH KOHEUHOM KPaTHOCTH U 1Jis JI0GOro
0 > 0 Bce Touku crnektpa o(Ap), KpoMe, BO3MOXKHO, KOHEUHOTO MX YHCJIa,

npuHaaiexat yray |argA\| < § (puc. 1.1.1). YTBepxkaenue (a) ciemyer u3

(hopMyJIBl
Ap = (Ap —nl) (1 — (0] — -AB)_177> (n € p(Ap))

1 TeopeMbl A.l. ]

AlmA\

Puc. 1.1.1

CaenctBue 1.1.2. [lycmo soinosnerno ycrosue (1.1.8). Toeda drs one-
pamopos L(\) u Ap, coomsemcmsyrouux HeAOKAAbHOL Kpaegoil 3ada-
ye (1.1.6), (1.1.7), cnpasedausor ymeepacdernus meopemor 1.1.1 u caedcm-

susa 1.1.1.

D10 cnefcTBUe BoiTekaeT U3 jeMMnbl 1.1.1, Teopemsr 1.1.1 v caencteus 1.1.1.
[TpuBenem npumep HesokanbHOU 3amaun (1.1.1), (1.1.2), koTopasi He MOXKeT

ObiTh TpeactaBiaeHa B Buze (1.1.6), (1.1.7).
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Ilpumep 1.1.2. PaccmoTpum 3anauy
—ap(t)u"(t) + Alu+ N2u = fi(t) (t € (0,d)), (1.1.18)
u(0) + (Biu)li—o = f1,  u(d) = fo, (1.1.19)
rae
Aly = FHEF (nu) arctg &), Biu = F~Y(F(nu)sin€),
n = n(t) € C®(R) — BellecTBeHHO3HauHas (QyHKUMA Takasi, uto 7(t) = 1
(t €[d/4,d/3]), n(t) = 0 (t ¢ (0,d)), F(v) = (Fv)(&) — npeo6pazoBaHue
Dypbe dyukuun v no ¢, FH(w) = (F~'w)(t) — o6paTHoe npeobpasosaHue
Dypre pyHkuuu w no &, £ € R.
OueBuaHo, onepatop Al ynosnersopser ycsosuio 1.1.1.

JokaxeM, 4to ycaoeue (1.1.2) BemosHsieTcss ans onepatopa Bi. s

moboro 0 < o < d/6 wmer onpexeanm dyHkumio ¥, € C(R) Tak, 4To
Y, (t) =1 (t € [20,d — 20]), ¥, (t) =0 (t ¢ [o,d — o)),
W) < ko (te€0,d). (1.1.20)
BBenem siHeliHble OrpaHUUEHHBIE OMEPATOPLI
G, G9? - Ly(0,d) — Ly(0,d)
no gopmyaam
Gl'u = Bi($ou),  GT'u= Bi((1 - vs)u).
lokaxem, uto BeinmoJiHsieTcst HepaBeHCTBO (1.1.4). M3 onpenenenus GpyHK-
unu 7(t) u popmynsr Teitnopa cienyer, 4to
InD(t)] < kao®  (t€[0,20]U[d—20,d], i =0,1,2). (1.1.21)
[TockoabKy ¢yHKUMS Siné orpaHnyeHa, B cuay dopmyssl JlefibHuna u
HepaBeHcTB (1.1.20), (1.1.21) MBI UMeeM
1GTullwe0.0) < ksln(1 = o )ullwno.a) < kaol|ullweo.a),
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rae ks, ky > 0 He 3aBucAT oT 0, k = 0,1, 2. AHaJIOTHYHO MBI MOXKEM TT0Ka3aTh,
uTo onepartop GY' ynosnersopsier HepaseHcTBY (1.1.3).

Takum obpasom, Teopema 1.1.1 u cnencteue 1.1.1 ocTatorcs cnpaBenrBbI-
MU aasi onepatopoB L(A) u Ap, COOTBETCTBYIOIIMX HEJOKaJbHOH KpaeBoi

sagaue (1.1.18), (1.1.19).

Hokasameaocmso meopemor 1.1.1. Jlokaxkem cHayaJa CJAeIyIOILYIO afpu-

OPHYIO OLEHKY.

Jlemma 1.1.2. [Iycmo svinoanenot ycaosus 1.1.1-1.1.3. Toeda dra arboeo
e > 0 cyujecmeyem q > 1 makoe, umo 0ia N € w.q u 0 < 7 < 1 umeem

Mecmo OUeHKA

esll|l L-(Nulllwiog < lulllwz.q) < calllLrMNulllwpog (v € W(0,4d)),
(1.1.22)

ede KoHcmanmol cs,cy > 0 He 3asucam om A\, T, u.

Hoxasameavcmeo. Jlokaxkem mpaByto 4acTb HepaBeHcTBa (1.1.22). O6o-

sHauuM L,(A\)u = f. Torna
LoNu = f+®, (1.1.23)

rae
& = (—7A'w, —7(Bju)|=o — 7Biu, —7(Byu)|i=a — TBju).
B cuny 3ameuanus C.5 cyuiectByeT qp = qo(e) > 1 Takoe, 4to mJs

A € W.q, pelleHHe «JoKa/lbHOH» 3amaun (1.1.23) oueHuBaercs c/enyrOLIUM

o0pa3om:

lulllw20.0) < Falllf + @llwio.d- (1.1.24)
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13 ycnosuit 1.1.1, 1.1.3 n u3 HepaBeHctBa (B.25) Mbl mosyunm
1T A |y 0.0) < ol A7 [l w20, (1.1.25)

AP Boul < ks AP [lull o) < KsIA 2 lulllwz0-  (11.26)

B cuay HepaBeHcTB (B.25) u (B.26) Mbl uMeem

A2 |7 (Blu) li=o| < kM (I Blullwiom + N - | Blull o) <

(1.1.27)
< ks(IBiullwa + M1 Biull Lyoa)-
M3 nepaBenctBa (1.1.4) cienyer, uto
G ullw20.0) + IMNPIGT?ull y0.0) < 2¢2(a)lulllw(0.), (1.1.28)
rae co(0) — 0 npu 0 — 0. Beibupaem 0 < 0 < 0 Tax, 4To
2]€1]€5CQ(0') < 1/8 (1129)

Jlnst puKcupoBaHHOTO 0, yaoBaeTBopsitomero (1.1.29), BBenem BellecTBeH-
HosHauHyio (yHkupo & € C™(R) Takyio, uto &(t) = 1 (t € [0,d — o)),
E(t) =0 (t ¢ [0/2,d —0/2]). U3 HepaBenctBa (1.1.3), 3ameuanus C.5, ¢pop-
mynbl Jleiitbuuua, yceaosus 1.1.1 u HepaBeHncTBa (B.25) mosmyuum

16" ullwz0.0) + IANPIGT ully0.0) < 2eilllulllweoa—o) < 2elll€ulllw20.0) <
< kel (A + X1 (Ew)l| Ly0.0) <
< kr(1(A” +7AY + Nl L0 + Jullwioa) <

< ks ([[(A” + 7AY + X1l 0.0 + N ulllwezo.a)-
(1.1.30)

13 nepasencts (1.1.27), (1.1.28) u (1.1.30) BbITEKaeT, UTO
’)\|3/2 }T(B%U)\t:()’ <

< ks (ks (A° + 7AY + N1 ully00) + (RsIA| ™! 4 2e2(0)) [l llw2(0.0)) -
(1.1.31)

3nech KOHCTAHTH k1, ..., kg > 0 He 3aBHUCAT A\, T U U.
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Anajnoruyso
NP2 |7 (Bau) |emd| <

< ks (kg [(A° + 7A! + >\2])u||L2(O’d) + (ks|A ™+ 202(0))H|UH|W2(0,d)>'
(1.132)

13 nepaBencts (1.1.24)—-(1.1.26), (1.1.31) u (1.1.32) cnenyer, uto

wl|lw20,0) < F1(1 + 2ksk8) ||| L (A)ul|wio,q+
+ <4l<:1k502(0) + ek | AV + Ey (e + 2k5k8)])\|‘1> el (1.1.33)

B cuay (1.1.29), BeiGupas ¢ > ¢y Tax, 4To
k1 <2k3q_1/2 + (]{ZQ + 2]65]{78)(]_1) < 1/4,
MBI TIOJYYUM

ulllwz0,a) < 2k (1 + 2ksks)||| L+ (A)ull[wio,q

LI A € We g
[TepBoe HepaBeHcTBO B (1.1.22) cnenyet u3 HepaBeHct (1.1.25), (1.1.26),
(1.1.31) u (1.1.32). O]

Hcnonbsys nemmy 1.1.2, 3ameuanue C.5 u teopemy A.5, Mbl y6exaaemcs
B CIIpaBelJIMBOCTH yTBepKaeHust (b) us reopemsr 1.1.1. Takum o6pasom, B cu-
Ny KOMIaKTHOCTH ornepartopa Baoxkenus W?2(0,d) B Ly(0,d) u teopemsr A.l
MBI MosiyuaeM yTBep:xkaeHue (a). JlokazatenbcTBo TeopeMsbl 1.1.1 Tenepsb moJ-

HOCTBIO 3aBEPIIEHO. [

3ametuM, uTto Teopema l.1.1 ocTaercs cnpaBenJiMBOH, ec/JH KOHCTaHTa
c2(0) B HepaBeHcTBe (1.1.4) mocratouno mana. OpHako, ecan co(o) mocra-

TOYHO B€JIMKd, Mbl MO2KE€M I10JYYHTb

Blu = Byu = —u.
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CuienoBaTe ibHO, HeJloKa bHBIe yeaoBus (1.1.2) mpumyT Bup
Bu=f, (p=12). (1.1.34)

B HYAaCTHOCTH, Bg MOT'YT ObITh WHTErpaJbHbIMHU OIEPATOPAMHU!

d

[etutr =1, =12
0
(cp. mpumep 1.1.1). Torna o6sacThb onpeneseHHs] COOTBETCTBYIOIIETO OTepa-

topa Ap He miotHa B Lo(0,d). MccnenoBanue Tako#l 3amayn OKas3biBaeTCsi

3HAUHUTEJIbHO OoJiee CJIOXKHBIM H BbIXOIHT 34 PAMKH HAHHOI'O nocoous.

1.2. Pa3HocTHbIE onepaTopbl B OHOMEPHOM CJy4dae

Pa3HocTtHbie omepaTtopbl B Lo(0,d). PacemoTpum pasgnocmuolii onepa-
mop

R . LQ(R) — Lg(R),

OnpeneJieHHbId 10 GopmyJie

m

(Ro)(t) = ) byu(t+j), (1.2.1)

j=—m

rae b] — ﬂeﬁCTBHTeJIbeIe qHucJia.
Beenem onepatopsl
I : Ly(0,d) — Ly(R),  Fo: Lz(R) — Ly(0,d),
Rq : Ly(0,d) — L»(0,d)

no gopmysaam

(Lou)(t) =v(t) (t€(0,d), v(t)=0 (t¢&(0,d), (1.2.2)
(Pou)(t) =v(t) (te(0,d)), (1.2.3)
Rg = PoRIy, (1.2.4)

rie Q@ = (0,d).
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Mbi Oynem M0Jb30BAThCSI STUMU OMEpPaTOPaMH TPH H3YUYEHHH KPaeBbIX
3afa4y a5 nud@epeHLHaNnbHO-PAa3HOCTHBIX YpaBHeHUH. CaBuru t — ¢+
MOryT oTo6paxath TOukH oTpeska [0, d] B mHOxecTBO [—m, 0] U [d,d 4+ m].
Cuie1oBaTe/IbHO, MBI JOJIXKHBI PaCCMaTPUBaTh KpaeBble YCa0BHs mJsi Audde-
pEeHI[HaIbHO-Pa3HOCTHOIO YpPaBHEHHS] He TOJbKO B Toukax 0 W d, HO Tak-
xe Ha MHOXecTBe [—m, 0] U [d,d + m]. st Toro 4Tto6bl yIOBJETBOPSIIHCH
KpaeBble ycsoBHA, Mbl BBeneM omnepatop Igp. Mcnonbsosanue oneparopa [y
HeOOXOMMMO [/ PACCMOTPEHHs ypaBHeHUs] He Ha BCced oc R, a jiuuib Ha

untepsaJe (0,d).

= v(t) + 2v(t — 1). Ioso-

IMpumep 1.2.1. Ilycts d = 2, u nycts (Rv)(t)
1,2)).

xum v(t) =t (t € (0,1)) no(t) =2 —1 (t € (1,

Torna

(RIgu)(t) =0 (t€(=00,0]),  (Rlgu)(t)=v(t)=t (t€(0,1]),
(RIu)(t) = v(t) + 20t —1) =2 —t +2(t — 1) =t (t € (1,2)),
(RIQu)(t) = 20(t — 1) =22 — (t — 1)) =6 — 2t (t € [2,3)),
(RIgu)(t) =0 (¢t € [3,00)),

cM. puc. 1.2.1.
Jlemma 1.2.1. 1) = Py, P} = Ig, m. e. das scex u € Ly(0,d), v € La(R)
(IQU7U)L2(R) = (u, PQU)LQ((M)'

HoxkasatenbcTtBo caenyet us (1.2.2) u (1.2.3).

N3 nemmbl 1.2.1 BbITEKaeT caeAyIOUIUH pe3ynbTar.
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9 2
1 1
—1 0 1 2 3 —1 0 1 2 3
AR[Q?) A PQRIQU
9 2
1 1
—1 0 1 2 3 —1 0 1 2 3
Puc. 1.2.1

Jlemma 1.2.2. Onepamoper R : Ly(R) — La(R) u Rg : L2(0,d) —
Lo(0,d) oeparuuenst, u
(Ro)(t)= ) bu(t—j),  Ry=PoR'I,.
j=—m

[lyerbd=N+60,tne 0 <0 <1, N € N,

He orpanuuuBas o61iHoCcTH, OyaeM cyuTath, 4To m = N. [{elicTBUTe/bHO,
ecnid m < N, Mbl MOXeM IpeArnoJjaratb, 4to b; = 0 mpu 17| > m. Ecan
m > N, To onepatop R He 3aBHUCHT OT KO3(dHLHeHTOB b; 1pH [j| > N.

Eciu 0 < 0 < 1, mbl 0003HauuMm
Qu=Fk—-1,k—146) (k=1,...,N+1),
Qo = (E—1+0,k) (k=1,...,N).
Ecau 6 = 1, Mbl 0003HaUYUM
Qu=(k-1k) (k=1,...,N+1).
Takum o6pa3om, cyulecTByeT ABa KJacca HHTepBaloB (Qip U (Jop, €cyau
0 < # < 1, ¥ UMb ONMH KJIaCC HMHTepBasoB ()i, ecau 6 = 1. Kaxnsbie
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[Ba WHTEpBasja OJHOTO U TOrO Ke KJacca MOTYT OBbITb NOJyYEHbl APYT U3
JIpyra CABHIOM Ha HEKOTOPOE ILIeJI0e UUCJIO.

[IycThb
Ps . LQ(Oa d) - L2 (U st;)
k

eCTb OIepaTop OPTOrOHANbHOTO MPOEKTHPOBAHUSA Ha Lo <U Q5k>, rie
k

Lo <U st) = {u € Ly(0,d) :u(t) =0 pasi t € (0,d) \ Ust} :

P, — enunnyHblé onepatop, ecau § = 1. OueBUIHO,

Ly(0,d) = P Ly (U st>. (1.2.5)
s k

Jlemma 1.2.3. /Ipocmparcmeo Lo (U st) — UHBApUAHMHOE noonpo-
k

cmparcmeo onepamopa R).

ﬂOKaSaTeJ'[bCTBO BBITEKAET H3 CJACAYIOLIETO CBOKMCTBA HWHTEPBAJIOB st.

Jnst Kaxkporo uHTepBana (Jg; U 1esoro jJ JUbo cymecTByeT Qgn = Qsk + J,
1160 st +J C R\ (07 d)

BBenem u3oMop(usM rub0epTOBLIX NMPOCTPAHCTB

Us : L2 (U st’) - LéW(Qsl)
k

no gopmy.ie
(Uw), () = v(t+k—1)  (t€Qu k=1,..., M), (1.2.6)
M
rie L3 (Qs) = J] L2(Qs1), M = N +1,ecan s =1, M = N, eciu s = 2
k=1

(puc. 1.2.2).

O603HauuM uepe3 Ry marpuuy nopsaka (N + 1) x (N + 1) ¢ anemMeHTamu

Tik :bk—i (i,k: 1,...,N—|—1). (127)
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\ (Uﬂ))l

0 1 2 3 0 1 2 3
(Uﬂ))g
A
2
1,_

Puc. 1.2.2

O603HaunM uepes Ry matpuily nopsiaika N X N, mosydyeHHYIO U3 MaTpH-

1§51 Rl BbIHEPKHBAHHUEM IIOCJEIHET O cTosib1a U nocJieqHen CTPOKH. ﬂpyrI/IMI/I

CJIOBaMH,
(o0 b . by ) O T
R — bil b.o bN.—l | Ry — b_q bo ... by_o
Kb—N b_nt1 - bo) \b—NH b-ni2 ... bo)

BBenem omneparop

Rgs = U;RoU; ' Ly (Qa) — Ly (Q). (1.2.8)
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3aech U BClOAy B AaHHOM mnaparpade s = 1,2, ecan 6 < 1, u s = 1, ecau

6=1.

Jlemma 1.2.4. Onepamop R, A6iiemcs onepamopom YmHOMEHUs Ha

mampuyy Rs.

Joxkasameavcmeo. Tycts V(1) € LY (Q41). O603nauum

v(t) = UV (t) € Ly <U st>-

Torma us (1.2.1), (1.2.4), (1.2.6) u (1.2.8) Mbl uMeeM
M—i
(RosV);(t) = (UsRqu),(t) = > bt +i—14j) =
= (1.2.9)

M M
= bept+k—1)=> b Vi(t) (t€Qq).
k=1 k=1

Jlemma 1.2.5. Hueen
o(R1)Uao(Ry), ecauf <1,
o(Rq) =
o(Ry), ecau 0 = 1.

Hoxkazameavcmso. B cuny jgemm 1.2.3 u 1.2.4

U o(Rs) C o(Rg)

S

(s = 1,2, ectu 6 < 1, s =1, eciu § = 1). Ilyets A ¢ |Jo(Rs). Torna

ornepaTop
Ay =) UM Rgs — M) "'UP, : Ly(0,d) — Ly(0,d)
orpanuueHHbld. [lo gemme 1.2.3 P;Rg = RgPs. CnenopareJbHo,

AN(Rg = M) =) U (Rgs — M) 'Us(Rg — AI)P, = 1.
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Ananoruuno (Rg — M)A\ = I. Takum o6pasom, omnepatop Ry — A\l nmeer
orpaHrueHHbIH oOpaTHbIHA mpu A & | J o(Ry). [

S

Omnpeneaenne 1.2.1. Onepatop [? HasbBaeTCs HEBbLIPONOEHHLIM, €CIH
0 ¢ o(Rg). Ecim 0 € 0(Rg), To R HasblBaeTcs 8bip0x#0eHHbIM ONEPaTO-

pOM.

3ameuanue 1.2.1. B cuny jsemmbl 1.2.5 oneparop R fiBJsieTCs HEBBIPOXK-

JIEHHBIM TOTAA U ToJbKO Toraa, korna 0 ¢ |Jo(Rs) (s = 1,2, eciun 0 < 1, u
S
s =1, ecsin § = 1). ObpatHo, oneparop R SB/ISETCS BBIPOXKIEHHBIM, €CJH

0eJo(Ry).

JI1 BBIPOXKAEHHOTO onepatopa I clpaBelMBO C/elylollee yTBepxKie-

HHeE.

Jlemma 1.2.6. /Tycme Rg — sviposicdennolii onepamop. Tozda
dimN(RQ) = 00,

ede N'(Rg) — sdpo onepamopa Ry).

Hoxazameavcmso. V13 3ameuanus 1.2.1 caenyet cyliecTBOBaHHUE TAKOro S,
yto det Ry = 0. [Tostomy B cuay aemmsl 1.2.4 N (Rgs) HETPUBHAIBHO U CO-
cTOUT U3 BeKTOp-QpyHKuMi V € LY (Q,1), yI0BIETBOPAIOIIKMX CHCTEME YPaB-

HEHUU
RV (t)=0 (m. B. t€Qq). (1.2.10)
[Tostomy dim N(Rgs) = oo. [onoxkum v = U;'V. Uz nemm 1.2.3, 1.2.4 u

dopmyaer (1.2.8) caenyer, uto
Rov = P,Rgv = U;'Ro,V = U; 'R,V = 0.
Orcrona nmeeM v € N(Rg). HUrak, pokasauo, uto dim N (Rg) = oo. O
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PasHocTHbIe omepaTopsl B mpoctpancTBax CoGoseBa.
Jlemma 1.2.7. Onepamop R omobpaxcaem Henpepvl8HO RPOCMPAHCMBO
W*0,d) & npocmpancmeo W¥(0,d), u
(Rgu)?) = R (j < k) (1.2.11)
s scex v e WF(0, d).
Hokazameavcmeo. OueBuaHO, paBeHCTBO (1.2.11) BHIMOMHSETCS OJ5 BCEX

v € C®(0,d). Takum o6pasom, no jemme 1.2.2 15 m06bx v € C(0, d) Mbl

nMeeM

| (Rov)?| (G <h),

-
)

< Iy HU(J)‘
)

Ly(0,d Ly(0,d L»(0,d)
1RQull y0.0) < FrllvllLy0.0)

CuaenoBatesbHo, a5 Beex v € C(0, d)

HRQUHWJC(O,d) <k HU”Wk(O,d) :

Iockoubky MHOKecTBO C™ (0, d) Betony mioTHo B poctpancetse WH(0, d), u3
IOCJIeIHErO HePaBEHCTBA CJELYeT, UTO oneparop [y oToOpaxKaeT HenpepblB-
Ho W*(0,d) 8 W¥(0,d). Caenosateasto, us mnotnoctn C*(0,d) 8 W#(0, d)
1 paBenctBa (1.2.11) nasa v € C’OO(O,d) MBI TTOJIy4UM paBeHcTBO (1.2.11) mns

Beex v € W0, d). O

Jlemma 1.2.8. [Tycmo v € W*(Q,;) 0as 6cex s ui = 1,...,M, ede
k > 0 — yeaoe. Toeda Rou € WH(Qy;) u

M
IRgullweo.,) < 1 > Ivllweg.- (1.2.12)
i=1

JlokasarenbcTBo caenyet u3 popmya (1.2.6) u (1.2.8).
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Jlemma 1.2.9. [Iycmo onepamop R Hesbiposxcdernbiti u Rov € W*(Qy)

orsecex sui=1,..., M, ede k > 0 — yenoe. Toeda v € Wk(Qsj) u
M
vllweco,,) < 2 Y IRqullweo,)- (1.2.13)
i=1

Hokasamenscmso. Ouesunro, (UsPsRgv), € WH(Qq) (i=1,...,M),
1. e. (RyUsPyw), € W*(Qy;) (i =1,...,M). Orciona Mbl uMeeMm (UsPsv); =
(R;l(RSUsPSU))j € WH(Qs1) (j =1,..., M). Takum o6pasom, v € WH(Qy;)

U cripaBenuBo HepaBeHCTBO (1.2.13). ]
PerynsipHble pa3HOCTHbIE OIEPaTOPBI.

Onpenenenne 1.2.2. HeBrIpoxKIeHHBIH PAa3HOCTHBIA onepaTop [ Hasbl-
BaeTcsl pecyraproim, ecin det Ry # 0. HeBbIpoxKIeHHBIH pasHOCTHBIN oOrle-

patop R HasbiBaeTcsl HepeeyarsipHoim, ecan det Ry = 0.

3ameuanne 1.2.2. B cuny snemmbl 1.2.5 npu 6 < 1 onepatop g pery-
JSIPHBIH Torma W ToJbKo Toraa, korma det Ry # 0, det Ry # 0. Ilostomy B
caydae 0 < 1 mo00l HeBBIPOXKIEHHbIH onepatop R B/SETCS PeryJsipHbIM.

B cayuae 6 = 1 onepatop R() sB/sieTcsl HeperyJ/IsspHbIM TOra U TOJbKO TOT/A,

koraa det R; # 0, det Ry = 0.

O603HauuM yepes W%(O, d) nognpoctpancteo Gpyukuui us W1(0,d), ymno-

BJETBOPAOIIKUX YCJ/JIOBHUAM

w(0) = 3 (i), w(d) =Y iu(d 1), (1.2.14)

rae y;; — BellecTBeHHble yncaa (5 =1,2,i=1,...,N), v = {y;i}.
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Teopema 1.2.1. [lycmov onepamop Rg peeyaraproui. Toeda cyujecmey-
rom seujecmsennvle uucaa v; (j=1,2, i=1,...,N) makue, umo one-
pamop Rg omobpaxaem Wl(O,d) Ha W%(O,d) HenpepouleHoO U B83AUMHO

00HO3HAUHO.

Jlokaszameavcmeo. 1. Baauane noKaxkeM, 4TO CyLIECTBYIOT 7Yj; TaKHe, YTO
Ro(W(0,d)) € WX(0,d).

O603HauuM uepes Ri (R{VH) MaTpHULY, NONyYeHHYI0 U3 [?] BblUepKHUBA-
HHeM mepBoro (mocjenHero) crondua. O6o3HauuM udepes e; (g;) i-10 CTPOKY
MaTpuubl R} (R{VH). Martpuua, nonydyeHHas u3 [ BelYepKHBAHUEM [1ePBOH
CTPOKH W TepBOro cToJqbla, coBmnagaer ¢ marpuuedl Ro, noaydeHHOH M3 R
BblYEpPKUBAHHEM I10CJeHEH CTPOKH U MocyaefHero croabua. Takum obpasom,

u3 ycjoBusi det Ry # (0 BBITEKAeT, UTO

N N
e1= ) i€t g1 = D VaigN+1is (1.2.15)
-1 i=1
I Y1i, Yoi — BElleCTBEHHbIE UMC/Ia.
Mo nemme 1.2.7 Ro(W'(0,d)) € W(0,d). Takum o6pasom, us (1.2.6),

(1.2.15) u aemmbr 1.2.3 caenyer, uro aas v € W(0,d)
(Rar)0) = (017 ) (0 = (R oo 0) =

(1.2.16)
= Z’hz (RiU Prv), (0 Z’m Rqu)(1
1=1
AnanornuHo noJsydyaem
(Rqu)(d ZW@ (Rqu)(d — i). (1.2.17)

CJienoBaTeJibHO,
21 1
Ro(WH(0,d)) € W,(0,d).
2. JlokaxkeMm Temnepb oOpaTHOE BKJIIOUEHHE
W(0,d) C Ro(W'(0,d)).
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[Mpennonoxum, uro u € W;(0,d). ITo npexnonoxenuto omneparop Rg :
Ly(0,d) — Lo(0,d) umeer orpaHuueHHBIH 0OpaTHBIM Rél : Le(0,d) —
Lo(0,d). Tlokaxem, uto v = Rélu e W(0,d).

He orpannuuBas o6uiHocTH, paccMoTpuM caydail § = 1. B atom cayudae
s=1, M =N +1. B cuny nemmn 1.2.9 v € WHQy,) (p=1,...,N +1).
[Tosatomy corsnacHo teopeme B.10 moctaToyHO noKasaTk, 4ToO

vip—0)=v(p+0) (p=1,...,N), v(0) =v(N +1) =0,

rage

U(p a O) - t—}LgIItl<pv(t>7 v(p + O> - t—}linl}>pv(t).

O603HauUUM

OueBugHO,
Pp = (UIU)pH(O +0), Vi = (U1U>j<1 —0).
[ockonmbky Rgu € W(0,d), to uz (1.2.6) u semmer 1.2.4 Mbl uMeem
(R1U1v);,1(040) = (U1 Rgu),, (0 + 0) = (Rgu)(i + 0) =
= (Rqu)(i — 0) = (U1Rgv),(1 = 0) = (RiUv),(1-=0) (i=1,...,N).

Takum o06pasoM, GYHKLUHH ©, U 1); YIOBJIETBOPAIOT CJAEAYIOLIMM YCJOBHSM:

N+1 N+1
Zri-i-l,pgpp—l = ZTip¢p (Z = 1,,N) (1218)
p=1 p=1

Bosee Ttoro, gpynkuus Rgv ynosnersopsier yciosusm (1.2.16), (1.2.17), ko-

TOpbI€ MOXKHO 3alluCaTb B BHUIAEC

N+1 N N+1
Z MpPp-1 = T Z Tit1,p¥Pp—1, (1.2.19)
p=1 =1 p=1
N+1 N N+1
Z TN+1p¥p = Z Y2i Z TN+1—ipUp- (1.2.20)
p=1 i=1 p=1
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13 yenosuit (1.2.15), (1.2.19) u (1.2.20) MBI mosyyaem

N
(7“11 — Z 71i7“¢+1,1> o = 0,

1=1

N
(TN+1,N+1 — E 72¢7“N+1—¢,N+1) Yy = 0.

i=1
MHoxurteab nepen ¢y (Yn41) HeHyneBo#H. B mpoTHBHOM ciydyae B CH-

ay (1.2.15) nepsasi (mocsenHsisi) ctpoka R; paBHa JUHEHHOH KOMOWHALWH
ocTaJbHBIX cTPoK. Ho 3T0 HeBo3MOXHO, Tak Kak det Ry # 0. CienoBareb-
HO, ¢y = ¢N+1 = 0.

Takum o6pasom, cucrema (1.2.18) 6yner umMeTb BHUI

N N
S ripner =Yty (i=1,...,N).
p=1 p=1
[TockoabKy 7it1pr1 = Tip (4,p=1,...,N) u det Ry # 0, Mbl nOJy4UM
©p =11, (p=1,...,N). Urak, mbl 10Ka3aJu, 4To WWI(O, d) C Rg (Wl(o, d))

]

Ilpumep 1.2.2. [Tyctb d =2 U
(Rv)(t) = byv(t) + byv(t + 1) + b_jv(t — 1),

rae b; € R.
B 3ToM ciydyae Mbl MOJyYHM OAMH KJacc, COlepxKallui 1Ba HHTepBaJja
Q11 =(0,1) u Q12 = (1,2). OueBunHo, MaTpuubl Ry U Ry UMEOT BUA
by by
Ry = , Ry = (bo).
b_1 by
[Ipennonoxum, uto
by —bib_1 # 0, by # 0
(cM. Teopemy 1.2.1). Torna
Ro(W'(0,2)) = W1(0,2),
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rue
Wyl(oa 2) = {u € Wl(ov 2) : U(O) = ’711“(1)7 u(2) = 721u(1)}7

Y11 = b1/b0, Vo1 = b—l/bo-

IIpumep 1.2.3. Ilyctb d = 2% 7
(Rv)(t) = bov(t) + bio(t+ 1) + b_qu(t — 1),

rae b; € R.

B sTom ¢Jy4dae Mbl HMeeM OBa KJiacCa MHTePBAJOB, 4 UMEHHO:

Qu=k-1,k—1+1/3) (k=1,2,3)

Qo= (k—1+1/3,k) (k=1,2).

Martpuubl Ry u Ry uMeloT cienyonuid BUL:

bp b1 O
bo b
Ry = bfl bo b1 ) Ry =
b_1 by
0 b1 bo

[Tycte det Ry # 0, det Ry # 0, T. e.
by (b — 2b1b_1) # 0, b3 —bib_1 #0.

Torpa B cuay Teopemsnl 1.2.1

. 1 1
Ro| W0, 2- —Wilo0, 2-
Q 73 ¥ 73 9

rage

W (o, 2%) = {u cwt (o, 2%) u(0) = yu(l) + y2u(2),

o1 1) !

Uu — = — —

3 Y21U 3 V22U 3 )
Y11 = bobl/A, Y12 = —b%/A, Yo1 = b_lbo/A, Y22 = —b2_1/A, A = b(% — blb_l.
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Heperyaspubie pa3HoctHbie omeparopbl. [Iycts # = 1. B aToM cayuae
d = N + 1. O603HaunM 4Yepes W,},m((),d) MOATIPOCTPAHCTBO (PYHKUHMH M3

W1(0,d), ynoBa1eTBOPSIIOLIMX yCAOBHAM

uw(N +1) = > mauli—1), (1.2.21)
1<i<SNA+1, i#m+1
ulm) = > i), (1.2.22)

1<i<N,i#m

re m — (pUKCHPOBaHHOE YKo Takoe, uTo 1 <m < N, vy, (i =1,..., N+1,

i#m+1)uy, (i=1,...,N, i #m)— BelllecTBeHHble Uucaa, ¥ = {7;i}.

Teopema 1.2.2. [Iycmov 0 = 1, u nycmos onepamop Rg HepezyrspHblil.
Toeda cyuiecmsyem uenroe uucao m, 1 < m < N, u sewecmeaerrole 4uc-
aa vy (i=1,...,. N+1, i#m+1, y1#0) u v (i=1,...,N,i #m)
maxue, umo onepamop Rg omobpaxcaem W'(0,d) na W2 ..(0,d) nenpe-

POLEBHO U 83AUMHO 00HO3HAUHO.

Hokasameaovcmso. 1. Ilpexne Bcero moKa)keM, UTO CYLIECTBYeT HaTy-
pajbHoe yucso m, 1 < m < N, u BellecTBeHHble yncaa yy; (1 = 1,..., N+1,

iEm4+1, y; Z0) uyy (i =1,...,N, i # m) Takue, 4TO

Ro(WH0,d)) € W2,,(0,d).
O6osHauum uepes R} (Ry'*!) marpuuy, nonyuennyio us R BbluepkuBa-
HueM mnepBoro (mocjenHero) cronbua. O6o3HauuM uepes e; (g;) i-10 CTPOKY
matpuusl R} (RY ).

B cuay ycnoBus det Ry = 0 cTpoku ¢i,...,gN JHHEHHO HE3aBUCUMBI.
CaenoBatesibHO, cyllecTByeT HoMep m, 1 < m < N, Tako#, UTo CTpoKa ¢,
SIBJISIETCS JUHEHHOW KOMOMHAUHeH OCTaNbHbBIX CTPOK

Gm= > "2 (1.2.23)

1<i< N, i#m
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raie "yo; — BellecTBeHHble yncaa (i = 1,..., N, i # m).
Jlerko 3ametuThb, 4To €;41 = ¢g; (i =1,...,N). [Toaromy u3z (1.2.23) Mmbr

noJydyaem

Em+1 = E Y2i€i+1,

1<i<N, i#m

Emt+1 = Z V2,i—1€i. (1.2.24)

2<i<N+1, i#m+1

W13 ycnoBus det Ry # 0 caenyeT, 4To CTPOKH
e, (1=1,...,N+1 i#m+1)
o6pasyioT 6asuc B RY u cTpokH

Takxke ofpasyloT 6asuc B RYY. CrenosaresbHo, CyLeCTBYIOT BellleCTBEHHbIE
unesa yy; (1 =1,...,N+1, i #m + 1) Takue, 4To0

gN+1 = Z Y1i€i, (1.2.25)

1<i<N+1, i#m+1

(TN+1,1, ce ,TN+1,N) = Z ’Vlz‘(ﬁ'za < 7Ti,N+1)- (1-2-26)

I<IKN 41, i#m+1
[Tokaxem, uto 711 # 0. [lpenmonoxum, uro ;7 = 0. Torma (1.2.25)
NpUMeT BUJ
gN+1 = Z Vi€i = Z VLi+1€it1 = Z Vi+19i-
2SN+, i#m+1 1<i<N, i#m 1<i<N, i#m
DTO NPOTHUBOPEUUT 3aKJ/IOYEHHIO O TOM, 4YTO CTPokH ¢; (j = 1,..., N + 1,

j # m) o6pasyior 6asuc B RY. Takum o6pasom, 11 # 0.
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B cuny semmsi 1.2.7 Rg(W#(0,d)) € W(0,d). Tostomy u3 cooTHoe-
aud (1.2.6), (1.2.23) u nemmbl 1.2.4 caenyet, 4To OJs1 v € Wl(O,d)
(Rqu)(m) = (U1Rqv),, (1) = (R1U1v),,(1) =
= Y (uRUw)1) = Y i(Reu)(i).

1<i<N, i#m 1<i<N, i#m

(1.2.27)

BHoBb ucnonbsys (1.2.6) u nemmy 1.2.4, Mbl HMeeM

(Rqu)(N +1) = (U1Rqu) y 1 (1) = (B1U1v) y (1) =

N N
- ;TNH,S(Uw)S(l) = 2 rwssU),n(0) =1 5 og)

s=1
N+1

=Y v (Uh), 0)

AHasoruyHo
(Bqu)(i — 1) = (U1Rqv),(0) = (R1U1v);(0) =
N+1
=) ru(Uw),(0) (i=1,...,N+1).
= (1.2.29)
Mz (1.2.26), (1.2.28) u (1.2.29) Mbl noayduM
(Rou)(N +1) = > v1i(Rou)(i — 1). (1.2.30)

1<i<NA+1, i#m+1

B cuny (1.2.27) u (1.2.30)
Ro(WH(0,d)) € W,.(0,d).
2. JlokaxeM Ternepb 00paTHOE BKJIOYEHHE
W,.(0,d) € Ro(W'(0,d)).

Mycts u € W, ,,(0,d). B cuny nemmb 1.2.5 omepatop R : L(0,d) —
Lo(0,d) umeer orpaHudYeHHbIH 0OpaTHbBIH Rél : Ly(0,d) — L5(0,d). TToka-
KeM, uto v = Rplu € W0, d).
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W3 nemmbl 1.2.9 bt monyuum v € WH(Q1,) (p=1,..., N + 1). [Tostomy

JIOCTATOYHO [0Ka3aTh, UTO
vip—0)=v(p+0) (p=1,...,N), v(0) =v(N+1)=0.
O603HauMM
o, =v(p+0) (p=0,...,N), Y,=v(j—0) (G=1,...,N+1).
[Mockonbky Rgu € W(0,d), mbl umeem
(Rou)(i+0) = (Rgv)(i — 0) (i=1,...,N).

Takum o6pasoM, GYHKLUHH ), U 1); YIOBJIETBOPAIOT CJAEAYIOLIMM YCJIOBUAM:

N+1 N+1
Y rivipep1=Y rpty  (i=1,...,N), (1.2.31)
p=1 p=1

cp. (1.2.18).
Bosee Toro, ¢ynkuus Rgv ynosnaersopsieT yciosuio (1.2.27), xortopoe

MO2KHO 3aIlMuCaTb B BHIE
N+1 N+1

Z rmp¢p - Z Y2i Z Tipwp (1.2.32)
p=1 p=1

1<i< N, i#m

UK B BHIE

N+1 N+1

Z Fm+1,p¥Pp—1 = Z 2i Z Fit1,p¥p-1 =

p=1 1<i<N,i#£m p=1

Nl (1.2.33)
= Z V2,i—1 Z Tip%—y
2<i<N+1, i#£m+1 p=1
13 ycaosuii (1.2.32), (1.2.23) u (1.2.33), (1.2.24) MBI nOJAy4YUM

(”f’m,NH - > ’Y2i7“¢,N+1>¢N+1 =0, (1.2.34)

1<i<N, i£m

(Tmﬂ,l - Z 72,1‘17“1‘1)@0 = 0. (1.2.35)

2SN+, i#Fm+1
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MuoxuTtenb nepen Y1 (o) HeHyneBoH. B mpoTHBHOM ciyuae Mbl HMe-
eM det R = 0, 4TO NPOTUBOPEUYUT HAllleMy MPENNOJOKEHHIO O HEBBIPOXKIEH-

HocTH onepatopa . CrnenoBaTte/bHO,

Yn41 = o = 0.

Takum o6pasom, cucrema (1.2.31) mpumet BUp

N N
g Tit1,p+1¥Pp = E Tip¥p (i=1,...,N).
p=1 p=1
[TockoabKy Tit1p+1 = Tip (i,p=1,...,N) U m-a cTpoKa 3TOH CHCTEMBI

SBJISIETCS JTUHEUHOW KOMOWHALIMEH OCTaJIbHBIX CTPOK, NaHHAsl CUCTeMa 3KBU-

BaJIEHTHA CUCTeMe
N N
Y ey = ity (i=1,...,N, i#m). (1.2.36)
p=1 p=1

Tenepp, ucnosnb3ysi paBeHCcTBa ¢y = ¥n+1 = 0, MBI MOXKeM Mepenucathb

cootHomeHue (1.2.30) B cienyrolieM BUe:

N N
Z IN+1pUp = Z M1i Z Tip+19Pp- (1.2.37)
p=1 1<K N+1i#£Em+1 p=1

M3 (1.2.26) Mbl HMeeM

N N
g Y1 E Tip+1Pp = § :TNH,p%Op'
I<i<N, i#m+1  p=1 p=1

Takum o6pasom, ucnosabsys (1.2.37) u nocjenHee COOTHOILIEHHE, MbI IO-

JlydaeM
N N
D Ny = ) TN (1.2.38)
p=1 p=1

Hcnonbays (1.2.36) u (1.2.38), momyuum cucremy N ypaBHeHuéi ¢ N

HEeH3BECTHBIMHU

N
Srplep =) =0 (i=1,...,N+1, i#m). (1.2.39)
p=1
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Crpoku cuctembl (1.2.39) coBmanarT ¢ JUHEHHO HE3aBUCHMBIMU CTPOKa-
Mu g; (1 =1,...,N 4+ 1,7 # m). CrepoBatenbHo, @, — 1, = 0, T. e. @, = ¥,

(p=1,...,N). Ml g0Ka3anu, 4To

W(0,d) € Ro(W'(0,d)).

Ilpumep 1.2.4. Ilycte d =2 u
(Ro)(t) =v(t+1)+v(t—-1)

(cp. mpumep 1.2.2).
MBI HMeeM TOJIBKO OJUH KJacc, CoaepKallui 1sa uHtepana (11 = (0,1)

1 Q12 = (1,2). Matpuusl Ry u Ry UMEOT BUI

R, = : Ry = (0).
10

OueBunno, m =1 u Ry (Wl(O,Q)) = W.,(0,2), rze

W2 1(0,2) = {u € W'(0,2) : u(0) = u(2), u(1) = 0}.

1.3. KpaeBas 3agaua nuasa gud@depeHnalbHO-Pa3HOCTHOTO YPaBHEHUS

BTOPOro nopgaikKa

I'nagkocts 0000meHHBIX pemeHuil. PaccMmoTpuM dugepernyuarvro-

pasHocmHoe ypaBHeHUe
—(Rv)"(t) + Arv = folt) (¢t €(0,d)) (1.3.1)
C OIHOPOAHBIMH KPaeBbIMH yCJIOBUSIMH

w(t) =0  (t€[-N,0]U[d, d+ N]). (1.3.2)
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3nect R : Ly(R) — Lo(R) — pasHocTHBIH omepaTop Buaa
N
(Ro)(t) = S bjolt + ),
j=—N

b € R, Ay : W(0,d) — Ly(0,d) — MuHeliHbIA OrpaHMueHHEIA OMepaTop,
d=N+60,0<0<1, NeN, fy € Ly(0,d) — xommnekcHo3HauHasi PyHK-
uusi. duddepeHunanbHo-pa3HOCTHOE ypaBHEHHe C HEONHOPOAHBIMMU Kpae-
BBIMH YCJIOBUSIMH MOXKHO JIETKO CBECTH K IH(depeHLHnanbHO-pPa3HOCTHOMY
YPaBHEHHIO C ONHOPOAHBIMU KpaeBbIMU ycJoBUAMU. [loaTomy, He orpaHUuH-
Basi OOLIHOCTH, Mbl MOXKeM H3y4yaTb ypaBHeHHe (1.3.1) ¢ omHOpPOOHBIMM Kpa-
eBbIMH ycgoBusiMu (1.3.2). [TockosbKy cnBuru t — t + j MOryT oTOOpa)kaThb
touku otpeska [0,d] B muoxkectBo [—N,0] U [d,d + N], mbl paccMaTprBaem
KpaeBble ycsoBus njs ypaBHeHus (1.3.1) He ToJBKO Ha KOHLAX HMHTEpBa-
na (0,d), o Takxke Ha mHOkecTBe [—N,0] U [d,d + NJ.

Beenem onepatoper I : L2(0,d) — Lo(R), Py : Le(R) — Lo(0,d) u
Rg @ Ls(0,d) — L5(0,d) mo dopmynam (1.2.2)-(1.2.4). Onepatop I mnos-
BOJIsleT paccMaTpUBaTb OLHOPOAHBIE KpaeBble yciosud (1.3.2). Onepartop Fy
UCIosib3yeTcsl AJst u3ydeHus: ypaBHeHHus (1.3.1) He Ha Bce#t ocu R, a suuib
na unrepsane (0,d).

[Tyets Apg : D(Ag) C Ly(0,d) — L2(0,d) — HeorpaHu4eHHBIH orepaTop,
3aaHHbIH (popMyIaMu

Apv = —(Rgv)"(t) + Av (v € D(Ag)),

) (1.3.3)
D(AR) = {v € WH0,d) : Rgv € W*(0,d)}.

Onpenenenne 1.3.1. Oyukuus v € D(Ap) HasbiBaeTcss 0606ujeHHbIM

pewernuem 3anaun (1.3.1), (1.3.2), ecu

Arv = fo. (1.3.4)

10 oripeneJsieHHe 3KBHUBAJEHTHO CJAeAYIOLIEMY.
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Omnpenenenue 1.3.2. OyHkuua v € Wl(O,d) HasblBaeTcs 0000weHHbIM

peweruen sanaun (1.3.1), (1.3.2), ecan mas Beex w € W0, d),

[ 1B @ + ()} de = [ pow@ e (135)

IeiictBuTenbHO, ecan GyHkuusi v € D(AR) siBasieTcsi 0600IIEHHBIM pe-
meHueM KpaeBod 3amaud (1.3.1), (1.3.2) B cmbicsie ompenenenus 1.3.1, To,
ymHoxasi (1.3.4) Ha m ¥ UHTETPUPYS 10 yacTsaM, Mbl nosydaem (1.3.95).

Tenepp npennosoxxum, 4To v € Wo/l(O, d) — 06001IeHHOe pellleHHe 3aauu
(1.3.1), (1.3.2) B cmbicae onpenenenusi 1.3.2. Torma us toxnectBa (1.3.5),

UCIIONb3YSl NPaBUJIO AU pepeHIUpoBaHUs 0000IIEeHHbIX PyHKUHH, 05 BCeX

w € C®(0,d) Mbl UMeeM
d d

(—(Rov)", @) + / AT di = / JoT0 dt. (1.3.6)
0 0
[Tockonbky Ajv € Lo(0,d) u fy € L2(0,d), us (1.3.6) caenyer, uto

(Rgv)" € Ly(0,d)

1 paBeHcTBO (1.3.4) BhIMOJIHEHO.

Paccmotpum mpumep ornepatopa Aj.

Ilpumep 1.3.1. IlycTts

Ajv = ar(t)(Rigu)'(t) + as(t)(Raqu) (1), (1.3.7)

rae ai, ag € C*0, d] — BelllecTBeHHO3HauHble GYHKUMH, R = PoR;lg,

(Ro)t) = 3 bt +3)  (i=1.2)

b; € R. Torna B cuny semm 1.2.2 u 1.2.7 oneparop Ay : W(0,d) — Ly (0, d)
OTPAHUYEHHBIH.
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B orauune oT peuieHUH OOBIKHOBEHHBIX NHU((pepeHUHaNbHbIX YPaBHEHUN
TJIANKOCTb 00O0OIEeHHBIX pellleHUH KpaeBbiX 3aaad Ajas AuddepeHUHATbHO-

PA3HOCTHBIX YpaBHeHHi MOxeT Hapyiiatbcsi Ha uHTepsase (0,d).

Teopema 1.3.1. [Ipednonoxcum, umo onepamop Rg HesbiposcOerHbill.
Mycmo fo € W¥(0,d), u nycmo onepamop A, umeem 6ud (1.3.7), ecau
k > 1. llycmo v(t) — 0606uiennoe pewerue kpaesoti 3adauu (1.3.1), (1.3.2).
Toeda

UGWk+2(j_17j) (]:177N+1)7
ecau =1, u
veWH2(j—1,5-1+60) (j=1,...,N+1),
UEWk+2(j_1+07j) (]ZlaaN)a

ecau 6 < 1.

Hokasameavcmso. okaxem teopemy 1.3.1 Mo MHAYKIHMH.

[lycts k& = 0. Torma no ompenenenuto 1.3.1 Rgv € W?2(0,d). [Tostomy u3
nemmbl 1.2.9 caenyer, uto v € W2(Q,;) misi Bcex sui=1,..., M.

[Iyctb Tenepb yTBepxkaeHHe TeopeMbl 1.3.1 crnpaBedsuBO AJsi HEKOTOPO-
ro HeOTpHIlaTeJqbHOro 1esoro k = m — 1. Jloka)keM, 4TO 3TO YTBepPKIeHHE
BBIMOJIHSIETCS Takke 17t k = m. [Ipenmonoxum, uto fo € W™(0,d). Ypas-

Henue (1.3.4) mpumer BUJI
—(RQ’U)” = FO = f() — Alv.

[To npeanonoxenuio MEAYKUAH v € W TH(Qy) nas Beex s mi=1,..., M.
[lostomy B cuay gemmbl 1.2.8 F € W™ (Qy), 1. e. Rgv € W™2(Qy;). Us

nemmbl 1.2.9 BriTekaet, uto v € W™ 2(Qy;). L]
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PaccmoTpum npumep, B KOTOPOM TJIANLKOCTb OOOOIIEHHOr0 pelleHUsl Ha-
pyliaetcsi naxke npu OecKoHedHO AUGepeHUHpyeMOr MPaBOM 4YacTH ypas-
HeHUs. DTOT NpPUMep MOKAa3blBaeT TaKKe, KaK HAUTH 000OILEeHHOe pelleHHe
sagauu (1.3.1), (1.3.2) nyTtem cBeneHus K auddepeHINaTbHOMY YPaBHEHHIO

C HeJIOKAJIbHbIMH KpPAa€BbIMHU YCJIOBHUSIMH.

IIpumep 1.3.2. PaccmoTpuMm KpaeByto 3anauy

—(Rv)"(t)=1  (t€(0,2), (1.3.8)
v(t)=0  (te[-1,0]U[2,3]), (1.3.9)
rie
(Rv)(t) = v(t) +bo(t +1) + bu(t — 1), || # 1.
Torza
1 b
RV

u det Ry # 0 (cm. mpumep 1.2.2). B cuny rteopemnl 1.2.1 omeparop R
0TOGpaXKaeT HENPEPHIBHO H B3aWMHO ogHo3HauHo W1(0,2) Ha W1(0,2), rae

1 . 1
W (0,2) — nonnpoctpancteo dynkuui u € W(0,2) takux, 4ro
u(0) = bu(l) = u(2). (1.3.10)

CnenoBatesibHO, KpaeBasi 3agaua (1.3.8), (1.3.9) skBHBajieHTHa ypaBHe-

HHUIO
—d"(t) =1 (1.3.11)

¢ HesiokambHBIMU yeaoBusamu (1.3.10). [opcraBasisi oblee perieHue ypaBHe-
aus (1.3.11) B (1.3.10), MBI BHAMM, UTO CYILECTBYET €IUHCTBEHHOE CHJbHOE
pewenue 3agaun (1.3.11), (1.3.10)

t2

u(t):—§+t+2(1_b).
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[TosTomy MBI MOKeM HaWTH 06o00uIeHHOe pelieHWe 3anaun (1.3.8), (1.3.9)

CJAeLYIOLHUM 00pa3oM:
v(t) = Rélu(t).

[Tockosbky
1 1 —b

_1:
LTl WP

10 Ry' = PoR'Ig, rae
w(t) —bw(t+1) —bw(t—1)
1—0? '
Takum o6pa3om, cyllecTByeT eIMHCTBEHHOe 0000LIeHHOe pellleHHe 3a]a-

gy (1.3.8), (1.3.9)

(R'w)(t) =

12 t
- + (t€(0,1)),
__* +1_2bt+ 20 (t € (1,2)) -
20+0)  1—0 1—0 S
cm. puc. 1.3.1.
A v 1
1 _
b= 2
t
0 1 9
Puc. 1.3.1

OueBupHo, mpousBoaHasi v'(t) umeeT paspeiB B Touke t = 1, ecau b # 0,

1. e. v e WH0,2) \ W2(0,2).

[IpopemoncTprpyeM Tenepb APYrod NMyTb Hax0oXKIAeHHs 0O0OILEHHOro pe-

LIeHUs1 KpaeBOoW 3aiauu Ans AudgepeHInanbHO-pPa3HOCTHOTO yPaBHEHHUS.

ITpumep 1.3.3. PaccmoTrpum BHOBB KpaeByto 3anauy (1.3.8), (1.3.9).
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BBeneM HOBBIE (PYHKIIUH
v(t) =) (te(0,1)),
v(t) =v(t+1) (te(0,1)).
Torna us (1.3.8), (1.3.9) cnenyet, uto

_Ulll(t) _ bvé’(t) =1 (t S (07 1))7

(1.3.13)
—bvf(t) —vy(t) =1 (t € (0,1)).
O6uree pemenue cuctembl (1.3.13) umeer BUA
t2
vi(t) = — + a1t + e,
2(1
(1+9) (1.3.14)
t
t) = — t .
V(1) 2(1+b)+03 + ¢4
Tockoabky v € W(0,2) u W(0,2) C C[0,2], MBI moTyunMm
v(0) =v(2) =0, v(l1—=0)=v(1+0).
Us yenosus Rou € W(0,2) caenyert, uto
(Rqu)'(1 = 0) = (Rqu)'(1 +0).
Mbl MOXKeM Tepernucatbh 3TH YCJAOBHS B CJAENYIOLIEM BHIE:
1)1(0) = 0, Ug(l) = 0,
(1.3.15)
vi(1) = v2(0), Vi (1) + bup(1) = b (0) + v3(0).
M3 cuctembl (1.3.15) MBI HaxXoAMM KOHCTaHTBI Cq,...,C4. llomcTaBasig 3TH
KoHcTaHThl B (1.3.14), Mbl HMeeM
v(t) = — £ P (t €(0,1))
BT o) 102 e
5 (1.3.16)
t bt
(t € (0,1)).

t)=— -
ell) = =535 " To% 2=
13 paBencts (1.3.16) mbl mosygaem (1.3.12).
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®PenroapbmMoBa pa3pemuMoCTb. B ciydyae HEBBIPOXKIEHHOTO OMepaTopa

Rg ™Mbl ycTaHOBUM (ppelrojbMoBOCTb oneparopa Apg.

Teopema 1.3.2. [Ipednonoxcum, umo onepamop Rg HesbiposoerHbiLl.
Toeda wneoepanuuennoiii onepamop Ap : D(Agr) C L2(0,d) — Ls(0,d)

ppedzoromos u ind Ar = 0.

B Teopeme 1.3.2 Mbl paccMaTpuBaeM Kak peryJsipHble, TaK U HeperyJ/sipHble
pa3sHOCTHBIE OIepaTopkl. B ciydae perynspHoro oneparopa [ Mbl CBeleM 3a-
nauy (1.3.1), (1.3.2) K o6biKHOBeHHOMY nH(dhepeHIHaTbHOMY YpPaBHEHHIO C
HeJIOKaJbHBIMU KpaeBbIMU ycoBUsiIMU (1.2.14). 3aTeM Mbl MPUMEHHUM CJefl-
ctBue 1.1.2 0 pa3pelmiMMOCTH 3TOH HeJlOKa bHOH 3afaud. [lis HeperyJ/aspHOro
onepaTopa [t Mbl cBeneM 3agady (1.3.1), (1.3.2) x oOblkHOBeHHOMY AHbde-
peHLIMaJbHOMY yPaBHEHUIO C HeJIOKAJbHBIMH KpaeBbIMH ycaoBusmu (1.2.21),
(1.2.22). YcraHoBuUM Temnepb (peArosbMOBO CBOMCTBO ONepaTopa, COOTBET-
CTBYIOLLEI'0 3TOM BCIIOMOraTeJIbHOU HeJIOKaJbHOW KpaeBOH 3ajaue.

Mycts 6 = 1, 7. e. d = N 4 1. O6osnauum uepes W, (0,d) noanpo-

cTpancTBO yHKuME u3 W1(0,d), yI0BIETBOPSAIOUIMX YCAOBUSAM

u(N +1) = > yu(i — 1), (1.3.17)
1<G<N+1,i#m+1
u(m) = Z Yoiu (1), (1.3.18)

1<i<N, im
rae m — QUKCHPOBaHHOE Yuc/Io Takoe, uto 1 <m < N,y (i =1,..., N+1,
i#m+1)uyy (i=1,...,N, i #m)— BelllecTBeHHble uucIa, ¥ = {7;;}.
Beenem orpanuuenubiit onepatop A, ., : W?(0,d)NW,,,(0,d) — L(0,d),

3alaHHBbIM 10 (popMmyJie

Ay pu=—u" + AlRélu. (1.3.19)
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Jlemma 1.3.1. Ocpanuuennoui onepamop A, : W?(0,d)nW., (0,d) —
Ly(0,d) ¢ppedeorvmos, u ind A, ,, = 0.

Jlokasameavcmeo. V13 komnakTHocTH omepaTopa Bjaoxenus W2(0,d) N
WJ,,(0,d) 8 W, (0,d) u Teopemsi 1.2.2 cienyer, uto omeparop AlRél :
W?(0,d) " W,,(0,d) — Ly(0,d) xommaxrHbiii. B cuy Teopembr A.7 Kom-
MakTHOe BO3MYILleHHe He MeHsieT CBOHCTBa (hPeAroJbMOBOCTH U MHAEKCa Orle-
patopa. [losTomy, He orpaHu4MBas OOLIHOCTH, MBIl MOXeM I[oOJaraTb, 4TO
ARy = 0.

PaccMoTpuM HeopHOpOAHOE ONEpaToOpHOe ypaBHEHHe
A, mu = fo, (1.3.20)

rae fo € Lo(0,d). D70 ypaBHEHHe SKBHBAJEHTHO OOBIKHOBEHHOMY nu(de-

pPEeHLIMaNbHOMY ypPaBHEHHIO
—u"(t) = fo(t) (te(0,N+1)) (1.3.21)

C HeJIOKaJbHBIMHM KpaeBbIMH ycaoBusmu (1.3.17), (1.3.18).

O6uree pemeHue ypaBHeHus (1.3.21) umeer BUI

t

w(t) = 1 + oot — / (t— ) folr)dr. (1.3.22)
0

[Toncrasasis (1.3.22) B (1.3.17) u (1.3.18), Mbl MOJYYUM ypaBHEHHS AJs KOH-

CTaHT C1 U Co

ca|ll— Z Yi | +e2| N+1— Z Yoi(i — 1) | =

1<iKN+1, i#m+1 2<i< N, i£m—+1

N+1 1

= [ Wer-nfmar - Y e [ G- nfn
9 1<i<N, i#m 9

(1.3.23)

62



c|l— Z Yoi | T C2| M — Z Yoil | =

1<i<N,i#£m 1<i<N,i#£m
. (1.3.24)
N ICERGUEEDS /Z—Tfo
0 1<i<N, Z;ém
O603HauUM

)

(o) :/(i—f)fo(f)dT (i=1,...,N+1).

0

Ouesnnro, P;(fo) = (fo,%0)1,(0.4): TRE

pi(r) = (1 =7)0(i —7),
O(t) =1mnput >0, 6(t) =0 npu t < 0. Cnenosarensto, ®;(fy) — nuneitHo
He3aBHUCHMble HelpepbiBHbIe (PyHKIHOHAJb Ha Lo(0, d). OTciona cienyet, uTo

Fi(fo) =®nva(fo) = D mmin®i(fo),

1<i<N,i#m

Fy(fo) = @l fo) — Z Y2i®i(fo) —

1<i<N,i#m
TakXKe JHHEHHO He3aBUCHMble HempepbiBHbIE (DYHKIHOHAB Ha Lo (0, d).

Takum o6pasom, cucrema (1.3.23), (1.3.24) npumer Bup

afl- Z i |+

1<i<KN 4L, i#EmA+1

+ Co N+1-— Z ’}/QZ(Z — 1) = Fl(f()), (1325)

2N, i#m+1
afl- Z Yoi | +ca| m— Z Yeit | = Fa(fo).
1<i<N, i#m 1<i<N, i#m
Orciona cnenyer, uro o6pas R(A,,,) 3aMKHYT B npoctpaHcTBe Ls(0, d)
1 codimR(A,,,) < 2. O6o3naunM uepes M Mmarpuuy cucremsl (1.3.25).
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Ouesunno, N (A, ) # {0} Torna u Tonbko Toraa, korna det M = 0. Bosee
toro, dim N (A, ,,) = 2 — rank M. [Tostomy oneparop A, ,,, hpearospMoB.

Tenepb ocraercs gokasarb, yto ind A, ,, = 0. Paccmotpum Tpu cayyvas.

1. rank M = 2. B atom cayuae
dim N (A, ) =0, codimR(A,,,) =0,

T. e. ind A, ,, = 0.

2. rank M = 1. OueBunno, dim N (A, ,,,) = 1. C npyroit cTopoHsI,
cuctema (1.3.25) coBMecTHa Torma M TOJBKO TOTrHA, KOTa PaHT pac-
IIMPEHHON MaTpULbl paBeH 1. DTo 03HAUaeT, 4YTo fy HOJKHA YHOBJe-

TBOPSITH YCJIOBHIO

a1 Fi(fo) + aeFa(fy) =0,

rne of + a3 # 0. [TockonbKy QyHKUMOHaNb Fy U Fy — nvHeiHo He3a-
BUCHUMEI, 3T0 O3HauaeT, 4ro codim R(A,,,) = 1. CienosaresbHo,
ind A, ,, = 0.

3. rank M = 0. B srom cayuae dimN(A,,,) = 2. Cucrema (1.3.25)
COBMeCTHa TOrAa W TOJbKO Toraa, korna Fi(fy) = Fa(fo) =0, 1. e.

codim R(A, ,,) = 2. Takum o6pasom, ind A, ,, = 0.
L]

Hokasamesocmso meopemot 1.3.2. 1. BHauase paccMoTpuMm cJydai, Ko-
raa onepatop g perynspubii. Ilo teopeme 1.2.1 cymecTByor uucaa vj;
(j=1,2, i=1,...,N) Takue, uto onepatop Ry oTo6paxaeT HENPEPBIBHO
W B3auMHO onHosHauHo W(0,d) Ha W1(0,d). 3necs W1 (0,d) — npocTpaH-

ctBo (hyHkuui us W1(0, d), ynoBaeTBOpSIOKX YCIOBUAM
u(0) =Y yu(i),  uld) = ypuld—1i). (1.3.26)
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Takum o6pasowm,
Ar = A, Rq,
rae A, : W?(0,d)NW(0,d) — Ly(0,d) — orpaHnyeHHbi# omepaTop, 3aiaH-
HBIA 110 (popMmyJie
Ayu=—u"+ ARy u (ue W0,d) nW(0,d)).
B cuny cnencteus 1.1.2 onepatop A, ¢pearonbmos v ind A, = 0. Cienosa-
TesibHO, 1o TeopeMe A.l omeparop Ap dpearonsmoB u ind Ap = 0.

2. Ilpennosnoxum Temneps, 4to oneparop [ig HeperynspHbld. B cuniy Teo-
peMbl 1.2.2 cyuiecTByeT HaTypasbHOE YKCJO M U BellleCTBEHHBbIE UHCIA Vi
t=1,....,N+1L,1#m+1,v11 #0) v (i=1,..., N, i #m) Takue, 4yTO
onepatop Ry oroGpaxaer W(0,d) ua W ,,(0,d) HempepeIBHO M B3aMMHO
ONHO3Ha4YHO. TakuMm obpaszom,

Ar=A, . Ro,

rae Ay, : W2(0,d) " W,.(0,d) — Ly(0,d) — orpanudeHHblii omepatop,
3afaHHbii opmyoi (1.3.19). Tlo nemme 1.3.1 oneparop A, ,,, dbpearosbmon

u ind A, ,, = 0. CnenoatesbHo, 1o Teopeme A.l oneparop Ap hpearonbmon

" ind Az = 0. O

[IpuBenem mpuMepe! onepatopos Ap, HMeOLINX HETPUBHANBHOE SPO.

Ilpumep 1.3.4. Ilycts d = 2, u nycThb
(Rv)(t) =v(t) +2v(t — 1)
(cM. mpumep 1.2.1). Onpenenum nuddepeHIIHaIbHO-PAa3HOCTHBIH OMEPaTop
Ar : D(AR) C L2(0,2) — Lo(0,2)
no gopmy.e
Arv = —(Rou)" (v € D(Ag) = {v € W(0,2) : Rou € W3(0,2)}).
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Torma

10
R = . Ry=(1).
21

Takum obpasom, onepatop g peryaspHeidi. B cuny teopemnl 1.2.1 omne-
patop R¢ siBnsieTcst U3MOP(HU3MOM MPOCTPAHCTBA W1(0,2) Ha IpOCTPaHCTBO
W (0,2) = {u € W0,2) : u(0) =0, u(2) = 2u(1)}.

[ToaTomy
Ar = A, Rg,
rae
Ay W2(0,2) N W4(0,2) — Ly(0,2)
eCTb OT'PaHUUEHHBIH OmepaTop BUAA
I

uAfyu — —U .

OuesunHo, s1apo N (A,) coctout us GyHkuuit u(t) = ¢; + cot, yAOBJIETBOPS-

IOMKUX HEJOKAJbHBIM YCJIOBHUAM

c1 =0, ¢1+2c=2(c;+ ).
CuieioBatesibHO, QYHKIUS
u(t) =t (te(0,2))
siBaisiercst 6asucoM B N (A,). OTcrona BeITeKaeT, 4TO (DYHKIUS
v(t) =Ry't=1—[t—1] (t€(0,2))
spasiercss 6asucom B N (Ag).
IIpumep 1.3.5. [lycts d = 2, 1 nycThb

(Ru)(t) = v(t — 1) — v(t + 1),
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BBenem nugdepeHnnabHO-PA3HOCTHBIA ONepaTop
Ar : D(AR) C L2(0,2) — L9(0,2)
no gopmyJie
Apv = —(Rgv)" (U € D(Ap) = {v € W(0,2) : Rov € W2(0, 2)}).

Torna

0 —1
Ri = . Ry=(0).
10

Takum o6pasom, oneparop R HeperynaspHblid. B cuny Teopemsl 1.2.2 onepa-
TOp [ — M30MOP(H3M NPOCTPAHCTBA Wl(O, 2) Ha MPOCTPAHCTBO
W3 1(0,2) = {u e W0,2) : u(l) = 0,u(2) = —u(0)}.

[TosTomy

Ar = A, 1R,
e

Ayq: W20,2) N W5 1(0,2) — Ls(0,2)

eCTb OrpaHUUEHHBIH OMepaTop BUMA

Ay qu=—u",
OuesnnHo, 1po N(A, 1) COCTOUT U3 QyHKUHH

u(t) = c1 + cat,

YAOBJIETBOPAIOIINX HEJOKaJbHBIM YCJ/JIO0BHUAM

C1+CQZO, Cl—|—202:—61.
CanenoBaTe/ibHO, (DyHKIIUS
u(t)y=t—1 (te(0,2))
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obpasyer Gasuc B N (A, ). OTciona BbiTeKaeT, 4T0 (QyHKLHUS
v(t) =Ry t—1) =1-]t—1 (t€(0,2))

obpasyer 6asuc B N (Ag).

3ameuanmue 1.3.1. Ecau oneparop R BeipoxkaeH, To dim N (Rg) = 0o B
cuay semmbl 1.2.6. Tlpn A; = 0 met umeem N (Rg) C N (Ag). Cienoaresn-
1o, N (Ag) = oco. Takum o6pasom, onepatop Ap He siBJsieTcsi (PPeArosbMO-

BBIM.

OpHo3HauHas pa3pemiMMOCTb M CIEKTP. B 3TOM NMyHKTe Mbl paccMoT-
puM crekTp omepatopa Ap, mpennosaras, 4to mMatpuna R; + R M0J0XH-
TeJIbHO omnpenesieHHas. M3 aToro npennosioxkenus ciaenyet, uto det Ry # 0 u
det Ry # 0, T. e. onepatop [2g peryJ/spHbIi.

Beenem mnosytopanuneitnyio dopmy bgrlu,v] ¢ obsacThio ompeneseHus

D(br) = W0, d) no dopmyse
d

bRphv]:L/kﬁ@uy@ﬁ7ﬁj+(A¢¢waG&ﬁ. (1.3.27)

0

Jlemma 1.3.2. [lycmo mampuya R+ R} nosoxumenrvro onpedesennas.

Toeda cyuecmsyrom koncmanmor ¢c1 > 0 u co > 0 makue, umo

Re bglu] > —esllull} 00 (u€WH0,d)). (1.3.28)

ClHuHWl (0,d)

Jlokasamenscmeo. Tockonsky Ay : W(0,d) — Ly(0,d) — orpannues-
HBIA omepaTop, u3 jemMm 1.2.5, 1.2.7 u HepaBeHcTBa Komun—byHsikoBckoro

cJeayer, 4To
1 *
R,e bR[U] == 5 ((RQ + RQ)U/,, UI)LZ(O,d) + Re (Alu, u)LQ(O,d) 2
> kal|w' 17, 0.0) = Fallullyi o, el za0.0)-
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CJle10BaTeNbHO, HCIIOJIb3Ysl HEPABEHCTBO
2 | 132
ab < ea”4+¢ b (a,b € R, € >0)

¥ 3KBMBaJeHTHY HopMmy B W1(0,d), mbl nosyunm

Rebrlu] > (ks — kae) [ullfp g ) — k2™ ullL, 0,00
ks
Bribupasi teneps € Tak, uto 0 < € < o5, oyaem (1.3.28). L]
2

Teopema 1.3.3. [lycmo mampuya Ry + R] nosoxumenrvro onpedesen-
nasa. Toeda cnpasediussl caedyroujue ymaeeprcoeHus.

(a) Onepamop Ag : D(AR) C Ls(0,d) — Ly(0,d) sersemes m-cekmo-
pUAAbHBIM ONepamopom, ACCOUUUPOBAHHbIM C popmoli by.

(b) Onepamop Agr : D(Agr) C Lo9(0,d) — L2(0,d) ¢ppedecorvmos, u
ind Ar = 0.

(c) Cnexmp o(Agr) duckpemnoiii, u o(Agr) C {\ € C: ReX > —ca}, ede
co = 0 — Koncmarnma u3 semmol 1.3.2.

(d) Ecau X & o(Ag), mo pegoavsenma R(\, Ag) : L2(0,d) — L2(0,d) —

KOMNaKmHbolLl onepamop.

Hokazameavcmeo. B cuny aemm 1.2.7 u 1.3.2 nonyropanuneiinas dopma
bg sIBJISIETCSI OTPaHUUEHHOH CEKTOpHabHOH (opMOH Ha Wl(O, d) ¢ BepLIHHOM
v = —cp. O603HauUUM uepe3 By, m-CeKTOPUaNbHBIH ONepaTop, acCOLMUUPO-
BaHHBIU ¢ ¢opmolt bgr. [Tockonbky onpenenenus 1.3.1 u 1.3.2 skBHUBaJIEHTHHBI,
B cusy TeopeMmbl A.13 mbl umeeM Ap = Bj,. Tenepb yTBep:KaeHHUs Teope-

Mbl 1.3.3 cnenyiot u3 Teopem A.17, A.1 1 KOMNAKTHOCTH OMepaTopa BJOKEHHS

W0,d) B Ly(0,d). O
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CaenctBue 1.3.1. [lycmo mampuya Ry + R} noaroxcumenrvro onpedesen-

Has, U nycmo
Re (Aju,u)p, 00 =0 (ue W'0,d)). (1.3.29)

Toeda cyuiecmsyem edurcmeennoe o0bobuierHoe pewexue Kpaesol 3ada-

yu (1.3.1), (1.3.2).

Jlokasamesvcmso. B cuay (1.3.29) MBI MOKeM MOJIOXKHTb co = 0 B JieM-

Me 1.3.2. Takum obpazom, no Teopeme 1.3.3
o(Agr) C {A € C: Re\ > 0},

T. e. 0 € o(Ap). O

IIpumep 1.3.6. PaccMoTpuM KpaeBylo 3anady
—(Rv)"(#) + (Rov)(t) = fot)  (t €(0,2)), (1.3.30)
o(t)=0  (te[-1,00U[2,3]), (1.3.31)
re
(Rv)(t) = bov(t) + bro(t + 1) + b_yu(t — 1),
(Rov)(t) = boov(t) 4 boyv(t 4+ 1) 4 bo_1v(t — 1),
bi,boi €R, i =0,+1.

Matpuubl Ry u Ry UMelOT BUI

b() b1 bOO bOl
R, = ) ROl =
b,1 b() b(),—l bOO

O603HaunMm
Ay = Ry = PoRoylg.
[Ipennonoxum, uto Ry + Ry >0 u Ry + Ry, = 0, 7. e.
A2 — (by+b_1)* >0, by>0, 4b% — (bo1 +bo_1)> =0, by > 0.

70



Tornma BbimosHsieTcss HepaBeHCTBO (1.3.29). [lostomy B cuay cnenctBust 1.3.1

nasi mo6oi fo € Lo(0,2) cylecTByeT eIMHCTBEHHOE 000O0IIEHHOE pelleHHe

u € Wl(O,d) sagauu (1.3.30), (1.3.31).

1.4. HesokaabHble 3aga4yu IJ9 CUCTEM OObIKHOBEHHBIX

audpepeHIIMAIbHBIX YPAaBHEHUN C MapaMeTpPoM

ITocranoBka 3amaum. Mbl OyneM M3ydaThb CHCTEMY YpPaBHEHHU C mapa-

MeTpOoM

Au= (A")(t) + (Alu)(t) = folt)  (t € (di,d2)) (1.4.1)

C HeJIOKAaJIbHBIMHU KpaeBbIMI/I YCJIOBI/IHMH
B,u = ((Blu)(t) + (BLu) ()i, + Bu=f, (p=1,2) (1.4.2)

OTHOCHTEJIbHO BeKTOP-PYHKUUH u = (uy,...,uy). B aTOM maparpade u na-
Jiee JUUIsl YIPOILEHHUsT HCITOJIb3YIOTCSI OMHAKOBbIE 0003HAUEHHSI IJIsT BEKTOPOB-
CTOJIOIIOB U BEKTOPOB-CTPOK.

31ech
fo=(for, -, fon) € LY (dy,ds)

eCTb KOMIIJIEKCHO3HAYHAs BEKTOP-(DYHKLIUS,

fp:(fplu"'vfp,mN)ECmN (p:172)

CyTb BEKTOpa C KOMIJIEKCHBIMH KoopauHaTamu, A € C — crekTpa/bHbIi Ma-
pamerp, A’ = A°(t, Dy, \) u B) = B(t, D;, \) — marpuue nopsinkos N x N
u mN X N, cocTosiiide U3 3/J€MEHTOB, KOTOPbIE SIBJSIIOTCS AU epeHIIralb-
HBIMH OTepaTopamu
ARt DL A) = > apapt)N'D (jk=1,...,N), (1.4.3)
o+[=2m
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B,guk(tv Dy, )‘) = Z bpukaﬁ(t)AﬁD?
atf=mp, (1.4.4)

(p=1,2, pu=1,....mN, k=1,...,N)

d
COOTBETCTBEHHO;, D; = _ZE’ AikaBs bppkap € C[dy, da] — KOMIIEKCHO3HAU-
Hble (PyHKLHH.
Hapsny ¢ marpunamu A°(t, Dy, ) u BY(t, Dy, \) Mbl paccMOTpuM MaT-
puttel A°(¢, 7, A) u B) (¢, 7, \) ¢ smemMeHTaMHu, KOTOPEIE SIBAIOTCS MOMHHOMA-

MU A(}k(t,T, A) u BY

ouk(Ls T, A) COOTBETCTBEHHO.

O603HauuM
we ={A € C:|arg )\ < e nau |arg A — 7| < &},

rie 0 < ¢ < 7/2. Ilyers | > max{—2m + m,, + 1} — HeoTpuuaTebHOE
L1eJI0€ YHCJIO.
0 Al RO RLI 2
[Ipennonoxum, uro onepatoper A%, A, B, B, n BJ ynosnersopsiior cie-

NYIOUIAM YCJIOBUSIM.

Ycaosue 1.4.1. CymectByer uncio 0 < £ < 7/2 Takoe, YTO MOJUHOM

det A%(t, 7, \) nepemenHoii T umeet poBHO MmN KopHeil
(AN, T (8N

C TIOJIOXKUTEJbHBIMH MHHMBIMHM YacTSIMH U miV KOpHef/JI C OTpHULATEJbHbBIMH

MHUMBIMH YacTsiMH 1Jis1 BcexX ¢ € [dy,do] u 0 # X € w. (cp. ycnosue C.7).

Ycnosue 1.4.2. Crpoxu marpuust BY(t,7, \)A'(t, 7, A Hdet AO(t, T, N)

mN
JIMHEHO He3aBHCHMbI 110 MOAY/I0 mosuHoma || (7 — 7,7 (dy, \)) mns Beex
p=1

p=1,2un0%# X € w: (cp. ycroue C.8).
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Ycnosue 1.4.3. A = A(\) — marpunn nopsaka N x N, cocrosiiye U3

3JIEMEHTOB
2m—1

Y NAG (k=1,...,N)

p=0
TaKHUX, YTO OIEePaTOPhI

Apire s WP (dy, dy) — Lo(dy, dy)

U UX CyXEHHUS

Apji s W00 (dy dy) — W (dy, do)

ABJIAIOTCA JIMHEHHBIMH OrpaHWYeHHBIMHM oneparopaMu, rae r, € N, r, <

2m—p (p=0,...,2m —1).

1 _ pl _
Ycnoeue 1.4.4. B, = B ()\) (p=1,2) — marpuua nopsaka mN X N ¢

3JIEMEHTAMH
Mpu Spuk
IAx ks \ 4 1 _ —
g E e NB ks (w=1,...,mN, k=1,... N),
q=0 s=1
1 o
rae qu’uks — JIMHEWHbIE OIIEPaTOopbl TaKHWe, UTO MJidd BCEX

up € W"(dy, ds) (k=1,....,N, r=m,, —q, | +2m —q)
BBITIOJTHEHO HEPABEHCTBO

HB;quksuk ||ermp“+q(d1,d2) S a ||uk ’lWT(d1+0,d2—a)7 (1 45)

rae B!

auks B #opks € R He zaBueat ot A, 0 < 0 < (dy —dy)/2 ne saBucur

OT u.

2 _ R2 _
Yenoene 1.4.5. B) = B()\) (p=1,2) — marpuusl nopsaka mN x N,

COCTOsAIIME M3 3JIEMEHTOB

Mpu Spuk

Zzei/\%p“ks)‘ququks (M: L,...,mN, k:l,,..,N),
q=0 s=0

73



rae B2 . — nuHeliHble DYHKUMOHAJL TaKHe, 4TO

pqpiks
’quuk:suk‘ < C2HukHmeu—q(d17d2) (146)

1151 Beex uy € W™en=4(dy, dy), B2 . He 3aBUCAT OT \.

pqpks

M3yuum Tenepb nmpuMep TakoH HeJOKaJbHOH 3a1a4yH.

IIpumep 1.4.1. PaccmoTpuMm cucteMy nug@epeHLHANbHBIX YPaBHEHHUH €

napaMeTpOM

ZAjktDt, Nup(t) = fo;(t)  (j=1,...,N, t € (d,dy)) (1.4.7)
k=1

C HeJIOKaJbHBIMH KPAae€BbIMH YCJOBHUAMHU
N Sp;tk

¥
€ puks (B ks (t7 Dt7 )\)uk (t)) ‘t:dp puks — f
kzz; SZ:; PH TPpuk PH (148)

(p=1,2, p=1,...,mN).
31ech

fo= (for,- -, fon) € Ly (dy, ds)

€CTb KOMIIJIEKCHO3HAYHAS (PYHKIIUS;

fo=(for,  fomn) EC™ (p=1,2)
CYyTb BEKTOPbl C KOMIIJIEKCHBIMM KOODAMHATaMH, A — CIIEKTpaJjbHBIH TMapa-
MeTp, s € R; ecom 1 < s < Sy, 10 di < dy + @purs < do, 1
oo = Popk0 =0 (p=1,2, p=1,...,mN, k=1,...,N);

Aj(t, Dy N) = Y ajrap(t) DY, (1.4.9)
a+6<2m

Buues(t, D, A) = > bpuksas(t) N DY, (1.4.10)
atf<my,

Ajkafy bpuksaﬁ e C™ [dla dQ]

[Tonoxum

bpukas(t) = boukoas(t)-
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[Ipennonoxxum, 4to auddepeHumasbupe onepatopsl A’ ik U B® ., sanaHHble

puk>
dopmynamu (1.4.3) u (1.4.4), ynosaerBopsitor ycaousim 1.4.1 u 1.4.2 coot-
BETCTBEHHO.

Hoxaxem, uto 3anaua (1.4.7), (1.4.8) moxkeT ObITb TpefCTaBJeHa B BHUJE
(1.4.1), (1.4.2).

[Iyctb

) = Iﬁl}?g min{d, + ©,urs — di,da — d, — Ppuks}

(p=12,p=1,....mN, k=1,...,N,s=1,...,5.u).

Beenem marpuny Al nopsaka N x N, cOCTOAILYIO M3 3JeMeHTOB
2m—1

Z WAL (G k=1,...,N),

rage

(Apsu) () = Y ajrapt)Dfur(t) (¢ € (dy, dy)). (1.4.11)

a<2m—p

Mui BBenem Takxke matpuibsl B = B9()) (g, p = 1,2) nopsanka mN x N

C 3JIEeMeHTaMH

ZZ eV \BY L (u=1,...,mN, k=1,... N)

TakK, 4TO

(

bopuksaq(t + Ppuks) Dy ur(t + @puns)n(t — dp)
(Bgurste) () = 4 npu t € (d, —§/2,d, +6/2), (1.4.12)
W mpu t € (0,d) \ (d, —0/2,d, +9/2)

amap=12 pu=1,... mN,a=my,—q, q¢q=0,...,my,, s=1,...,5,.;

nguksuk: Z bp/tksaq(t)D?Uk(t)‘tzdp+<pwks (1~4-13)

a<my,,—q

g p=12 pu=1....mN,¢g=0,...,my, —1,s=0,...,5, 3neco
n € C=(R), n(t) =1 (|t| <6/4) un(t) =0 (|t| > 6/2).
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[Tonoxum r, =1 (p=0,...,2m—1) u 0 = 6/2. U3 (1.4.11) u (1.4.12)
caenyetT, 4to omepatopel Al u Bll) ynoBJsieTBopsitoT ycsaoBusam 1.4.3 u 1.4.4
COOTBETCTBEHHO. B cHsly HempepbiBHOCTH omepatopa Baoxenus W1(dy,ds)

B C[dy, d] 1 popmy.ni (1.4.13) omepatopsr Bz YIOBJIETBOPSIIOT yCJI0BHIO 1.4.5.

AnpuopHble OIeHKHM pelleHUH HeJOKaJbHBIX 3aJay ¢ MapaMeTpoM.

BBeneM NMpoCTPaHCTBO BEKTOP-(PyHKLUHH

WkN dl,dQ = d17d2

”EZ

C HOpMO#

1/2
[ullwen (a,.d) (Zlugm dy.ds ) :

[Tonoxum
W[y, dy) = WY (dy, dy) x C™Y x ¢,

BBenem onepartop-hyHKUHH

~ ~

A= L(A), Lo(\), L (\) € BIW 2N (d, dy), WHN[dy, dy))
no gopmysnam

L(\u={Au,Bu},  Lo(\u={A %, (B%)(t)i=q,}.
L. (M = Lo(\u + T(i(A) - EO(A)>U,

rme A € C, 0 < 7 < 1. Ouennno, L (\) = Ly(A) npu 7 = 0 u L. (\) = L(})
npu 7 = 1. 3aMeTHM, 4TO omeparop EO(/\) COOTBETCTBYET «JIOKaJbHOH» Kpa-

€BOU 3amaue.
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Mb1 GyzieM KCMONB30BaTh HOPMBI, 3aBUCsIIIHe OT mapamerpa A (|A| > 1)
1/2
et fwen (ay,0,) = (Z |uk|%/vl(d1,d2)> :
k
2 /
Nl = (el oy + AP el i)

1/2
111wy ) <||f0|W“Vd1 g D AP 2) |fpu|2>

Pt

(cp. (C.24)-(C.26)).
3necb u = (u1,...,un), f = {foj, fou}. Ans duxcuposansoro A # 0
5TH HOPMBbI 9KBHBAJEHTHBI HOPMAM |[u||yen (g, ay)s |k widr.an) ¥ 11 F Wiy ia, ag)

COOTBETCTBEHHO.

Onpenenenne 1.4.1. Bexkrop-pyukuuio v € WHH2mN(d, dy) Mbl HasoBeM

cunrvHoim peutenuem 3anadu (1.4.1), (1.4.2), ecau

L(\u = f. (1.4.14)

Jas1 nokaszaresbCcTBa TOroO, UTO ONEpPaToOp
L) : WH2N(dy dy) s W[y, do]

¢ppenrosbmoB u ind IAJ(A) =0 (A € C), mbl BHauase YCTaHOBUM CJefyloliee

yTBepxkaenue (cp. semmy 1.1.2).

Jlemma 1.4.1. [Tycmo soinosnaromes ycrosus 1.4.1-1.4.5. Toeda s aro-

6oix hy,hs € R, hy < hy, cywecmsyem \; > 1 makoe, umo Orsa 8cex
ANeEGpy ={AeC:ImA=nh,|ReX| > A},

ho <h<h,0<7<1uuecWHmN(d dy) mor umeem

calllLr (N ulllwivia, gy < Hulllwiezns @, g < calll L (Al )
(1.4.15)
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ede cy,cy > 0 He 3asucam om A\, h, T, u.

[flokasameavcmeo. O603HaYUM iT()\)u = f. Torna
Lo(\Nu= f + ®, (1.4.16)

rne ¢ = { — 1A, —T(Bé) ’tde — TB%u}.

B cuay 3ameuanusi C.5 cymecTByeT Ay > 1 Takoe, uTo AJs
A€Wy, ={N€w: Al = Ao}
pelleHHe «JoKaabHOH» 3anaun (1.4.16) oueHuBaeTcs ciaeqyrIUM 006pa3oM:

wlllwreemn gy, < Balllf + @llweva, a,, (1.4.17)

rae ki > 0 He 3aBHCHT OT A\, T H U.

W3 ycnosuii 1.4.3, 1.4.5 u HepaBenctBa (B.25) monyunm

AP AL el iy < Rl A 2o (14.18)

‘)\|l+2m—mpu*1/2‘Tei)\%puks)\ququksukl < k3e%|fm>\\|)\|*1/2|Hukmwlwm(dl’dﬂ,
(1.4.19)

rae ki, ko, kg > 0 He 3aBUCAT OT A\, T U U,

r = minmin{r,,1} (p=0,...,2m —1)
P

M 2 = Max |M,ps|.
pittsk s
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13 nepaBencts (B.26), (B.25) u ycaoBus 1.4.4 mMbl nMeeMm

Tpquis = |)‘|l+2mimp“71/2|T€M%p“ks)‘q (B;quksu’f)|t:dp| <

< ]{4|)\|l+2m_mp“+q_1€%| Im )| (Hnguksukle(dth)—i_

+ ‘)‘| HB;quksuk”Ia(dl,dz)) <

< k5|)\|q€%| Im /\| (HB/l)q,ukSukHWH'Q"L_mp“ (d17d2)+ (1420)

+ A2 B kst Loy ) <

/N

< KoMk lwrem-a(a,-+0.ds-0)
< /f7€%|ImA|\Hukmwl+2m(d1+o,dz—o)v

rae ky, ..., k7 > 0 He 3aBUCAT OT A\, T U u.

Beegem ¢yukuumio £ € C(R) rak, uto
§t)=1 (telh+od—o]), &1)=0 (t&(d+0/2dy—0/2)).

M3 HepaBeHctBa (1.4.20), sameuanus C.5, dopmynbl JleiibHuna U Hepa-

BeHCTB (B.25), (1.4.18) Mbl mosyyum

Lpgurs < k€M M| |ulllywrsamv a, gy < ke A €u)[wrv . 05) <
< koe A ([1EA ulllwes (d, ) + llelllwisem-154, ) <
< kwe%llmM (H|AOU + TAlu‘le,N(dl’dQ)—F

+ (I I Ml fweeom (4. a)) -
(1.4.21)

13 nepaBencts (1.4.17)—(1.4.19) u (1.4.21) cnenyer, uto

(el [yrv2mn(ay a) < Fnn (e%umA'|HLT()\)UH|WW[d17dz]+

+ (|)\|‘7“ + m—l/?) e ImAl|\|uH|Wl+2m,N(dhd2)), (1.4.22)

rae ks, ...,ki1 > 0 He 3aBUCAT OT A\, T U u.
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OueBuaHO, nJs JM0OBIX hi, hy € R, he < hq, cylllecTByeT Ay => Ay Takoe,

uto Gz, C We ), €U hy < h < hy. Buibupas tenepp A\; > A9 Tak, 4To
kn(A;T + )\1_1/2) e < 1/2,

MOJIy4YUM TpaByl dacTb HepaBeHcTBa (1.4.15) ¢ KoHCTaHTOH ¢y = ke,
KOTOpasi He 3aBUCHUT OT A, T, h ¥ u. 31ech hy = max{|hy, |ha|}.

JleBasi uactb HepaBeHcTBa (1.4.15) caenyet us (1.4.18)—(1.4.20). ]

Pa3pemnMocTh HeJIOKaJbHBIX 3aJa4 C MapamMeTpoM.

Teopewma 1.4.1. [Iycmo goinoansomces ycrosus 1.4.1-1.4.5. Toeda cnpa-
gedAusblL caedyroujue ymeepuroerHus.

(a) Onepamop IAJ()\) c WE2mN(dy dy) — WEN[dy, do] ¢ppedeorvmos u
indL(\) = 0 0z scex A € C.

(b) Ars aroboco h € R cywecmsyem Ay > 1 maxoe, umo 0aa X € G,

A~

onepamop L(\) umeem oepanuuenroiii 06pammoLil

R(\) =L '(\) : WhNdy, do) — WH2N(dy, dy).

Jlokazameavcmeso. Yreepxkaenue (b) Teopembl 1.4.1 BbITeKaeT U3 JeM-
mbl 1.4.1, Teopembl A.9 u 3ameuanus C.5.
Hokaxewm Tenepb yTBepxkaeHue (a). [Tycts A € C — npousBosibHOE UKCJIO.

Torna nas n € Gy, \, MBI HMeeM

~

L) = (1+ (L) = L) )T (m) ) L),
rie I — equuuunblil onepatop B WV [dy, dy).

OuyeBUIHO,
(L) = L(n) )u =
= ((A(A) = A(n)u, (B1(A) — Bi(n))u, (B2(A) — Ba(n))u),
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(A% A) = ARG+ 4 (W = XA

1<p

!

(1.4.23)

(B, - {z
k
+ Z Z z/\%puke/\P eM*puks ) ((B;quksuk) ‘t:d + qu,uks )] }

0<qg 0<s
(1.4.24)

puk Bpuk( "’n))uk‘t:dp+

13 ycnosus 1.4.3 u dopmyasl (1.4.23) cienyer, 4To oneparop

A(N) — A(n) : WHm=tN(q dy) — WEN(dy, dy)
orpaHuueHHbIH. Tak Kak onepaTop BjoxeHus npoctpanctsa W2 (d; . dy)
B mpocTpanctBo WIT2m=LN(d, dy) xomnakTHbIH, TO onepaTtop

A(N) = A(n) : WHEN(dy dy) — WY (dy, dy)
Tak>Ke KOMMNaKTHbiH. B cuny ycnosuii 1.4.4, 1.4.5 u dopmyas (1.4.24) ko-
HeYHOMepHBIe OTepaTOpPbl
B,(A) — By (n) : WY (dy, dy) — C™Y

orpanuueHHble. [loaToMy 3TH omepaTopel KoMnakTHble. CJie0BaTeNbHO, OMe-

parop
(i()\) - i(ﬁ))ffl(n) W dy, do] — WY dy, dy)

KoMmakTHbIH. OTciona U u3 TeopeMbl A.l BbITEKaeT, uTo omnepaTop
f;()\) : Wl+2m’N(d1, dg) — WZ’N[dl, dz]
¢penronbmoB u ind f;()\) = 0. O

M3syuyum Temepb HEKOTOPhIE CIEKTPaJjbHble CBOMCTBA OnepaTop-(GyHKIHH
A\ — L()\).
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Teopema 1.4.2. [Iycmo soinornsromes ycaosus 1.4.1-1.4.5. Toeda cnpa-
gedausvlL caedyroujue ymaepucoerus.

(a) Onepamop-yrKruyus
A= R\ € BOW'N[dy, do], W2V (dy, dy))

ecmo KoHeuro-mepomopdras gpedeorvmosa onepamop-pynxuus 8 C.
(b) Zra xaxcdoeo 9, 0 < & < Oy, cywecmsyem o > 1 makoe, umo

MHONHCECMBO
D5 ={A € C:|ImA| <dIn|ReA|, [A| = v}

He codepacum cobcmeentblx 3Hauerull onepamop-pynkuuu A — L(N), ede

I { 1}
dp = —minq7r, = p.
> 2

(¢) Ars xamcdoeo cobcmeernHoco 3HaueHus ny = o + iy onepamop-

QyHKYyuU A\ — i()\) cyuwecmeyem ¢y > 0 maxoe, umo nosoco. {\ € C :
v <ImA<wvy+etu{rAeC:yy—e<Im A<y} He codepiam

cobcmeenHbLx 3HAueHul onepamop-pyHKyuu \ — IAJ(/\)

Hokazameavcmeo. YTBepxkaenue (a) caenyet u3 teopem 1.4.1 u A.10. U3
gactedt (a) u (b) BoiTekaer (¢). Ocraercs nokasatb yTBepxkieHue (b).

ITyctb 0 < 0 < dp. MoxHO HaHTH 7 > A; Takoe, 4TO Ws~, C We ), THe
A1 > 1 6bl10 BHIOpaHO B A0KasaTesnbcTBe JeMMbl 1.4.1. Torna pas A € wsy,

Mbl UMeeM

e Al ¢ O Re Al |3 5(3=0)| \ =00 (1.4.25)
13 nepaBenct (1.4.22) niss 7 = 1 u (1.4.25) Mbl BBIBOOUM
allrsams gy < s (€MD)l ia, a1+
20PN Al g, )
ISt BCeX \ € W5, U u € WH2mN(dy dy).
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(50—5)%

Bui6upas vy > 71 Tak, uto k117, < 1/4, ™Mbl TONy4UM

lelllwessros iy < 2ne TR ellivena,

I A € Ws~,. ClenoBaTesbHO, MHOKECTBO W5, HE COLEPKUT COOCTBEHHBIX

sHaueHuii A — L(\). ]

N3 nokasartenbcts jemmbl 1.4.1 u teopem 1.4.1, 1.4.2 BeiTekaet, 4To ecau
2 = (0, TO 3TH yTBepxKIeHUS NPUMYT cjaenyoumuid Bup (cp. gemmy 1.1.2 u

Teopemy 1.1.1).

CaenctBue 1.4.1. ITycmo ycarosus 1.4.1-1.4.5 soinoansromes npu » = 0.
Toeoa cywecmsyem A\ > 1 maxoe, umo npu A\ € w. ), u 0 < 7 <1 0aa

scex u € WHPN(dy dy) mor umeem

1L (N ulllwenaya) < wlllwezny @, g, < callLr(N)ulllwivia, b,
(1.4.26)

ede c1, co > 0 He 3asucam om \, T U u.

CaenctBue 1.4.2. [Tycmo ycrosus 1.4.1-1.4.5 soinoansromes npu » = 0.
Toeda cnpasediussl caedyroujue ymaeeprcoeHus.

(a) Onepamop L(\) : W2mN(d, dy) — W'N[d,, dy] ppedzorsmos u
indL(\) = 0 dzs scex A € C.

(b) Cywecmsyem Ay > 1 maxoe, umo 0ia A € w:- ) 0nepamop i()\)
umeem oeparunennvitl obpamuoii R(N) = L71(\) : WHN[dy, dy] —
WH2mN (4, dy).

(c) Onepamop-pyuryus X — R()\) € BW!N[dy, do], W2 (dy, dy))
A6845emcs KOHeUHO-MepomMop@dHoll pedeorbmosoil onepamop-@yH-
kyueti 8 C.

(d) Aars kancdoeo cobcmeerHo2o 3HaueHus 1y = [y + 1Yy onepamop-

Qyukyuu A — E()\) cyuwecmsyem <y > 0 maxoe, umo nosoco.
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AeC:vyy<Imh<vyy+e}tuf{rAeC:y—cey<Im) <y} He

codepacam cobCcmBerHHbLX 3HAUEeHULL Onepamop-@PYHKyuL A — i()\)

Takum ob6pasom, B ciaydae s = 0 [AJst 1OCTATOYHO OOJBIIKUX |A| MBI MoO-
KEM 3aMeHHTb 00J1aCTh, OTPAHUYEHHYIO JIOTAPU(DMHUUECKHMU KPUBBIMH, Ha

IBOMHOM yroJi, comepxKaliui nedcTBUTeNbHy0 och (puc. 1.4.1 n 1.4.2).

3apaua 1.4.1. Tlyctb s > 0. CyuiectByoT Ju €1 = €1(x), 0 < 1 < ¢,
1 A1 = A\i(3¢) > 0 TakHe, 4TO MHOMKECTBO W, y, HE CONEPKUT COOCTBEHHBIX

3HaueHWH onepaTop-PyHKIUU A — f;()\)?

Jm A

Puc. 1.4.1

AlmA
Im\ = §InRe)

Wsy0 . Yo ',;KUMO Re)
: »
K ]

Puc. 1.4.2

L/
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I'nagkocTh COOCTBEHHBIX U MPUCOeIMHEHHBIX (yHKUMn. PaccMoTpum

€lie OAHO yCJIOBHE.

YcaoBue 1.4.6. Jlns kaxnoro s € N, s > [, cyxxeHus

A T WS+2m7p7Tp(d1, dg) — Ws(dl, dz)

1
pJj

CYTb JIMHEHHble OTPAHUYEHHbIE ONEePaTOophl.

Teopema 1.4.3. [Tycmo svinosnsomes ycaosus 1.4.1-1.4.6. Iycmo ° —
cobcmeennasn pyukyus u Pt ... PPl — npucoedunennvie pynkyuu, co-

omseemcmasyroujue cob6CMBEHHOMY 3HAUEHUID Ny Onepamop-QyHKuuu A —

L(\) € B(W!H2mN(dy dy), WN[dy, dy]). Toeda
@D”ECC’O’N[dl,dQ] (V:O,l,...,po—l),

ede COO’N[dl,dQ] = Coo[dl,dg] X - X Coo[dl,dg].

Jlokasameavcmso. B cuny pasenctsa (A.5) co6crBeHHas (yHKuus )°
U npucoennHeHHble QyHKIMK Y (v =1,...,py — 1) yHIOBIETBOPSIIOT OMepa-

TOPHBIM YpPaBHEHUAM

v 1 R
D L)Y =0 (v=0,...,pg—1). (1.4.27)
—o &
13 (1.4.27) mbl nmeem

A'(t, Dy, )" (1) = —A (A)0'(t)  (t € (di, da)), (1.4.28)

Ao(ta Dtv AO)¢V(t) - Z %ang(ta Dt7 AO)¢V_q(t)_
! (1.4.29)

v 1 )

=Y SOA )T (EE (didy), v =1, p0 = 1),
—o &

[ockonbky ¢° € WH2mN(d, dy), us ycnosus 1.4.6 cienyer, 4to

ANy € WHN(dy, dy), r = minmin{r,, 1} > 0.

p
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B cuny yenosus 1.4.1 det A%(¢,1,0) # O (¢ € [dy,ds]). TlosTomy U3 paBen-
ctBa (1.4.28) mbl moayuum p° € WH2mHnN(d, d,). Paccyxpas Tak e, 3a
KOHEYHOe YHMCJI0 WaroB Mbl fokaxeM, 4to 1)° € WsT2mN(d, dy) nas moboro
s > [. CnefoBatenbHO, B cuay TeopeMbl Baoxkenus Y’ € CN[dy, dy].

Iyctsb Temeps ¥ ... "=t € CN|dy, dy]. JokaxeM, uTo
’Qbk € COO’N[dl, dg]

M3 npennosoxenus u ycjaoBusi 1.4.6 cremyer, uTO mpaBasi yacTb paBeH-
cta (1.4.29) npunagnexur WHN(dy, dy). Tlockonsky det A%(¢,1,0) # 0
(t € [dy,do]) u ” € WIT2mN(d, dy), uz (1.4.29) MBI MOTYdHM

v I+2m—+r,N
Zﬁ eW (dl, dg)
AHaJIOFI/ILIHO 34 KOHEYHO€ YHCJIO LIaroB Mbl JOKaXeEM, UTO
v s+2m,N
Ve Ww (dy,ds)

18 Kaxaoro s > [. Tlostomy 9” € C°N[dy, do]. O

IIpumeuanus K riaase 1

OO6blKHOBeHHBIE AU(GhepeHlIMalbHble YPABHEHHSI C HEJOKaJbHBIMU Kpae-
BBIMH ycJIOBHSIMH paccMmatpuBaiuch M. IlTukone [49,50], 4. . Tamapku-
HbIM [37] W MHOTMMH aApyrdmu. HauGosee mosiHbBId 00630p paboT B 3TOM
HanpaBjenun no 1975 r. umeercs B crtatbe A. M. Kposa [47]. OcHos-
Hasi UeJJb 3TOH TJaBbl — WJJIOCTPALIMS COBPEMEHHBIX METOHOB MCCJeN0Ba-
HUSl HeJIOKAaJbHBIX 3JJUNTHUUECKHX KpaeBblX 3aJad M KpaeBbIX 3anau s
nupdepeHINaNbHO-PA3HOCTHBIX YPaBHEHUH Ha MPOCTeHlleM NpUMepe B Of-
HOMepHOM cayudae. M3noxkeHue pesynbraToB ri. | onupaercs Ha pabdoty [33].

Tam xe nmeercs nogpobHasi 6ubaUOrpadus.
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YnpaxHenusa K raase 1

1. Paccmorpum npumep 1.1.1 u nemmy 1.1.1.

a) IlokasaTb, uto onepatop A'u = ai(t)u/(t)+ as(t)u(t) asasercs nuueit-
HBIM OTpaHMYEeHHBIM onepatopoM, aefictByiomuM us W1(0,d) B Lo(0, d).

b) IlosicHuTb, MoOYeMy ormepaTophl B}) ynoBJeTBopsitoT ycjosuio 1.1.2 ¢
oo = d/6.

¢) Haiitu HeoOxomuMoe U OCTaTOUHOE YCJIOBUE TOTO, UTO HAUAETCS TaKoe

o > 0, nJs KOTOporo
HB;UHWS(O,d) < CHUHWS(U,d—U) (u < WS(())d)? > 0)7

rae ¢ > (0 He 3aBHCHUT OT u.
d
2 . o
d) Hoxasatb, uto omepatop Byu = [e,(t)u(t)dt aBngerca nuHeHHBIM
0

OrpaHHYeHHbIM (DYHKLHOHAJMOM, AedcTByomuM U3 Lo(0,d) B C.

2. Paccmotpum npumep 1.1.2.

a) Ilokasatsb, 4to oneparop Alu = F~1(EF (nu) arctg £) apaserca nuuei-
HBIM OTpPaHUYEHHBIM orepatopom, aefictByioumM us W1(0,d) B Ly(0, d).

b) Byner nu Al nMHeHHbLIM OrpaHHYEHHBIM OIepPaTOPOM, AeHCTBYIOMIUM U3

LQ(O, d) B LQ(O, d)")

3. Paccmotpum Heorpanuuenubiit onepatop Ap : D(Ap) C Lo(0,d) —
Lo(0,d), 3apanubiii mo dopmy.ie
Apu = u"(t),
D(Ap) = W5(0,d) = {u e W?(0,d) : Bju=0, p=1,2}.

[Ipeanonoxum, uto onepatopsl B, UMeOT BUL

Byu = /d e, (t)u(t),
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rae e, € Ly(0,d). okasaTs, uto obsacTb ompeneseHus oneparopa Ap He

miotHa B L»(0, d).
4. PaccMOTpPUM HeJIOKaJbHYIO KPaeBylo 3aaudy
V(1) = No(t) =0 (te€(0,m)),
v(0) —av(m/2) =0, wv(m) =0,
rie a — (PMKCUPOBAHHBIN BELIECTBEHHBIH MapameTp.
a) Ha#iTu cob6cTBeHHBIE 3HaUeHHS] \ HEJIOKAJbHOU KPaeBOH 3alauH.
b) Onpenenutb, MpU KaKOM 3HaUeHUU MapameTpa a duciao A = () siBssgercs

COOCTBEHHBIM 3HAY€HHWEM HeJIOKaJbHOW KpaeBOW 3alauM, U HAUTH COOTBET-

CTByIOIHE coOCTBEHHbIE U [PpHUCOEAMHEHHDbIE BEKTOPHI.

5. PaccMoTpuM HeslOKa/bHYIO KPaeBYIO 3a1auy
V(1) = No(t) =0 (te€(0,m)),
v(—w) = 0,v(w) 4+ bv(0) = 0,
rne w € (O, 7T) 1 a € R — pukcrpoBaHHble MapaMeTpsl.
a) Ha#itu cobcTBeHHBIE 3HaUeHHUS] A HEJIOKAJbHOU KPaeBOH 3a1aui.

b) Tlpu Kakux 3HaueHHsIX MapaMeTpoB w ¥ b B mojoce 0 < Im A < 1 Her

COOCTBEHHBIX 3HAUEHUU HeJOKa/JbHOW KpaeBOW 3amayu?

6. PaccMOTpUM HeJIOKA/IbHYIO KPAeBYIO 3a1auy
V(1) — No(t) =0 (t€(0,m)),
v(—w) + biv(0) = 0,v(w) + bev(0) = 0,
rae w € (0,7) u by, by € R — QukcHpoBaHHbIE MapaMeTpHI.
a) Ha#iTu cob6cTBeHHBIE 3HaUeHHS] \ HEJIOKAJbHOU KPaeBOH 3alauH.

b) Ilpu kKakux 3HaueHUsIX MapaMeTpoB w, by U by uucio A = 0 Oymer

COOCTBEHHBIM 3HAaUeHHEM HeJIOKaJbHOW KpaeBoW 3anayu?
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7. PaccMOTpHM HeJIOKa/lbHYIO KPaeBylO 3a1ady

V() — Mo(t) =0 (t € (0,7)),
v(—m/2) + byv(0) = 0,v(7/2) + byv(0) = 0,

rae by, by € R — ukcupoBanuble napametpol. HaliTu coOCTBeHHBIE 3HAYEHUS
A HeJIOKaJbHOH KpaeBOW 3adaud W COOTBETCTBYIOIIME UM COOCTBEHHblE U

MpUCOeNMHEHHbBIE (DYHKIIHH.
8. Beenewm onepatop I : L2(0,d) — Lo(R) no popmyse

(Iou)(t) = o) (te€(0,d),  w(t)=0 (t¢(0,d)).

Haiitu (RIgv)(t), t € R, ecan

a) d=2, (Rv)(t) =v(t) +3v(t—1), v(t) =1 npu t € (0,2),

b) d = 2, (Rv)(t) = v(t —1) +2v(t+1), v(t) =t>mpu t € (0,1) u

v(t)=2—toput € (1,2),

¢) d =2, (Ru)(t) = v(t
v(t)=4—t>mpu t € (1,2);

d) d = 1,3, (Rv)(t) = 2v(t+1)—ov({t—1), v(t) =t npu t € (0,1) u
v(t)=2—tnput e (1,2).

+o(t—1)4+ov({t+1),vt)=3tnpute (0,1) u

9. IlpuBectu mogpobHOe noKasaTesbcTBO aeMMm 1.2.1 u 1.2.2.

10. Ha#itu cnektpsl onepatopoB Rg : Lo(0,d) — Lo(0,d) 1 BEISICHUTS,
SIBJISIIOTCST JIX OHH BBIPOXKIEHHBIMH (PEery/isipHbIMU), €C/ld AJHHA HHTepBaJa

(0,d) v onepatop R 3anaHbl Gopmynamu U3 ympakHeHuit 8a—8d.
11. TlpuBecTu mogpoOHOe MOKa3aTeabCTBO JeMMbl 1.2.8.

12. Jlnst HalineHHbIX B ynpaxkHeHUU 10 peryssipHbIX PasHOCTHBIX Olepa-
TopoB Haiith o6passl Rg (W(0,d)).
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13. PaccMoTpuM pasHOCTHBIH omepaTop
(Ru)(t) =v(t) +av(t+ 1) + bv(t — 1),

rae a,b— (hUKCHPOBaHHbIE BellleCTBEHHble uyuc/aa, npudeM ab # 1. Haiitu
06pas Ro(W*(0,d)), rae Rg — cooTBeTCTBYIOIMI Pa3HOCTHEI Onepatop
a) Ha unrepsaJe (0,2);

b) Ha unrepsasne (0,4/3).
14. PaccMoTpUM HeperyssipHbI PasHOCTHBIH onepaTop
(Ru)(t) =av(t+ 1)+ bu(t —1),
rie a,b— (pukcupoBaHHbIe BellleCTBeHHble 4Hucaa, npuueM ab # 0. Halitu
obpas Rg (Wl(O, 2)) cooTBeTCTByMLLErO oneparopa Ro.
15. Pacemorpum mpumep 1.3.1. TlpuBectu nonpo6HOe MOKA3aTeNbCTBO TO-
ro, uto omepatop A; : W(0,d) — Lo(0,d) orpannues.
16. Peuiutb KpaeBylo 3agauy
—(Rv)'(t) =1 (t€(0,2)),
v(t) =0 (t € [-1,0]U[2,3)]),
cBels ee K OObIKHOBEHHOMY NHU(p(pepeHLHaJbHOMY YPAaBHEHHIO C HEJOKaJlb-

HBIMH KPaeBBIMH YCJIOBHUSIMH, €CJIU
a) (Rv)(t) =v(t)+ov(t+1)—20(t—1);
b) (Rv)(t) =v(t+1)+ov(t—1).

17. Pemuth KpaeByto 3anauy
—(Rv)"(t) = m*sinmt (t € (0,2)),

CBelsl ee K OOBIKHOBEHHOMY AU((epeHLHalbHOMY YPaBHEHHUIO C HeJOKaJb-

HBIMHW Kpae€BbIMH YCJIOBUAMH, €CJIH
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a) (Rv)(t) =v(t)+ov(t+1)—20(t—1);
b) (Rv)(t) = v(t + 1) + v(t — 1).
18. Pemuth KpaeBylo 3agady M3 ynpakHeHUs 10, cBenst ee K cUCTeMe

0OBIKHOBEHHBIX N depeHiiHanbHbiX ypaBHeHui Ha untepsane (0,1), s

ciydast
a) (Rv)(t) =v(t)+v(t+1) —2v(t—1);
b) (Rv)(t) =v(t+1)+v(t—1).

19. Pemuth kpaeByto 3amauy M3 ymnpaxkHeHHs 17, cBensi ee K cHUCTeMe

0OBIKHOBEHHbIX U depeHLHanbHbIX ypaBHeHU# Ha untepBane (0,1), nnas

ciryuast
a) (Rv)(t) =v(t)+ov(t+1)—20(t—1);
b) (Rv)(t) =v(t+1)+ov(t—1).

20. Paccemotpum omepatop (Rv)(t) = v(t) + av(t — 1) + bv(t + 1), toe
a,beRuab+# 1.

[lyete Rg : Lo(0,2) — Ly(0,2) — cOOTBETCTBYOLIME Pa3HOCTHEIE onepa-
top Ha uHTepsase (0,2). Onpenenum nudhepeHIHaIbHO-Pa3HOCTHBIN Omepa-
TOp

Ar : D(AR) C L2(0,2) — Lo(0,2)
no gopmyJie
Agv = —(Rgu)" (v € D(Ag) = {v € W(0,2) : Rou € W?(0,2)}).
IMpu kakux 3HayeHusix napametpos a u b sapo N (Ag) onepatopa Ag HeTpu-
BuasbHo? Hatitu Gasuc B NV (AR).
21. OTBeTuTb Ha Bompockl ynpaxKHeHnus 20 B caydae, Korga
(Ru)(t) = av(t — 1) + bu(t + 1),

roe a,b € R u ab # 0.
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IF'nasa 2
aJIJII/IHTI/I‘IeCKI/Ie 3a1d4Y1 C HCJIOKAJbHBIMHA

YCJIOBUSIMM BHYTPHU 00JaCTH

2.1. HesokaJjbHble 3JIUNTUYECKHE 3a1a4U C NTapaMeTpPoOM

ITocranoBka 3amauu. PaccmoTpum ypaBHeHHe
2m—1
0 i A1
Au=Au+ > NAlu=fy(z) (v€Q) (2.1.1)
=0
C HeJIOKaJIbHBIMU KPaeBbIMH YCJIOBUSIMU

Bu = (Bgu + ) A’fB;ku>

k=0

+ ) N Bl = fu(2)
50 Z T (2.1.2)

(x €0Q, p=1,...,m).
3necb () C R" — orpanuueHHas 06s1acth ¢ rpanuiei 0Q € C>*, n > 2; A —

o : 0 0
KOMIIEKCHBIA napametp; onepatopbl A” u B, 3anaHbl (hopmyiamu

WDy Y aseN, 1y
O+|a|=2m
B BO ':U D >\ Z banﬁ )\ Da (214)
B+|al=m,
0
o = (0417"'70571), = Q1 + -+ Qp, D¢ = D?I"'Dg”, Dj — —Z—

8:13]

aag, bpoap € C°(R") — KOMIJIEKCHO3HAUHblE (DYHKIHH;
fO c WZ(Q), fu c Wl—i—Qm—mu—l/Q(aQ),

[ > max{0,m, —2m + 1} — uenoe.
PaccMoTpuM Takxke MOJHHOMBI
Az, 6 N) = ) agp(x)NE,
B+ |a=2m
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Bi(x,&,A) = > buoap(x)A\E°,
B+|al=m,
re § = (&1,...,&), § =& - §hm.
[TosioxxuM

0 ={AeC:p <argq < ¢}

[TpenmnosioxXuM, 4YTO BBINOJHEHBI CJAEAYIOLINE YCIOBHS.

Yeaosue 2.1.1. Tlpu o € Q m1d Bcex A € 0, v # 0 1 £, OPTOrOHANBHBIX
kK v B R" u Takux, uto |\ + |£] # 0, noaunom A°(z, € + 7, \) mepemen-
HOH T umeer m KopHed 7, (x, &, v, N), ..., 7. (x, &, v, \) € NOJOXKUTENbHBIMH

MHHUMBIMH HACTAMHU H T KOpHef/JI C OTpuLaTeJbHbIMH MHHUMbBIMH YaCTAMH.

Ycnosue 2.1.2. Tlonunomsl B))(x,§ + 7v, )\) (u=1,...,m) nepeMeHHO! T

JIMHEHHO HEe3aBUCHUMBI 10 MOIYJIIO MIOJIHHOMA H (7 — 7 (2, & v, \)) nns Beex
ji

r € 0Q, A € 0 u &, opTOroHaNbHBIX K V U TaKuX, 4to |&| + |v| # 0, roe v —

eIMHUYHBIA BEKTOP BHYTPeHHeH HopManu K 0F) B TOUKe .

OueBUIHO, JMHEHHBIE OMEPaTOpPbl
AO : Wk:(@) _ Wk_zm(Q), 32 : WS(Q) _ Ws_m“(Q)
(k=2m,....l+2m, s=my,....,l+2m, p=1,...,m) orpaHU4eHHBIE.
[Ipennoaoxum, 4to onepatopbl Al Blk u B2 .k YIOBJIETBODSIIOT CJIelyio-

oMM YCJIOBUSIM.

YcaoBue 2.1.3. Onepartopsl
Aj s WEIT(Q) = La(Q)

U UX CYy2KEHHUS

Aj s WHERIT(Q) — WHQ)

J

CyTb JIMHEHHblE OrpaHMYeHHble omepaTtopbl; 3mech 0 < 7; < 2m — j
(7=0,...,2m —1).
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Ycaosue 2.1.4. Cyuiectsyer o > 0 takoe, uto mjisi Bcex u € W*(Q)
HB}MUHWS‘”‘H““(Q) < ClHU’HWS(Qg)7 (215)
rie Qo ={r € Q:p(x,0Q) >0}, s=m, —k, l+2m—k, k=0,...,m,,
w=1,...,m (puc. 2.1.1).
Ycaosue 2.1.5. Onepatopsl
By« W EE(Q) — Lr(0Q)
U UX CyXKeHHSsI
Bik : Wl+2m—k—pk (Q) _ Wl+2m—m#—1/2(8Q)

CyTb JIMHEHHble OrpaHHYeHHble omepatopbl; 3feck 0 < pp < my, + 1/2 — k,

k=0,....,my, pu=1...,m.

Puc. 2.1.1

[ycts B : Ly(Q) — Lo(Q) (Lao(Q) — Lo(0Q)) — MMHEHHBIE OrpaHUUeH-

HBIH onepatop. O603HaUUM

G(B) = U {V : Bu=0 nas Bcex u € Ly(Q), suppu C V},
Ver

rae ' — MHOXKeCTBO BCeX OTKPBITBHIX MHOxkecTB B R".

Onpenenenne 2.1.1. 3amkHyToe MHOXecTBO supp B = @ \ G(B) Hasbl-

Ba€TCA Hocumeiem oriepamopa B.
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Sameuanne 2.1.1. Ycnosus 2.1.1 u 2.1.2 osnHaualior, 4yto 3azmauda (2.1.1),

(2.1.2) mpm A} =0, B}Lk =0, Bik =0(=0,....2m—1, p=1,...,m,
k=0,...,m,) aBasercs 3JUIMITHYECKOH 3aJauell c mapaMeTpoM B CMbICJIe
ArpanoBuua u Bumuka (cm. ycaosus C.3, C.4 u 3ameuanue C.4). U3 ycJo-
Busi 2.1.4 cJjenyeTr, UTO COOTBETCTBYIOIINE HeJIOKAJbHBIE OMEPaTOPbl UMEHT

HOCHUTeNW BHYTpU obsact (). ¥YcaoBus 2.1.3 u 2.1.5 onuchBalOT HEJNOKAJb-

Hbl€ BOSMYLIEHHUA HU3MIKUX IMOPALKOB.

PaccmoTpuMm Tenepb mpUMep TaKOHW HEJOKAJbHOH 3JJIUNTHYECKOW KpaeBOU

3aJayu.

HesokaabHbl€ 3JTUITHYECKHE 3aJa4Yu C HOCHUTEJIAMHN HEJOKAJbHBIX

OorepaTropoB HA IJIaAJKHUX MHOI‘OOGpaSI/IHX.

IIpumep 2.1.1. Bynem usyuats 3anauy (puc. 2.1.2)

Au = Z aap(2) N Du(z) = fo(x) (x € Q), (2.1.6)

B+|a|<2m

S
Bau=3" 3 buas@N (D) (ws(0)log = fu(a)

s=0 B+|al<m, (2.1.7)

(xr€d@, pu=1,...,m).
31€eChb ang, bysap € C°(R") — KOMIIEKCHO3HAUHBIE PYHKINH; ws — C°-11d-
(eoMoppusMbl, oTOOpaXKAKOIINE HEKOTOPYI OKPeCTHOCTh ) rpaHuubl OQ)
Ha MHOXecTBO ws({2) Tak, uto wy(2) C @, s > 0; wo(z) = x; S € N;

(Du)(ws(2)) = Dyuy)ly=e,ry; fo € WHQ), fu € WHr—m=12(9Q).

[pennonoxum, yro onepatophl A’ u BB, 3ajaHHble popmynamu (2.1.3),

(2.1.4), ynoBsaetBopsitoT ycaoBusim 2.1.1, 2.1.2 cOOTBETCTBEHHO.
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Puc. 2.1.2

Jlemma 2.1.1. Onepamoper A u B, moeym 6oime npedcmasiens. 6 suoe

2m—1
Au=A"u+ ) NAu, (2.1.8)
=0
Bu = (Bgu +> )\kBiku) +> NBu, (2.1.9)
k=0 aQ k=0

20e onepamopor A u Bg 3adanvt popmyramu (2.1.3), (2.1.4), a onepamo-
po. A}, B, u B, ydosiemsopsaiom ycaosusm 2.1.3, 2.1.4 u 2.1.5 coom-

BEMCMBEHHO.

Jlokazameavcmeo. O603HAUUM

A}u: Z aaj(x)Du(z) (7=0,...,2m — 1),

la|<2m—j
Bhu= | Y buar(2)Du(x) (k=0,...,m, — 1),
la|<m,—k 00
2 _
Bﬂ’muu = 0.

OnepaTtopsl A} U sz YIOBJETBOPSOT yeaoBusiM 2.1.3 u 2.1.5 coOOTBETCTBEHHO
mpurj=1up,=1(=0,....2m—1, k=0,...,m,).

Beenem dyukuun 7, € C°(R") tak, uto n,(z) = 1 npu = € wy(Q) u
ns(z) = 0 mpu = ¢ ws(€l), rme  u (s — HeKOTOPBIE OKPeCTHOCTH OQ),

npuyeM 0 C Qy, Qs C Q. [IycTb

o= m>1(1)1 p(ws(Q2),0Q) > 0.
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Onpenenum onepatopbl B} L 110 opmyue

=3 Y buar@)n(ws(@) (D) (wilz)) (2 €QNQ),

s>0 |a|<m# k

(Buk:u)( ):O ($EQ\Q)
Torna, 3aMeHsisi mepeMeHHble § = wWy() U UCMOJb3YS MIaAKOCTh KO3(DDHUIH-

eHTOB b5k (), 1 Beex u € W™ (Q) mbl umeem

HBlkuHka,ﬁk(Q) <

< ky Z Z ,usak y))ns( )Dau(y) ”W‘“’”“*’k(ws(ﬂﬁ) S

s>0 la|<m,—Fk
< kallullws(q,):
rme s = my, —k,...,l+2m —k k =0,...,m,, p=1,...,m. Takum

o6pasom, ycjoBue 2.1.4 BbIMOJHSETCS. L]

M3 nemmbl 2.1.1 BhiTeKaet, yTo 3anaua (2.1.6), (2.1.7) mMoxxeT ObITb Mpen-
craBsieHa B Buze (2.1.1), (2.1.2) ¢c HOCUTeIIMH HeJIOKAJbHBIX OMepaTOpPOB B,luc

Ha MHOXecTBe |J w,(0Q).
>0

PaE}pelIII/IMOCTL HECJOKAJbHBIX 3JJIUIITHUYECKUX 3aJad C NnmapaMeTpoMm.

BBenem orpaHuyeHHble OMepaToOpbl
L(A), Lo(A) : WHM(Q) — W'(Q,0Q)
no gopmysaam
L(ANu = (Au, Byu, . . ., Buu),

L()()\)U = (AOU, (B?U) ‘8@7 sy (Bronu) ‘aQ)7

rape

WI(Q, 8@) _ WI(Q) > H WlJerfmufl/Q(&Q)’

p=1
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onepatropsl A, B, A’ u B) samaner gopmynamu (2.1.1), (2.1.2), (2.1.3)
1 (2.1.4) coorBerctBenHo. OmepaTtop L(A) cOOTBETCTBYeT HeJIOKaJbHOU 3a-
nade (2.1.1), (2.1.2), B 1o Bpems Kak omepatop Lg(A) COOTBETCTBYET «JIO-
KaJbHOH» KpaeBOHU 3ajauye.
Onpenenum onepatop Li(A) = Lo(N) + t(L(N) — Lo(A)), tme 0 < ¢ < 1,
Myers f = (fo, fir-- - fm) € WH(Q,0Q).

Onpenenenune 2.1.2. Oynkuuo u € W ((Q) mbl HazoBeM cusbHbLM

pewenuen 3anaun (2.1.1), (2.1.2) 8 W2(Q), ecu L(\)u = f.
Tenepb MBI yCTAHOBHM OCHOBHOH pe3yJ/ibTaT 3TOro maparpada.

Teopema 2.1.1. [Tycmo svinoansromes ycarosus 2.1.1-2.1.5. Toeda one-
pamop-@pyHnkyus A — L(X\), coomsemcmesyrowjas 3adaue (2.1.1), (2.1.2),

obaadaem caedyrowumu c80OLUCMBAMU.
(a) Onepamop
L(A) : WH2(Q) — WH(Q,0Q)
gpedeoromos u ind L(\) =0 das scex A € C.
(b) Cywecmsyem Ay > 0 makoe, umo dan X € {\ € 0 : |\| = A1} onepa-
mop L()\) umeem oepanuuennoiii o6pamnoi L=H(\) : WH(Q, 0Q) —
W2 (Q) u das aoboti u € W2 (Q) cnpasediuso nepasercmeo
LN ullwigo) < llulllvimg < sl L ullbwag, (2110

ede ca,c3 > 0 He 3asucam om A\ u u, HOpMbL 8 NPOCMPAHCMBAX
W2 (Q) u WHQ, 0Q) onpedeaersi no gpopmyram (C.18) u (C.20)
COOMBemcmeenHo.

(c) Onepamop-pynxyus X — L~H(X) € B(WH(Q,0Q), W™(Q)) ecme

KOHeuHo-mepomoppHas gpedeorvmosa onepamop-pymnkuus 8 C.
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13 teopembl 2.1.1 1 nemmbl 2.1.1 Mbl osy4aeM cjenytolllee yTBEPKAEHHUE.

CaenctBue 2.1.1. [lycmo goinoanenol ycrosua 2.1.1 u 2.1.2. Toeda one-
pamop-@pyHnkyus A — L(\), coomeemcmsyrowas 3adaue (2.1.6), (2.1.7),

obaradaem csoticmsamu (a)-(c) us meopemor 2.1.1.
JlokasaTtenbcTBO TeopeMbl 2.1.1 0CHOBaHO Ha CJeAyIOLIEM yTBEPKIEHHUH.

Jlemma 2.1.2. [lycmo soinoarnenst ycaosus 2.1.1-2.1.5. Toeda cywecmsy-
em A\ > 0 maxoe, umo ors A € {A € 6 : |\ > M}, 0<t<1u
u € WH2m(Q) moL umeem oyenky

LN ulllwioog) < Nulllwinig) < sl LN ullwigog,  (@.111)

ede co,c3 > 0 He 3a8ucam om A, t u u.

Jlokazameavcmso. Jlokaxkem BTopoe HepaBeHcTBO B (2.1.11). Tlosoxum

Li(MN)u = f. Torna

Lo\u = f + &, (2.1.12)

rape

2m—1 my
_(tz/\JAl tZ)\ [(Biyu)|og + Byl .- -,

B cuny teopembl C.8 cyuiecTByeT mnoctosiHHas Ay > (0 Takasi, 4To A/
A€ {AN €|\ > N} peluenne «iokaabHOrO» ypaBHenus (2.1.12) ynosse-

TBOPSIeT HEPABEHCTBY

H|UH|W1+2m(Q) < kl”lf + (I)H'VVI(Q,@Q)' (2113)
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13 ycaosuit 2.1.3 u 2.1.5 u HepaBeHncTBa (B.20) caenyet, uto

1EN Al gy < kQP‘V(HUHWHQijj(Q) + WlH“HWQ’”“’f(Q)> S

< ks Al fwrezm ).
(2.1.14)

| | ’t)\kBikld ‘ |Wl+2m—mu—1/2(Q) <
< kmk(\|u\|Wl+2m_k_pk(Q) n |A\l+2mmu1/2\|u\|Wmu+l/Mpk(Q)) <

< ks APl @)
(2.1.15)

rae ki,...,ks > 0 He 3aBUCAT OT A, t U u.
He orpanuunBasi 061IHOCTH, Mbl MOXKEM TMPENIOJNOKHUTh, UTO TpaHHuLa 0@,
npuHamaexut kaaccy C'°. Mcnoabsys ycaosue 2.1.4 u HepaBeHctBa (B.21),

(B.20), mMbl mosryunm

IIEA" (B laqlwam-rmu-12a0) < K A" (lullween-i(g,)+
HAFT T (LB ullw ) + N [EByullrag))) <
< ke AF ([lullwrsomrg,)+ (2.1.16)
+ [t Bullrsen-mig) + N2 Bl ) <
< s ([lullwemr(q,y + M2 Jullymr(g,)) <
< Koll[ulllwesam(q,),
rae ke, ..., kg > 0 He 3aBUCAT A, t U wu.

Beenem dynkumio & € C®°(R™) Takyio, 4To

D<) <1 (zeRY),

(2.1.17)
£(x) =1 (ZE S Q0)7 S(x) =0 (*/B % QU’/2)'

W13 teopemnl C.8, ¢popmyaer Jleti6uuua u HepaBencts (B.20), (2.1.14) caeny-

eT, UTo
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lfallbwisig.) < Mgullwan ) <

< k| A (€u)||lnrg) < ko <|§AOU|WI(Q)+

2m—1 2m—j

LW 2, (DDl + A|Z|D%D%|L2<Q>)> <
||=1 [B]<2m—|a|—j
2m—1

< kla(iAoulw«@ + 37 I (lullwrszn sy + |Al||u|wzmu@>)> <

< (1Al i) + A llulllwrsan ) <

2m—1
<k15<‘ <A0+tZAJ'A}>u +

7=0 wH(Q)

2m—1
+ (Z AT+ |/\1> |U|Wl+2m(Q)>
=0

masi A € {\A €6 : |\ > N\o}. 3nech ki, ..., kig > 0 He 3aBucst ot A, t U wu.

(2.1.18)

Takum o6pasom, us HepaBeHcTB (2.1.13)—(2.1.16) u (2.1.18) MbI monyyum

[lllisam(g) < K ((1 + mkoks) ||| Le(A)ulllwi @.00)+

2m—1
(k?) + mkg]{?lg)) Z ‘/\|7Tj—|—
Jj=0
+ mks Z |)\‘_pk + mk9k15)\|1] ||u|Wl+2’m(Q)> .
k=0

Torna, BeOUpass A\; > Ag Tak, uTo

2m—1
-7 1
k ((kg + mk9k15 jz; )\ T4 mk;5 kz; )\ Pr + mk9k15>\ ) E,

MBI MoJIydaeM BTOpoe HepaBeHCTBO (2.1.11) ¢ KoHCTaHTOH

C3 = 2]431(1 + mk9k15)
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s A e {Ae b [N\ > M}
[TepBoe HepaBeHcTBO B (2.1.11) caenyet u3 (2.1.14)—(2.1.16). ]

Hokasameavcmso meopemor 2.1.1. 1. BHayase Mbl HOKa)KeM yTBepxKie-

uue (b). B cuny teopembl C.8 omepatop Lo(A) uMeeT orpaHHUYeHHbIH 06paT-

HBIY
Ly (A) : WH(@Q,0Q) — W' (Q)
ISt
Ae{reb: |\ =X >0}
B HopMme ||| - |||. [Ipenmnosokum, uto

Ne{Aed: A=A,
roe A\ > A\g— uucyao u3 jgemmbl 2.1.2. Torna u3 teopembl A.9 cienyet, uto
CYIIeCTByeT OrpaHUUEHHBIH 0OpaTHBIN OMepaTop

L7H ) WH(Q,0Q) — WM(Q).
2. Jlokaxem tenepb yTBepxkaenue (a). [lyctb n € {A € 0 : |A\| > A1}
Torna nasi mpousBosibHOrOo A € C MBI HMeeM
L(A) = (I + (L(A) = L(n)) L™ (n)) L(n),
rae I — enunuunbit onepatop B WH(Q, Q). Us yenosuit 2.1.3-2.1.5 cienyer,
4TO OIepaTop
L(A) = L(n) : WmH(Q) — WH(Q,0Q)

orpaHuyeHHbIH. [locko/bKy omepatop Baoxenus WH2m(Q) s WiH2m=1(Q)

KOMITAKTHBIH, TO XK€ YTBepXKJeHUe CIPaBelJUBO AJ5 OrepaTopa

(L) = L)L~ () : WH(Q,0Q) — WH(Q,0Q).
[Tostromy mo teopeme A.l oneparop L(A) dpenronsmos u ind L(A) = 0 pas
awoboro A € C.
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3. YtBepxaeHue (c) caenyet U3 yrBepxkaeHud (a) u (b) u teopemn A.10.

]

HenokanbHble Bo3Mymenus sagaun Jdupuxae. Ilyctb omepatopsl A°
0

u BY) yIOBJIETBOPAIOT CJIEAYIOUIMM YCIOBHSIM.
Ycaosue 2.1.6. Onepatop A%u = > aq(z)D(x) + N2 u(x) — nnd-

|a|=2m
(bepeHUMAJIBHBIA OMepaTop C BeLIeCTBEHHO3HAYHBIMU KO3(hPULIUEeHTaMHU

o € OF(R™); Y ao(2)*>0mma0#E€R na €Q.
|A|=2m

o\""
Ycnoeue 2.1.7. Onepatopsbl Bgu = (—za—> u (p=1,...,m)—rpa-
v

HHUYHBIE OIIepaTOpPhbl 3aga4H ,[LI/IpI/IXJIe.

OuesuzHO, ecau ycaosus 2.1.6 u 2.1.7 BemosHsiloTCs, To onepatopbl AP
7 32 yaoBJseTBopsitoT ycaousm 2.1.1 u 2.1.2 nas
ANEw.={AeC:|arg\| < e umn |arg) — 7| < e},

T
rie 0 < e < o npousBoJbHO. [loaToMy Teopema 2.1.1 mpumer cjenyoiuii
m

BHUI.

Teopema 2.1.2. [lycmo soinoansromes ycrosus 2.1.3-2.1.7. Toeda cnpa-

gedausolL caedyroujue ymaepucoerus.

(a) Onepamop
L(A) : WH2(Q) — WH(Q, 0Q)

gpedeoromos u ind L(\) =0 das scex A € C.
(b) s ar0boco 0 < & < % cyuwecmsyem q = q(e) > 0 makoe, umo
o
AEw,={ €ew.: |\ = q}

103



onepamop L(\) umeem ocparuuennoiti 0bpammbolLl
L7HN) : WH(Q,0Q) — W™M(Q)

u oas ecex u € W2m(Q) cnpasedausa anpuopras oyenka (2.1.11).
(c) Onepamop-pynxyus X — L~Y(X) € B(WHQ,0Q), W*™(Q)) —

KOHeuHo-mepomopprasn gpedzorvmosa onepamop-pynrkuus e C.

Beesem HeorpanHuuenHbiii onepatop Ap : D(Ap) € WHQ) — WHQ),

3a[aHHBIH CJEAYIOIIUM 00Pa3oM:
Apu=Au  (u € D(Ap)),

D(Ap) = {u e W*™Q): Bju=0, p=1,...,m}.

3nech B onepatopax A, B, Mbl nojaraem A = 0.

CaencrtBue 2.1.2. [lycmo svinoanenor ycaosus 2.1.3-2.1.7. Toeda cnpa-

8edausblL caedyroujue ymeepucoenus.
(a) Onepamop Ap : D(Ag) € WYQ) — WY Q) ¢pedeoremos, u
ind A = 0.

(b) Cnekmp o(Ap) duckpemnuoiii; orn n & o(Ap) pesosvsenma

R(n, Ap) : WH(Q) — W'(Q)

ecmos KOMNaKmuolll onepamop.
(c) Aasn aroboco 0 < 0 < w sce mouku cnekmpa o(Ag), kpome, 803-
MONMCHO, KOHEUHO20 HUCAQ MOUYeK, NPUHAOLeHaAm yerly KOMNAEeKC-

Holl naockocmu | argn| < 9.

JloKa3aTebCTBO c/ledyeT M3 MOACTaHOBKU 1) = — A" u teopem 2.1.1, A.12

u A.1 (cp. noxkazarenbcTBO caenctBus 1.1.2).

104



IIpumep 2.1.2. PaccMOTpUM HeJOKaJbHYIO 3JIJIMIITHYECKYI0 KPAeBYIO 3a-
nauy
~Au+Nu=fo(r) (2 €Q=DB CR?, (2.1.19)
Ulp=1 — Ulp=1/2 =0 (0 < p < 2m). (2.1.20)
31ech T, o — noJasgpHble KOOPAUHATH Toukd € R%. O603Haukm
Bygu = —n(r —1/2)u(r — 1/2,¢),  Bju =0,

rie n € C®(R), n(r) =1 gna r € (3/8,5/8), n(r) =0 nns r & (1/4,3/4),
0 < n(r) < 1. Vs npumepa 2.1.1 caenyert, uto onepatop By, yroB/JeTBOpsieT
ycaosuio 2.1.4 nis o = 1/4, m = 1 umy = 0. CnenoBatenbHo, Teopema 2.1.2
OCTaeTcsl CrpaBelJUBOH AJs onepatopa Ap, COOTBETCTBYIOUIETO HEJNOKAJb-
HOH KpaeBo# s3amaue (2.1.19), (2.1.20). OgHako B oTiiMuue oT 3amauyu Jupu-
xJe nas ypaBHeHus (2.1.19) zamaua (2.1.19), (2.1.20) umMeeT HeTpUBHAJIbHOE

petenue u(x) =1 mast fo(zx) =0u A =0, 1. e. 0 € o(Ap).

IIpumep 2.1.3. PaccMoTprUM HeJIOKANBbHYIO 3JJUNTHYECKYIO KPaeBylo 3a-
naqy

ADu+Nu= foz)  (z€Q=DB CR?, (2.1.21)
1

U(?“, 90)‘7“21 - U(T, ()0)|7”:1/3 + QU(T, ¥ — 1)'7”:1/4 + /TU(T, gp)d’l“ =0

ou
W + (B%OUNT:I =0 (0 < @Y < 27‘[‘).
r=1
(2.1.22)

3nech

Bl = {F[(1+ [¢[*) " arctg || F(mu)] },
n € C'OO(RQ), no(r) = 1 opu v < 1/2 u no(r) = 0 mpu r > 2/3;
F(v) = (Fv)(§) — npeodpasosatue Pypbe no z, F1(w) = (F'w)(z)—
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o6paTHoe npeobpasoBanne Pypwe 1o &, ¢ € R2. O603HaunM

Biouw = —m(r —2/3,0)u(r —2/3,¢) + 2m(r — 3/4, )u(r — 3/4,¢0 — 1),

1
Bfou = /ru(r, @)dr,
0

rien € C°(R), 0 < m(r) <1, m(r)=0npur & (1/5,2/3), m(r) = 1 npu
1/4 < r < 1/2. Us npumepa 2.1.1 cienyer, uto oneparop By, ynoBaeTsopsier
yeqaouio 2.1.4 mast m = 2, my = 0 u 0 = 1/5. Jlenas HeBbIPOXKIEHHOE
rjaaakoe rnpeoOpa3oBaHUe MepeMeHHBbIX U UCMOJb3ysl HepaBeHCTBO Koin—
ByHsKOBCKOro, Mbl BUIMM, 4TO omepatop Bi, : W*(Q) — W*(9Q) orpanu-
ueH s Jwoboro uesaoro s = 0. B cuny uHTepnoasiuuoHHoO# Teopembl B.15
3TO yTBepXKAeHUEe TaKkxkKe crpaBemanBo mis s =k —1/2 (k=1,2,...). Io-
3TOMY oOIlepaTop B%O yIoBJeTBOpsieT ycaoBuio 2.1.5 ¢ pg = 1/2, m = 2 u
my1 = 0. Jlerko nmokasatb, uTo ycjoBue 2.1.4 BbINOJHSIETCS IJisi ONepaTo-

pa Blycm=2m =1uo=1/5.

2.2. Pa3spemMoCTh U MHAEKC HEJOKAJbHbIX 3JJIUNTUYECKUX 3aJay

ITocranoBka 3amauu. PaccmoTpum ypaBHeHHe
Au= A+ Alu = fo(z) (2 €Q) (2.2.1)
C HeJIOKaJbHBIMU KPaeBbIMH YCJIOBUSIMH

B = (Bu)l|og + Bu+ Bou= f,(z) (x€0@; p=1,...,m).
(2.2.2)

106



3necb (Q C R™— orpanuyeHHast o6JacTb ¢ rpanuuedt 0Q € C>®, n > 2;

onepatopsl A’ u B} 3agansl hopmynamu

A" = Az, D)= Y an(x)D", (2.2.3)
|a|=2m

B = BY(z, D) Z buoa(z) D, (2.2.4)
o= =my

o, buoa € C(R™) — KOMIIEKCHO3HAYHBIE (DYHKLHY;
foeWHQ),  fue WHETTE(Q),

| > max{0, m, — 2m + 1} — neuoe.
Hapsny c oneparopamu A”(x, D) u B} (z, D) BBeeM NOJTHHOMbI
A, &)= > aal@)€”, Bz, = ) bualz
|a|=2m la|l=m,,
[peanosnoxum, 4to onepatopsl A 1 B, yIOBIETBOPSIOT CJELYIOLIKM YCJIO-

BHUAM.

Ycaosue 2.2.1. [lpu x € Q) nasa nwbdoro v # 0 u £ # 0, OPTOroHAJBHOTO

K v B R", nomunom A%(z,& + 7v) nepeMeHHOH T MMeeT POBHO 1 KOpHeH

1 (z, &, v) 77 (x,&, V) ¢ MONOKUTEbHOM MHUMOH 4acThio K M KOPHEH ¢
1 Y A (AN A p

OTPHULLATEJIbHOU MHHUMOHW 4YacCThbIO.

Ycnosue 2.2.2. TonuHombl B))(x,€ +7v) (u=1,...,m) nepeMenHo# 7
m
JIMHEHHO HE3aBHUCHMBbI 110 MOAYJIO TMOJHHOMA H (T — 7 (2, v)) st Beex

x € 0Q u & # 0, opTOroHaAbHBIX K V, THE UV — eII,I/IHI/I‘{HbII/I BEKTOpP BHYTpEH-

Hel HopMmaJ/au K O() B TOUKe .

Yeaosue 2.2.3. Onepatop Al : WiH2m=r0(Q) — WHYQ) — nuneiinbii

orpaHudeHHbId onepartop, 0 < 1o < [ + 2m.
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Ycnosue 2.2.4. Cyuectsyer o > 0 Takoe, uto mis Beex u € WiT2m(Q)

HB}LuHWHQ"L_mM_lm(@Q) < ClHUHWl”m(QJ)a (225)

rie Q, ={x € Q: p(x,0Q) >0}, u=1,...,m.

Ycaosue 2.2.5. OnepaTopsl Bﬁ L WHmm(Q) — WIZmmma—1/2(90))

JIUHeHHble orpaHuueHHble, 0 < po < +2m, p=1,...,m.

3ameuanue 2.2.1. YcjaoBusa 2.2.1 u 2.2.2 o3HagaioT, 4yTo 3amaya (2.2.1),
(2.2.2) siBasiercs aaaunThdeckod, ecan Al = 0, B}L = 0mn BZ =0
(uw = 1,...,m), cm. ycaosusi C.1, C.2 u sameuanue C.3. Yciosue 2.2.4
O3HauaeT, UTO COOTBETCTBYIOILHE HEJOKAJbHbIE OMEPATOPbl UMEIOT HOCHUTEJH
BHYTpH obJsactul (). YcioBus 2.2.3 u 2.2.5 ONUCHIBAIOT HEJOKAJbHbIE BO3MY-

HI€HWSA HU3LIEro rnopsanka.

M3yuum npumep Takod HeJNOKAJbHOH 3JJUNTHUYECKOH KPaeBOM 3a1ayH.

HesokaJabHbIE 3JIMNITHYECKHE 3ajadu C HOCHUTEJIAMHN HEJOKAJbHBIX

YJIeHOB HA IIaJKUX MHOTooOpa3usix BHyTPH 00JaCTH.

IIpumep 2.2.1. PaccmoTpum 3agauy

Au= > ao(x)Du(x) = fo(z) (r€Q), (2.2.6)
la]<2m
S
Buu = busa(2) (D) (ws(x))|og = fu(z)
; MZ;M " (2.2.7)

(r€edQ; pu=1,...,m).
31echb  Gg, by € C™(R™) — KoMIIeKCHO3HAUHBIE  (DYHKLUHH, Wy —
C*°-nuddeomopdusmel, oToOpaXkawIire HEKOTOPYIO OKPECTHOCThb {2 rpaHu-
bl ) Ha MHOXecTBO ws(€)) Tak, uto wy(N) C Q, s > 0; wo(x) =x; S € N;
fo € WHQ), fu € WHEn=mL2(9Q).
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0 0
[Ipennonoxum, uro oneparoper A” u B, 3ananuble popmynamu (2.2.3),

(2.2.4), ynoBaetBopsitoT ycaoBusm 2.2.1 U 2.2.2 cOOTBETCTBEHHO.

Jlemma 2.2.1. Onepamopor A u B, mosxro npedcmasgums 6 eude
Au = A% + Alu, (2.2.8)
Byu = (Bju)lag + Byu+ Biu, (2.2.9)

ede onepamoper A', Bl u B;. ydosaemeopsiom ycrosusm 2.2.3,2.2.4 14 2.2.5

COOMBEMCMmMeEeHHO.
JlokazaTesbCTBO aHAJOTHYHO 10Ka3aTeabCTBY JeMMbl 2.1.1.

Pa3pemnMocTs M MHAEKC. BBeneM orpaHuyeHHblE ONepPaTOPbI
L,Ly: W(Q) — W'(Q.0Q)

no gopmysaam

Lu = (Au, Byu, . .., Buu), Lou = (Aou, (B(l)u) log, - - -, (Bglu) ‘E)Q)-
Omnepartop L cooTBeTCTBYeT HeJiOKaabHOU 3anade (2.2.1), (2.2.2), B To Bpems
Kak ornepatop Ly COOTBETCTBYET «JIOKaJbHOH» KpaeBoH 3amaue.

CunbHoe perienue 3agaun (2.2.1), (2.2.2) MOXHO onpeaeuTh aHaJOTHYHO
TOMY, KaK 3To caesaHo B § 2.1.

OcCHOBHO# pe3ysbTat 3TOro naparpacda Moxet ObITb C(HOPMYIUPOBAH CJie-

AYIOLIUM 00pa3om.

Teopema 2.2.1. [Iycmo svinosustomes ycarosus 2.2.1-2.2.5. Toeda co-

omsemcmsyrowuti 3adaqe (2.2.1), (2.2.2) onepamop
L:Wm(Q) — W(Q,0Q)
¢pedeorvmos u ind L = ind Ly.

13 Teopembl 2.2.1 u neMMbl 2.2.1 MBI MOJYYUM CJENYIOUIUH pe3ynbTar.
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CaencrBue 2.2.1. [Iycmo soinosusromces ycarosus 2.2.1 u 2.2.2. Toeda

coomeemcmeyroujuil 3adauve (2.2.6), (2.2.7) onepamop
L:WHm(Q) — WH(Q,0Q)

¢pedzoromos u ind L = ind L.

s nokasatesbcTBa TeopeMbl 2.2.1 mojyuuM BHauyajie HEKOTOPbIE BCIIO-

MorateJibHbl€ pe3yJbTaThl.

Jlemma 2.2.2. [lycmo soinoansromces ycrosus 2.2.1-2.2.5. Toeda oas

scex u € W2 (Q) mor umeem oyenxy

[ullyreom gy < c2(I1Lullwig.o0) + 1wl L)), (2.2.10)

ede onepamop L coomsemcmsyem 3adaue (2.2.1), (2.2.2).

B cuny anpuopHO#H OLIEHKH pelleHWH «JOKaJbHOH» 3aiadd (CM. JieM-
my C.3) mokasaTesbCTBO MPOBOAUTCS TaK »Ke, KaK B cjaydae jeMMmbl 2.1.2.

Uz nemmbl 2.2.2 u Teopembl A.2 cienyer, uto dim N (L) < oo u 06-
pas R(L) samxuyt B W(Q, Q). Jls Toro uTobbl MOKa3aTh CPaBeiHBOCTh

cooTHoueHusi codim R(L) < 0o, T0KaxeM CJIeYIOIIHE pe3yJbTar.

Jlemma 2.2.3. [Tycmo soinosnerol ycrosus 2.2.1-2.2.5. Toeda onepamop
L:WHm(Q) — WH(Q,0Q),

coomeemcmeyrouwuil 3adaue (2.2.1), (2.2.2), umeem npasoili peeyrspusa-
mop

R:W'(Q,0Q) — W'™(Q).

Hokazameavcmeo. Tlo nemme C.2 cylecTByeT JUHEHHbIH OorpaHHYeHHbIH
omeparop
Ry : WH(Q,0Q) — W' ™(Q)
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TaKOU, UTO
LoRy = I + Ty,
rne Ty — KoMnakTHbIE onepatop B W' (Q, dQ). BeeseM orpaHuueHHble ore-
paTopel
Ry WHQ) = WHH(Q), Ry s WHOQ) —» WH(Q),

onpezieseHHble 10 (hopMyaam

leO :RO(f070)7 RQf,: RO(va/)7
rae

Wl(aQ) _ H WH—Qm_m“_l/Q(@Q),

p=1
foe WHQ), f'=(fi.---. fm) € W(OQ).
BBeneM Takke orpaHUYeHHbIe ONEPaTOPHI
B,B°, BY : W?™(Q) — W'(0Q)
CJeNyIIUM 00pasoM:
B=B"+B'+ B

B = ((B))laq, -, (BS)lag),  B'u= (Blu,...,Bju) (j=1,2).

m

Paccmortpum Teneps onepatop IR, 3anaHHBId (hOPMYJIOH

Rf =Rifo+ (1 —&)Ry(f — B'Rify). (2.2.11)

3pech & € C®(R") — dynkuus Buga (2.1.17). Uz ycnosust 2.2.4 crenyer,

4TO oIeparTop
R: WZ(Q, aQ) _ Wl+2m(Q)

orpaHuueHHblll. Beegem omepartopnl 17 u Th, aeiicteytomue us W'(Q) B
npoctpanctea WH(Q) u W (OQ) cooTsercTBeHHo, a Takxke T3 u T), neii-

creytomue u3 W (OQ) B npoctpanctea W'(Q) u W(Q) cooTBeTcTBeHHO,
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CJeqyUHUM 00pa3om:

T()(fo,O) = (T1f07T2f0)7 TO(va/) - (T3f/7T4f/>'

I[To onpeneseHuIo Tl, ce ,T4 — KOMIIAKTHbIE OIIepaTOpPbl B COOTBETCTBYIOLIHMX

MPOCTPaHCTBAX U
A'Rifo = fo+Tifo,  A'Rof =Tif (2.2.12)
BRy fo = Ta fo, BRof = '+ Tuf" (2.2.13)

Hcnonbays (2.2.12) u ¢popmyay Jleli6HMLIA, Mbl MOJYUUM
ARf = fy + T'f.
e
T'f = A'Rf + Tifo+ (1 - €)Ts + A°Ry) (f' — B'Rufy),
Au= Y Y aa(zr)D*(1 - €)D",

1<[al<2m |8]=2m—|a]

aqp € C°(R"). B cuy KOMIaKTHOCTH ONEpPaTopoOB
T WHQ) - WHQ),  Th:WH(0Q) — Q)
M KOMIAKTHOCTH onepatopa Baoxenus WIT2m(Q) s WH2m=r(Q), rue
r = min{ro, po, 1},

a Takxe ycaosus 2.2.3 onepatop 1" : W(Q, 0Q) — W' (Q) komnakTHBbI.
B cuny (2.1.17) u ycnosus 2.2.4

B((1—¢&v) =B, B ((1-&v)=0 (veW™(Q)).
Orciona 1 u3 (2.2.13) Mbl noTyYaem
BRf = (B"+ B'+ B*)(Rifo+ (1 =) Rs(f — B'Rifo)) =
=Tofo+ (f' — B'Rifo) + Tu(f' — B'Rifo) + B'Rifo + B*Rf =
=f'+T"f,
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rue
T"f =Tofo+Tu(f — B'Rify) + B’Rf.
[TosToMy B cu/y ycoBus 2.2.5, KOMIAKTHOCTH ONEepaTOpoOB
Tp: WHQ) = W'(0Q), Ty W(0Q) — W'(0Q)
M KOMIAaKTHOCTH omepatopa Baoxkenus WIT2m(Q) s WH2m=7(Q) oneparop
" WH(Q,0Q) — W'(0Q)
KOMMNakTHbIA. Takum oOpasom,
LR=T1+T,

rae omepatop T : W'Q,0Q) — W!Q,0Q), onpenenennbiii no qopmyie
Tf=(T"fT"f), xomnakrusiii. CjienoBaTesbHO, OnepaTop IR — npaBbiil pe-

ryasipusatop oneparopa L. [

Hokasamesocmso meopemor 2.2.1. 1. BHauane Mbl goKa)keMm, UTO omnepa-
top L : WH2m — WHQ,0Q) dpearoanbmos. JleficTBUTENbHO, M3 JeM-
Mbl 2.2.2 u TeopeMbl A.2 caenyer, uto dim N (L) < oo u obpas R(L) 3a-
MkHYT B W!H(Q,0Q). C npyroii cTopoHsl, B culy JeMMbl 2.2.3 1 Teopembl A4
codimR(L) < oc.

2. Tlokaxewm Ttenepb, uto ind L = ind Ly. O603HauuM
Li=Lo+t(L— Ly, 0<t<I1.

Ouesnano, onepatopsl tA', tB) u tB), (i =1,...,m) yIOBJIETBOPSIIOT yCJI0-
BUsIM 2.2.3-2.2.5. [Tostomy B cuay TeopeMbl A.8 06 yCTOHUHMBOCTH HHAEKCA

ind L = ind Ly. L]

CBegneHue K 3ajjaue ¢ KOMIAaKTHbIM Bo3mylieHueM. [lokakeM, 4To, BO-
o0llle rOBOPsl, OTepaTop B}L He sSIBJISIeTCS] KOMIIAKTHBIM BO3MYILIEHHEM orepa-
Topa L.
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IIpumep 2.2.2. PaccMoTpUM HeJIOKAJNbHYIO 3a1a4y
—Au = fo(x) (x € Q = Bi CR?), (2.2.14)
et —ulmip =0  (0< < 2m), (2.2.15)

cp. npumep 2.1.2.

31ech T, o — noJspHble KOOpAUHATH Toukd = € R%. O603HauKm
Bllu - —77(7‘ - 1/2)U(T _ 1/27 SD)|T=17 B%u - 07 Alu = Oa

re n(r) € C®(R), n(r) = 1 opur € (3/8,5/8), n(r) = 0 mpu r & (1/4,3/4)
u 0 < n(r) < 1. Ogeruano, oneparop Bi ynosiersopsier ycaosuio 2.2.4 npu
oc=1/4, m=1unumy =0.

BBeneM JiMHeliHble OrpaHUUYEHHBIE OMEepPaTOpPbI
Lo, L : W*(Q) — W"(Q,9Q)
no gopmysaam
Lou = (—Au, ul,—1), Lu = (—Au,ul,—1 + Bju).
O60o3HauuM
F={¢ e W0Q) : |¢llwsa) = 1},
O ={rcR?:3/4<r<5/4 0<¢<2n},
W={rcR?:1/4<r<3/4, 0<p<2r}.
[Tyctb
T W3(0Q) — W?(1) —

JIUHEHHBIH OrpaHHUYeHHBIH onepaTop Takou, 4to T = 1 nJas aw6oi PyHK-

muu 1 € W3/2(0Q). BeeeM JMHEHHBIH OrpaHUUeHHBIH ONepaTop

vV W2(0Q) — W(Q)
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no gopmyJie

—n(r)(TP)(r+1/2,¢), (1, ¢) €,

0, (T,gp) € Q\QQ

(V) (p,1) =

Ouesuano, V (F) — orpanuuenHoe muoxectso B W2(Q). C apyroii cTopoHsl,
BiViy = 1 nna moboro ¢ € K. Cnenoatensno, Bi(V(F)) = F, 1. e.
onepatop Bi oro6paxkaeT orpanudyeHHOoe MHOxkecTBO V(F) Ha eIMHMYHYIO
cepy, KOTOpasi HEKOMIaKTHA.

OnHako HeJioKaJsbHast 3JJaUNTHUYecKas 3agada (2.2.1), (2.2.2) moxeT ObIThb
CBelleHa K OTepaTOPHOMY YpaBHEHHIO C KOMIAKTHBIM BO3MYIIEHHEM, KOTO-
pOe COOTBETCTBYET HeJIOKaJbHOMY 4JsieHy. B To Xe BpeMsi 3TO CBelleHHe NaeT
He3aBHCHMOE JI0Ka3aTesabCcTBO TeopeMbl 2.2.1. Iy Toro 4Tobsl cPopmMyaupo-
BaTb COOTBETCTBYIOLIHH Pe3y/IbTaT, Mbl PACCMOTPHUM BCIIOMOTaTeJbHOE YTBEp-
XIeHue.

[lyers H, Hy u Hy — rub6epTOBBl IPOCTPAHCTBA, U MYCTh
H = H1 X HQ.

[ycts A : H — Hy n B°, B! : H — H, — nuHeliHble orpaHU4YeHHbIe OIle-
patophl. Beenem onepatopel Lo, L : H — H mo dopmynam Ly = {A, B’}
m L = {A B}, tne B = B?+ B!. O603nauum uepes G; u G cyxeHus
oneparopos B’ u B na N(A), i =0, 1.

Jlemma 2.2.4. [lycmo onepamop Ly : H — H ¢pedeoromos. Toeda one-
pamop Gy : N(A) — Hy makoce ¢ppedeorvmos. Ecau k momy e onepamop
G : N(A) — Hy ¢ppedeoromos u ind G = ind Gy, mo onepamop L : H — H
ppedzoromos u ind L = ind L.
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Jlokazameavcmso. 1. OueBunno, N (Lg) = N(Gp). Ilycte MHO)KecTBO
(byHKUHN
fi= (v ), 1=1,...,r,
COCTABJISIET OPTOHOPMUPOBaHHKIA Gasuc B R(Lg)", rae ¢; € Hy, ¥; € H,
R(Lo)" — oproronaishoe goronnenne k R(Ly) B H. Torna cucrema ypas-
HeHUH

Au =0, B = (2.2.16)

HMeeT pelleHHe B TOM M TOJIbKO B TOM CJydae, €CJu

(¢7wi)H2:Oa Z'Zl,...ﬂ“.

CrnenoBatesibHO, MHOXKeCTBO R((G() 3amKHYTO B Hy 11 p = codim R(Gy) < 7.
Takum oGpasom, Mbl joKasanu, uto onepatop Gg : N(A) — Hy dpearosb-
MOB.

2. JlokaxeMm Temnepb, uto ecyu omeparop G : N(A) — Hy dhpenroabmos
1 ind G = ind Gy, To omeparop L : H — H — dpearosbmoB. AHaJ0rHYHO
yacTH | 10KasaTe/ bCTBA Mbl MOXKeM M0KasaThb, uto cyxetne A Ha N (B") —
(penrosbMoB OMepaTop ¥ Pa3MepPHOCTb €ro Kosiipa MeHblle WJM paBHA T
[Tostomy R(A) samkuyTto B Hy 1 m = codimR(A) < r. O6o3Haunm ye-
pes A cyxenne A na N (A)", oropaxaroiiee N (A)" va R(A). Onepatop A

MMeeT OrpaHWYeHHBIH 0OpaTHBIN
AL R(A) - N(A)*
Beenem onepatop Lo : H — R(A) x Hy no dopmyne Lou = (Au, B'u).
OueBuaHO,
ind Ly = ind Ly — m. (2.2.17)
PaccmoTpum cuctemy ypaBHeHHMH, COOTBETCTBYIOILYIO OepaTopy Lo,
Au = o, B = 1), (2.2.18)
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rie ¢ € R(A), ¥ € Hy. O603naunm w = u — A, Torna 3agaua (2.2.18)
MpPUMET BHUJ

Aw = 0, Bw = 1, (2.2.19)
rae ny = ¢ — BYA~1p. 3anaua (2.2.19) u, caegoBaTesbHo, 3agada (2.2.18)

HUMEET pelieHHue Torga M TOJbKO TOrad, Korga

(Mo, Xj)H2 =0 (7=1,...,p0), (2.2.20)
L€ X1, - -, Xp, — ODTOHOPMHPOBAHHBIH Gazuc B R(G)™.
V3 orpannuentoctu omepatopos BY : H — Ho u A7': R(A) — N(A)"
U HepaBeHCTBa Kowmn—byHsikoBCcKoro cienyet, 4To

(Bi%x,),, | < Blleln ol

Hy

Takum obpazowm, (BOA_lgp,Xj) — JIMHEUHBbIH OTPAHHWYEHHBIH (PyHKIIMOHAJ
Hy

Ha R(A). B cuny Teopemsr Pucca cymiectBytor asiementsl 3; € R(A) Takue,

4qTo

~(B" A7), = @B 18l < kil

[Tosatomy ycaoBus (2.2.20) npuMyT BHL
(0, 8)) g, + (W Xj) g, =0, 7=1,...,p0.
3necs ®; = (5;,x;) € H — AnHelHO He3aBUCUMbl. TakuM 06pasoM,
codimR(i()) = po = codim R(Gy).
[Tostomy u3 (2.2.17) Mbl UMeeM
ind Gy = ind Ly = ind Ly + m. (2.2.21)

AHaJIOrHuHO MBI MOXKeM ompefeuTh onepatop L : H — R(A) x Hs 1o
dopmyne Lu = (Au, Bu).

PaccmoTpuM cucTeMy ypaBHEHHH

Au = o, Bu =1, (2.2.22)
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rne o € R(A) np € Hy. Tyets w = u — A7 L.
Torna 3apaua (2.2.22) npumer BHUL
Aw = 0, Bw =n, (2.2.23)
roe n = — Bflflgo.

I[Tockosbky onepatop G : N(A) — Hy hpearosbMoB, MOBTOPsist YIOMSIHY-
Thle BBIIEe pacCykAeHus s 3anad (2.2.22) u (2.2.23), Mbl yOexngaemcsi B
ToM, uto o6pas R (L) samkuyt B R(A) x Hy u

codimR (L) = p = codim R(G).
CanenoBatesbHO, 06pa3 R (L) 3aMkHyT B H 1 codim R(L) = m+p < co. Ha-
nomuuM, yto N (L) = N(G) u dim N (G) < oo. Takum o6pasom, oreparop
L : H — 'H ¢pearosbMos.

Hanee, anasoruyno (2.2.17) Mbl mosyyaem
indL =ind L — m. (2.2.24)
W3z (2.2.24) cnenyet, 4To
ind G = ind L = ind L + m. (2.2.25)

OueBunHo, u3 cootHomenus ind G = ind Gy u paBeHctB (2.2.21), (2.2.25)

BbITeKaeT, uTo ind L = ind L. ]

[Iyctb Teneps
L, Ly : W*™(Q) — W'(Q,0Q)
CYTb OrpaHWYeHHbIe OTepaTophbl, 3aaHHble (POpPMYJIaMH
L={A B},  Ly={ADB",
rne A — onepatop u3 (2.2.1),
B=B"+B'+ B2
B = ((Blu)|ag, - - -, (Bpu)log), Blu = (B{u, L Blu) (1=1,2),
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a ornepaTophl BB u Bf; (j=1,2, pu=1,...,m) Te Xe, UTO B HEJOKaJbHbIX
yeaosusix (2.2.2). O6osnauum uepes Gy, G1 u G cyxenus onepatopos BY,

B! + B? u B cootserctBenHo Ha N (A).

Teopema 2.2.2. [Iycmo soinosnsromes ycaosus 2.2.1-2.2.5. Toeda one-
pamopsr Go,G1 = N(A) — WHQ,00Q) cymo ppedeorsmos u xomnaxm-
Holli onepamopol coomeemcmeenno u G = Gy + Gy. Ilpu amom onepamop

L: W (Q) — WHQ, 0Q) ¢pedeorvmos u ind L = ind Ly,

Hoxasamearvcmeo. Y13 Teopem C.6 u A.7 cnenyer, uto onepatop Ly dpen-
roabMoB. ITostomy no semme 2.2.4 onepatop Gy : N(A) — WH(Q,0Q)
dpenroabmoB. Beenem dynkumio & € C*(Q) o popmyie (2.1.17). Us yeio-
Bu 2.2.3 u 2.2.4, anpuopHoii oneHku (C.15) u dopmynas Jleli6HuULa MbI

[IoJIy4aeM
1B ullwiag) < kallullwivmq,) < kill€ulliang) <
< R (1A°(Ew)llwg) + l€ull L)) <

ks (1€ Aullng) + [lullwrren-(q)) = ksllullwiren—(q)

= /A

nist Beex u € N (A

TakuM 06pa3oM, M3 KOMMAKTHOCTH onepatopa Bjoxenus W!H2m(Q) B

WH2m=r(Q)) u ycnopus 2.2.5 BbITeKaeT KOMIAKTHOCTb orepartopa
G1: N(A) — W(0Q),

rae p = min{po, 1}. Tockonbky onepatop Gy : N (A) — WHQ,0Q) dpen-
roJIbMOB, 10 TeopeMe A.7 onepatop GG Takxke ppenrosbmos u ind G = ind Gj.

Torna B cuay jemmel 2.2.4 onepatop
L:WHm(@Q) — W'(Q,0Q)

¢penronbmoB U ind L = ind L. L]
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3ameTum, 4yto omepatop Lo B Teopeme 2.2.1 oTiuMyaeTcs OT TaKOro e
222 z Al TI -
onepatopa B TeopeMe 2.2.2 Ha KoMmnakTHbIH onepaTtop A'. Ilostomy Teope

Ma 2.2.1 cnenyet u3 Teopembl 2.2.2.

2.3. duaunrtuyeckue ypaBHeHHs BTOPOro Mopsika B HMUJIUHApPE

C HEJOKAJbHBIMH yCJIOBUAMHU

ITocraHoBka 3agaum. B 3Tom maparpade Mbl pacCMOTPUM HEJIOKAJbHYIO
JJUNTUUECKYIO 3aady B LHUJUHADE, KoTopas siBJsieTcss 0600IeHreM 3a1a-
un (3), (4). B nanHOM ciydyae MPUCYTCTBYIOT HeJIOKaJbHble UJieHbl BOJU3H
rpaHuibl. Tem He MeHee MbI MIOJY9HUM TEOPEMY O Pa3pelIMMOCTH B MPOCTpPaH-
ctBax CobOosieBa, aHaJoTUUHYO TeopeMe 2.1.2.

Paccmorpum ypaBHeHUe
Au=Au+ Alu = fo(z) (v €Q) (2.3.1)

C HeJIOKAaJbHbIMH KPAaeBbIMH YCJOBHUAMHU

Bou= (u+ B)|s=, + Bou= f,(2') (2 €G, p=1,2),
p ( p ) p P (2.3.9)

ulp,axac = 0.
3nech @ = (0,d) x G C R", n > 2, G C R"! — orpanuuennas o6-
nactb (¢ rpanuueit 0G € C*, eciu n > 3); x = (x1,...,7,) € R,

v = (x9,...,13,) € R

i 2.3.3
-y axﬂa axj (2.3.3)
i,j=1
aij = aji € C*(R")— BemecTBeHHO3HauHble QYHKUMH; fy € Lo(Q) w

f, € W32(G) — kommniexcHosnaunble Gynkuuy; t = 0, ty = d.
OGozuaunm uepes WE(Q), WE(Q,) u WE(G) nonnpocrpanctsa dhyHKIHil
B W*Q), W*(Q,) u W¥(G) cooTBeTCTBEHHO, Cllefibl KOTOPBIX PABHbI HYJIIO
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Ha [0,d] x 0G, [o,d — 0] x G u OG cooTBeTCTBeHHO; 31ech k > 1 u
Q, = (0,d—0) x G.
Bynem mpenmnosarath, 4To BBIOJHEHbB CJEAYIOIIHE YCJIOBHUS,

Yenoeue 2.3.1. Y a;i(2)6&, >0 sz € Qu0#E €RM

ij=1
Yeaosue 2.3.2. Al : W27 (Q) — Ly(Q) — nvHeliHbIE OrpaHUYeHHbIH

omneparop, rae 0 < rg < 2.

Ycaosue 2.3.3. CyuwectByer o > 0 takoe, 4to as Jwoboro u € Wi(Q)
1Bullws@) < cillullyeg,): (2.3.4)
rne s = 0,2, p=1,2 (puc. 2.3.1).
Yenosue 2.3.4. B2 : W2 7(Q) — Ly(G) — nuneilHble orpaHudeHHbIe

2— 3/2
omepaTopel Takue, 4To MX cyxenus B @ WyTP(Q) — WO/ (G) — rakxe

orpaHuyeHHble omepaTopsl, rae 0 < pp < 1/2, p=1,2.

Qg

0 o d—o d

Puc. 2.3.1

ITpumep 2.3.1 (cp. npumep 1.1.1). Mul Gynem usydaThb 3amauy

n

“~ J  Ou ou
Au = — Z a—%az‘ja—% + izzlaia—xi + apu = fo(z) (z€@), (23.5)

i.j=1
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& d
Bpu — u‘:lhztp + Z bpj(x/)u|x1:dj + /ep(ac)u(x)dxl = fp(x/)
J=1 0

(2.3.6)
(' € G, p=1,2),

uljo,q)xa¢ = 0.

3recb Q@ = (0,d) x G C R*", n > 2, G C R"! —orpauuyennas o6-
aactb (¢ rpanuueit 0G € C, eciu n > 3); x = (x1,...,2,) € R,
g = (ve,...,x,) € R ai5,a;,a9 € C®(R") — BelecTBEHHO3HAUHbIE
byHkumuy; a;; = aj; (i,j=1,...,n), e, € C®(R") u b,; € C*(R"') —
KOMIJIEKCHO3HauHble ¢pyHkuuu (p=1,2, j=1,...,k); 0 <d; <d, t; =0,

ty =d; fo € Ly(Q), f, € W*(G) (puc. 2.3.2).

/
xT

X1

-
»

0 dl d2 e dm d

Puc. 2.3.2

[pennonoxum, uto oneparop A, onpenenennniéi gpopmyo (2.3.3), ymo-

BJIeTBOpPSiET ycnoBuio 2.3.1.

Jlemma 2.3.1. Onepamoper A u B, mosxcro npedcmasume 6 gude

Au = A% + Alu, (2.3.7)

Byu = (u+ Byu)|a,—1, + Bu, (2.3.8)

0 > 1 pl 2

ede onepamop A° sadan gopmyrou (2.3.3), a onepamops A*, B, u B
ydosaemeopsarom ycrosuam 2.3.2, 2.3.3 u 2.3.4 coomeemcmaerHro.
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Jlokazameavcmeo. O603HAUYUM

Aly = Z ai(x)au(x) + ap(x)u(z).

i1 8:1:]-
OueBuHo, onepatop Al ynosnetsopser ycosuto 2.3.2 npu rog = 1.
Beegem ¢yukumio n(x1) Takymo, uto 7 € C°(R),

0<n(zy) <1nopu x; €R, n(z1) =1 npu x € (—0o,0),

(2.3.9)
n(z1) = 0 npu 1 ¢ (—20, 20),
rae 40 = min|t, — d;|. [Tosoxum
p.J
( k
n(xy) Z bij(x ) u(zy + dj, z')
j=1
B =
(Biu)(@) =« npu (z € (0,40) x G),
| 0 mpu z € Q \ ((0,40) x G),
( k
n(x1 — d) Z by (2" )u(xy — d + dj, x')
(Bh) () = |
u)(x) =
? npu x € (d — 4o,d) X G,
| 0 mpu x € Q \ ((d —4o,d) x G).

AnanoruuHo nokasaTeabCTBY JeMMbl 2.1.1 Mbl MOXKeM T0OKasaTb, UTO Orfle-
paTopsl B}) yaooBJeTBOpsOT ycaoBuio 2.3.3. Y3 teopem B.5 u B.14 cnenyer,
4TO ONepaTophl BZ yIoBJeTBOPsiIOT ycsoBuio 2.3.4 mpu py = 1/2. Tlo mo-
cTpoeHuto oneparopel A W B, MoxHO 3anucath B Buie (2.3.7) u (2.3.8)

COOTBETCTBEHHO. L]

Pa3pemumocTtb u cnektp. Onpenenum ornepaTopsl
L=L): W5 @) = WQ,G),  Lo=Lo(A) : W(Q) = W(Q,G)
no gopmysaam
Lu = (Au + M\, Byu, BQU), Lou = (Aou + X2, |y, —o, u\xl:d),
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e WO(Q, G) = Ly(Q) x WyA(G) x W*(G).

Onpeneaenne 2.3.1. Oynkumio u € WE(Q) Ha30BeM CUAbHbLM pelieHii-

em Kpaesoi zamauu (2.3.1), (2.3.2) B WE(Q), ecaun
L(Nu= f,
rae f - (f07f17f2) € WO(QaG)

CdopmynrpyeM OCHOBHOH pes3yJbTaT 3TOro naparpada.

Teopema 2.3.1. [Iycmo soinoanaromea ycarosus 2.3.1-2.3.4. Toeda cnpa-
8edAuUBbL caedyroujue ymeepucoeHus.

(a) Onepamop L(X\) : WZ(Q) — W°(Q, G), coomsemcmsyrowuii sada-
ye (2.3.1), (2.3.2), ¢ppedeorvmos u ind L(\) =0 das ecex \ € C.

(b) s arboeo 0 < & < /2 cyujecmeyem q = q(¢) > 0 makoe,
umo 041 A € we, onepamop L(\) umeem oepanuuenHoiti o6pam-
not L7Y(N) - WOQ,G) — WE(Q) u das rkamdoeo v € WE(Q)
BLLNOAHACMCS HEePABEHCMBO
col[[ LA ulllwog.e) < [lulllwz@) < el L(A)ullwog.e), (2.3.10)
ede co,c3 > 0 He 3asucam om A u u.

(c) Onepamop-gpynruus

A LTIV € BW(Q.G), W5(Q))

A8A5EMCS KOHeuHO-mepomophroil onepamop-pynkuueil 6 C.
N3 teopembl 2.3.1 1 iemMbl 2.3.1 MBI osyyaem ciaenylollee yTBepKIeHUE,

CaenctBue 2.3.1. [Tycmo svinosnsemcs ycarosue 2.3.1. Toeda onepamop-
Qynryus A — L(N), coomsemcmsyioujas 3adaue (2.3.7), (2.3.8), obrada-

em ceoticmeamu (a)—(c) us meopemot 2.3.1.
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BBenem HeorpaHuueHHbBIH onepaTop

Ap : D(Ap) C Ly(Q) — Lo(Q)

¢ 00J1aCThIO orpeneseHus
D(Ap) = {u e W§(Q): Bu=0, p=1,2}

no opmyne Apu = Au.
M3 Teopembl 2.3.1 MBI mOJyYHM cjenyioliee yTBepKaeHue (cp. mokasa-

TeJbCTBO caeacTus 1.1.1).

CnenctBue 2.3.2. [lycmo svinoawsromcs ycarosus 2.3.1-2.3.4. Toeda

cnpasediussl ciedyroujue ymaeepucoeHus.

(a) Onepamop
Ap : D(Ap) C Ly(Q) — La(Q)

ppedzorvomos, u ind Ag = 0.

(b) Cnekmp o(Ap) duckpemnuoiii; Orn n & o(Ap) pesosvsenma

R(n, Ag) : L2(Q) — L2(Q)

ecmos KOMNaKmHolll onepamop.
(c) Aasn awboeo 0 < § < 7 sce mouku cnekmpa o(Ag), kpome, Goimo
moocem, KOHEUH020 UX YUCAQ, NPUHAOLeHcam yeiy KOMNAEKCHOU

naockocmu |arg A\| < 9.

ITpumep 2.3.2 (cp. (3), (4)). PaccmoTpum HesloKanbHYIO KpaeBylo 3agady

A= folz) (2 €Q=1(0,2)x(0,1)), (2.3.11)
u‘axlzo — blu‘.’l'}l:lu u‘Jil:Q - bQu‘.%l:l?

(2.3.12)

U”.’EQZO - u‘fLQ:l - 07
rae by, by € R, fo € Ly(Q), a;; = aj; € C(R?), oneparop A’ Buna (2.3.3) —
CHJILHO 3JaMNTHUecKHH B Q (puc. 2).
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N3 cnencteus 2.3.1 caenyer cylllecTBOBaHNWE U €JHHCTBEHHOCTb CUJIBHOTO

pemenus u € W2(Q) nenokanbHoi 3anaun (2.3.11), (2.3.12) nas
[b1], [b2] < 1.

JelcTBUTENbHO, NycTh 1y € W?2(Q) — cuabHoe pemenue 3amauu (2.3.9),
(2.3.10) mpu fo = 0. Torma uy € W[E(Q) (k=4,5,...). Orciona u us
TeopeMbl ByoxeHUsi CobosieBa ansg n = 2 (cMm. Teopemy B.7) Mbl mosyuyum
up € C(Q)NC™(Q). ostomy B cunty npuHUKMNa MakcumyMa uy = 0. Takum
o6pa3oM, U3 caenctBust 2.3.1 BbITEKaeT CyIIECTBOBaHME CHJIBHOTO PeIleHHSs]

3agauu (2.3.9), (2.3.10).

Joxka3areasctBo Teopembl 2.3.1. BBeneMm B npocTpaHCcTBax
WHQ) (Q=Q,G),
W (Q.G) = La(Q) x Wy*(G) x Wy(C)
9KBHUBAJIEHTHbIE HOPMbI, 3aBUCSIIME OT MapaMeTpa A,

1/2
lalllwoy = (lellfre) + APl @)

1/2
1 fllwo@.e) = (IIfoI%Q@) + ) prllﬁvg/z@) :

p=1.2

rie u € WH(Q), f = (fo, f1, f) € W(Q, G).

Jlemma 2.3.2. Cywecmsyem aunetinoii onepamop
S WG x W(G) — W2(G)
makoii, umo (Sw)|,—, = w, (p=1,2) u

1Swlllwaig) < e Y Nwplllwsrzay
p=172

0as a0boeo w = (wy, ws) € WS/Q(G’) X WS’/Q(G) ulA=>1>0,edec, >0
He 3asucum om w u .
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Hokazameavcmso. Tlockonbky G € C'°°, MBI MOXKEM HCIOJb30BaTh pas-
OueHMe eMUHUIBI U pacnpsimiaeHue TpaHullsl OG. Takum 06pa3oM, Mbl BUTUM,
4TO JJI51 10Ka3aTeJbCTBa JeMMbl 2.3.2 10CTAaTOUHO MOCTPOUTH JIMHEHHBIH ore-
patop S : Wg’ﬂ (R}™') — WE(R'), orpannuennsiit no Hopme ||| - ||| u Taxoi,

A 2 (o
4TO (Su)\xlzoﬂ,po — u JJif BCeX U € Wg/ (Rﬁ 1). 31ech
-1
RY ={z = (z1,...,2,) : 21 > 0}, R ={2" = (x9,...,2y) : x3 > 0},
k k
Wy (-) = {u € WE() - uls,=0 = 0}
Onpeneannm onepatop Sy : Lo (RT™) — Lo(R"™') no popmyae

u(z'), e R
(S1u)(2') =
—u(—T9, 3, ..., Tp 1), o € R"I\RL
OuesngHo, cyxenne onepatopa Sy : WF(R} ™) — WF(R") (k=1,2)

IBJISIETCSl OTPAHUUYEHHBIM onepaTopoM. Mcrnosb3ys 3To CBOUCTBO U UHTEPIIO-

JSALLMOHHYI0 TeopeMy B.14, jilerko mokasaTb, UTO CyKeHHe orepaTopa
. 3/2 n—1 3/2 n—1
Sy Wy (R — Wy (R™)
SIBJISIETCS] OTPaHUYEHHBIM orepatopoM B Hopme ||| - |[[.
P S, - 3/2 Rr—1 2(Rn o
accMoTtpuM omepartop So @ W — W*(R"), onpeneseHHbI# 1O

(hopmyusie

Sep = F Y (vF'p).
Bnech ¢ € W32(R"™1), F'p = (F'p)(¢') — npeoGpasosanue Pypbe (yHK-
unn p(z') no a’; F'~'4¢ = (F'~1¢)(a') — obparHoe npeobpasosanue Pypbe
bynkunn ¥(¢') no ¢,

" 1/2
v=exp(—wz)), W= (Z &+ /\2> L & =(&,... &) ERYL
=2
Jlerko yBuaeTh, 4To

H‘S?@H‘Wz(m) < leWHWW?(Rn—l), (S2¢0)|a1=0 = ¢
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[losTomy onepatop

S = 5,8 : WP (R™) — W2(R")
orpanuuex B HopMme |||||. [IpeoGpasoBanue Pypbe (1nu obpaTHOE Mpeodpaso-
Banue Pypre) mo 2’ (uau £') oTobparkaeT HEUETHYIO 110 Ty (MK &) DYHKIHIO

B HeUeTHYI0 10 & (MK T9) GyHKumio. [TosTomy dyHkuus SoSiu € W2(R™Y)

HeueTHa 10 xo. CuenoBatenbHo, (S251U)|z,—0 = 0. O

Jlemma 2.3.3. [lycmo svinoansemcs ycarosue 2.3.1. Toeda 0asn awobolx

0<e<m/2ul€w., cyuecmeyem eOuHCMBEHHOE peuleHue YpasHeHUS

Lo(Mu = f npu kaxcoom f € W°(Q,G) u

sl LoMNullwe <l < allLMullwee,  (23.13)

ede c5 = c5(¢) > 0 u cg = cg(e) > 0 He 3a8ucam om A u u.

Hoxkazameavcmeo. 1. JlokaxkeM BHaudaJjie 3TO yTBEPXKIEHHE B CJaydae
fi=/ =0
BBenem HeorpaHWYeHHBIH OmepaTop
Ao : D(Ag) C L2(Q) — La(Q)
¢ 06J1acTbIO OTpeneseHNs
D(A) = W*(Q)NWH(Q)

no dopmyse Agu = A% (u € D(Ap)).
B cuay 3ameuanuii C.1, C.2 u Teopembl banaxa o6 o6paTHOM orepartope

oneparop Ay camoconpsikenubit, o(Ag) C (0,00) u

1A follwe) < Kall foll L) (2.3.14)

nasi Beex fo € Lo(Q).
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Paccmorpum ypaBHeHHe
Agu + XNu = f, (2.3.15)

rae A € we .

N3 (2.3.14) caenyer, 4TO

lullwq) < k(AP lull Ly + Il foll o) (2.3.16)

C npyro#i cTopoHbl, B cuay TeopeMbl C.4 MHOXKECTBO COOCTBEHHBIX (PyHK-
unit {vs} oneparopa Ay cocraBJisieT OPTOHOPMHPOBAHHBIH Ga3UC B MPOCTpPaH-
ctBe Lo((Q)), B TO BpeMsi KaK MHOXecTBO (pyHKUMH {vg/\/Ts} sBAsSETCS Op-

i1
TOHOPMHUPOBaHHBIM 0asucoMm B mpocTpaHcTBe W' (()) co CKajasipHBIM MPOHU3-
BeJleHHeM
n
' = § j W,.d
(v,w)ﬁ,l(Q) = Vg Wy, d.
=17
31ech 7; — cOOCTBEHHOe 3HaueHHe omneparopa Ay, COOTBETCTBYIOLIee COb-

CTBEHHOH (QYHKUHMHU vy. CilenoBaTesbHO, MJst BeeX fi € Lo(Q) U A € we

— (fOJUS)LZ(Q)
s=1 5

rae psa (2.3.17) cxomuTcst B MPOCTPaHCTBE Wl(Q). 13 (2.3.17) cnenyet, uTo

n7si Beex fo € Lo(Q) u A € wey

ANl zy0) < Kol foll L) (2.3.18)

rae ko = ko(€) > 0 He 3aBHCHT OT A U fp.

Hcnonbays HepaBeHcTBa (2.3.16) u (2.3.18), Mbl mosyunm

ulllw2g) < ksl foll o) (2.3.19)

nast Beex fop € Lo(Q) v A € we 1, rie k3 = k3(e) > 0 He 3aBUCHUT OT A H fo.
2. U3 BhillIeynOMSIHYTBIX CBOHCTB omnepatopa Ap u seMmbl 2.3.2 cJienyer,

uto anst Beex f € WO(Q,G) u A € w1 CyLIeCTBYeT eIMHCTBEHHOE pellleHre
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ypaBHeHus1 Lou = f. BoJsiee Toro, 3T0 pelieHHe UMeeT BUI

u=—R(n, Ao) (fo— (A" =nl)Sf') + S
rie n = —A2 u f' = (f1, f2). Crenosate/ibHO, B cualy JeMMbl 2.3.2 ¥ Hepa-

BeHcTBa (2.3.19) MBI HMeeM

ulllwz@) < ka(llfo = (A° = nI) S Fllra@) + NS Flw2@) <

< Es (1 foll o) + IS F llwa@)) < Kslll fllweg.0),
rne k; = ki(e) > 0 (i =4,5,6) He 3aBucAT oT A u fy. [lepBoe Hepa-
BeHCTBO B (2.3.13) cienyer u3 Teopembl B.6 M MHTeprnossiIMOHHBIX Hepa-

BeHcTB (B.20), (B.21). ]

O6osnauum Ly = Lo+ t(L — Ly).

Jlemma 2.3.4. [lycmo soinoansromces ycaosus 2.3.1-2.3.4. Toeda 0Oas
aoboeo € > 0 cywecmsyem q = q(e) > 0 makoe, umo ecau A\ € w., u
0<t<1, modrsuec WEQ) mor umeem oyenKy

crl[| Leullbwog.cy < Ilulllwzg) < esll|Levllwogq), (2.3.20)

ede c; = c7(e) > 0 u cg = cg(e) > 0 e 3a8ucam om A\, t u .

Hokazameavcmso. O6o3nauum Lyu = f. B cuny semmbl 2.3.3 n7s mnwo60-

roe>0u\€w

WMW@<%@m—mwm@+

-3 B~ 50l )

p=1,2
13 ycaosuit 2.3.2, 2.3.4 u HepaBeHcTBa (B.20) Mbl monyyum

[eA ] 1y < Fa Al (2.3.21)
[t Bulllware) < Rl A7 ulllwzg), (2.3.22)
rne ki, ko > 0 He 3aBUCAT OT u, t U .
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Benem ¢yHkuuio £ € e (Rl) TaKylo, UTO
0<(z1) <1 (11 €RY), E(x1) =1 (x1 € (0,d—0)),

(2.3.23)
(1) =0 (1 & (0/2,d—0/2)).
B cuny ycnoBus 2.3.3 u HepaBeHcTB (B.20), (B.21) MBIl uMeem
|Ht(B;U)‘xlztp|‘|w3/2((;) < k4H|UH|W2(QJ), (2.3.24)

rae ky > 0 He 3aBHUCHUT OT u, t U .
U3 dopmynnl (2.3.23), nemmbr 2.3.3, dopmysbl JlelbHHIla 1 HEpaBEeHCTB
(2.3.21), (B.20) Mbl mosryuum

ellliea,) < M€ulllmaig) < ksl A°(€u)lLy0) <

<k | 1EAM )+ D> Y. IID*%¢D ull1yq | <

a[=1,2[5|<2—|q

< e (11 (4° + 4%l gy + (N + )l ).
(2.3.25)

rae ks = ks(e) > 0, k¢ = ke(e) > 0 u ky = k7(e) > 0 He 3aBucAT OT u, t U A

Torna, BeiOupas g > 1 Tak, 4to

1
CG((kl + 2k4k7)q_r0 + 2k2q_p° + 2/€4/~€7q_1) < 5,

MBI MOJIy4UM BTOpoe HepaBeHCTBO (2.3.20) mnag A € w.,. IlepBoe HepaBeH-

ctBO B (2.3.20) oueBUAHO. O

Hokazameavcmeo meopemor 2.3.1. U3 nemm 2.3.3, 2.3.4 u Teopembl A.9
MbI TolyuuM yTBepxkaeHue (b). Micnonbsys Teopembl B.8, A.1 u A.10, anaJo-

TMYHO JI0Ka3aTeJbCTBY TeopeMbl 2.1.1 Mbl moKaxkeMm yTBepxkaeHus (a) u (c).

]

I'nagkocTh 0000mEeHHBIX pemieHUA. B 3ToM maparpade Mbl pacCMOTPUM
YJacTHBIM caydadt 3agaud (2.3.5), (2.3.6), UMeUIHH BaXKHOE MPHUJIOXKEHHE K

TEOPHH AJIUNTHYECKUX NU(depeHIIHaNbHO-PA3HOCTHBIX YpaBHEHHH (cM. [54,
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ra. 5, § 23]). Mur mokaxeMm, 4to o6o6mennoe pemenune u € W(Q) Takoi
3agaud (B CMbIC/e MHTErpajbHOTO TOXKIECTBA) COXPAHSET IMIaLKOCTh, T. €.
u € W?(Q). TlosToMy 06006I1eHHOe pelleHHe 3TOH 3a/auk SBJISETCH CHJIb-
HBIM pellIeHHEM.

Mui Gynem usyyath ypaBHeHue (2.3.5) ¢ HeJIOKaJbHBIMH KPaeBBIMH yCJIO-

BUSAMHU

k k
u .%‘120 - Z blju‘xlzdja u‘ajl:d — Z b2ju|$1:d]‘7 u‘[O,d]xaG - O
j=1 j=1
(2.3.26)
31ech bpj e C (p: 1,2,j=1,...,]€), O0=dy<d <---<dj <dk+1=d.
OnpenenuM HeorpaHUYEHHbIH JHHEHHBIH OnepaTop
Ap : D(Ap) C La(Q) — L2(Q),
IeACTBYIOLIME B mpocTpaHCcTBe pachpenenenuit D'(Q)) mo popmyie
Apu=Au  (u€D(Ap) ={u€ Wi(Q): Apu € Ly(Q)}).
3necb WA(Q) — nopmpoctpanctso Gynkuuii B W1(Q), ynosaersopsomux

HeJIOKaJIbHBIM yc/10BUsAM (2.3.26), B = {b,;}.

Onpenenenne 2.3.2. Oyunkuus u € D(Ap) HasbiBaeTcss 0606w eHHbLM

pewienuem 3anaun (2.3.5), (2.3.26), ecau

Apu = fy. (2.3.27)
9T0 ornpeneseHre 3KBUBAJEHTHO CJ/CAYIOLIEMY.

Onpeneaenne 2.3.3. Oynxuus u € WL(Q) HasbiBaercs 0606ueHHbLM

peweruem 3agaun (2.3.5), (2.3.26), ecau mist Beex 1 € Wl(Q)

/ (Z aijuxjaxi + Z ity + aw@) dr = /f()@dx, (2.3.28)
i=1 5

o \ij=l
rae fo € La(Q).
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Jlemma 2.3.5. [Ipednosoxcum, umo soinosnsiemcs ycrosue 2.3.1. Toeda

D(Ap) = Wi(Q) N W*(Q).

[lokasameavcmeo. JlocTaTouHo n0Ka3aTh, uto ecau u € D(Ap) — 06006-
meHHoe perenne 3agaum (2.3.5), (2.3.26), To u € W3(Q).
Benem ¢yHKUMIO w M0 dopmyse

k
()_77331 Zblj $1+dj,$)—|-77$1 ZbQ] .5171+d d )

j=1
(2.3.29)
rie dynkums n € C(R) 3anana dopmyioii (2.3.9).
[lockonbky OG € C™ 1 ulj gxoc = 0, B cuny Teopembl C.5 1 jemmbl C.1

0 TJIaAKOCTH 00O0OIIEHHBIX PelleHUH SJJUNTUUECKUX YPaBHEHUN
u€ W(e,d—¢) x G)

o Jwoooro € > 0. CinenoBaTtesbHo, w € W2(Q). Takum obpazom,

u B cuay (2.3.26), (2.3.29) u — w € WI(Q). [Tpumensis Teopemy C.6 u
sameuanue C.2, Mbl noiyuum u — w € W2(Q), 1. e. u € W2(Q). O

HenokajbHble YCJIOBHS, CBA3BIBAIOIIME PAa3JUYHBbIE YACTH TPAHUILBI.
B 3TOM myHKTe MBI MOKa)eM, uTo 06001eHre HEJOKaJbHBIX KPAeBBIX YCJIO-
Bui (1.3.17), (1.3.18) Ha MHOrOMepHBIH CJy4yall TMPHBOAUT K HEKOPPEKTHO
MOCTABJIEHHOW 3aj1auve, a UMEHHO TJIAAKOCThb OOOOLIEHHBIX pEelIeHWH TaKHX
3ajgauy MoxkeT Hapyiatbest BOn3u mHoxkecTB {0} x G u {d} x G. Bosee
TOTO, CIEKTP COOTBETCTBYIOIIETO OMepaTopa MOXKET COBIMaaaTh CO BCEH KOM-

niekcHou nJockocThbio C.
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PaccmoTpum ypaBHeHHe (2.3.5) ¢ HeJIOKaJbHBIMH KPaeBbIMH YCJIOBUSIMH

Ulgy—a = Z bljulxlzdjy U2y =d,, = Z szu|x1:dj,

0<j<k, j#m 1<j<k, j#m (2.3.30)
ulo,.qxac = 0.
3nece m € N — ukcupoBanHoe uyuc/o Takoe, yto 1 < m < k, b,; € C
(j=0,...0k, j#m,eciup=1,uj=1,....k, j# m, ectu p = 2),
O=dy<dy <---<dp <dpy1 =d.

OnpenesvM HeOTPAHUUEHHBIH JIUHEHHBIA OrepaTop
Apm : D(Apm) C La(Q) — L2(Q),
NEeACTBYIOIIME B mpocTpaHCcTBe 060011eHHbX PyHKUKE D'(Q)) 1o popmyie
Apmu = Au (u € D(Apnm) ={ue W};,m(Q) : Apmu € LQ(Q)}).

31ech W}gm(Q) — moanpocTtpancTeo Gpynkuui B W(Q), ynosnersopsromux

HeJIoKaJbHBIM ycs10BusaM (2.3.30), B = {b,;}.

Omnpenenenne 2.3.4. Pyukuus u € D(Ap,,) HasbBaeTcs 0606ujeHHbIM

peweruem 3anaun (2.3.5), (2.3.30) ecan

Apmt = fo. (2.3.31)
3TO onpeﬂe.neHHe 9KBHUBAJIEHTHO CJIGI[YIOU_LeMy.

Onpenenenne 2.3.5. Pynkuns u € Wy, (Q) HasbiBaeTcs 0606ujenHbLM
peuitenuem 3anaun (2.3.5), (2.3.30), ecau asist Bcex ¢ € Wl(Q) CTpaBeIJIUBO

MHTerpaJibHOe TOXKAecTBO (2.3.28).

Jlemma 2.3.6. /lycmo soinoanaemcsa ycaosue 2.3.1. Toeda cnpasediuéoi

caedyroujue ymaepucoerus:
(a) D(Apm) C{ueWp,(Q):ue W2(Qy)} a5 arwbozo 0 < ;
(b) cywecmeyem u € D(Apn,) makoe, umo u & W2(Q).
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Hokazameavcmeo. YTBepxaenue (a) ciaenyer us Teopembl C.5 U JeM-

mbl C.1. Ilna mokaszatesnbcTBa yTBepxkaeHus (b) BBemeM (PyHKIHIO
v e WHHG)\ WG

Tak, 4to supp ) C (. OuyeBHAHO, CYIIECTBYeT eIMHCTBEHHOE 06O0OIIEHHOEe
pemenve w € W1(Q) sanaunu

Aw =0 (r € Q), (2.3.32)

W|gy=0 = 1, W|y,—a = bio?), wljo,gxac = 0 (2.3.33)

B CMBICJIe MHTErpajbHOro ToxaecTsa. IlockoibKy 1 & W32(G), Ml ume-

em w € W2(Q). Honoxum u(z) = (n(x1) +n(x1 — d))w(x), roe n 3amano

topmyioit (2.3.9). Ouesuaro, u € Wp, (Q) u Ap,u € Ly(Q). Tostomy
u € D(Ap,,). C npyroit ctopoHs, o noctpoenuio u & W2(Q). O

Coienyromuil npuMep NokasblBaet, 4to crekTp o(Ap,,) MOXKET 3aHUMAThb

BCIO KOMIIJIEKCHYIO IIJIOCKOCTb C.

IMpumep 2.3.3. PaccmMoTpuM HeslOKaJbHYIO KpaeBylo 3amady (cp. Npu-
Mep 2.3.2)

~Du=folz)  (weQ=(0,2)x (0,1)), (2.3.34)

u’l‘lzo - u‘$1=27 u’m1=1 — 07 u|x2:O - u’JfQ:l - 07 (2335)

rae fo € Lo(Q) (puc. 2.3.3).

x
A2

1

“\XUUUUUA

€

v

Puc. 2.3.3
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BBenem HeorpaHuueHHbIH JUHEHHBIH OMepaTop

Ap1:D(Ap1) C La(Q) — La(Q),

NeHCTBYIONIME B MpocTpaHcTBe 06001eHHbX QyHKIHHE D'(Q)) no hopmyJe

Apju=—Au  (ueD(Ap1) ={ueWp,(Q): Ap1u € Ly(Q)}).
(2.3.36)
31ech W}g’l(Q) — moanpocTpancTBo GyHKIME B W1(Q), ynosneTBopsaomUX
ycqoBusim (2.3.35).

Wayuum cnektp o(Ap;1). OueBunto, uncaa w2 (m? + (%) sBasiorest co6-
CTBEHHBIMH 3HAYeHHsIMHU orepatopa Ap1; UM COOTBETCTBYIOT COOCTBEHHbIE
GyHKUHH sin mmxy sinwlry (m,l=1,2,...).

[pennonoxum, uto A # 72 (m? + [?). Ucnonb3ys MeTOL pasieseHus me-

PEMEHHBIX, MO2KHO [10Ka3aTb, YTO ypaBHEHNE
(AB’l — /\])u = fo

MMeeT eIMHCTBEHHOe pelleHWe AJs J000H fy € P, rne P — MHOXKeCTBO

JIMHEWHBIX KOMOWMHAUUH (DYHKLUH

7;7Tk(E1

e sinmsze (k=0,£1,+£2,..., s=1,2,...).

s toctaToyHo O0JbIIUX § pelleHHe ypaBHEHUS
(Ap1 — M)us = fs (fs = sinmszy)
HMeeT BUJ Ug = 2*1w;2 (2 — ews(1—1) _ ews(xl*l)) Sin TsTo, THE
ws =V m2s2 -\, r,=Rew, > 0.

B uactHocTh, oTciona cienyer, uto o6pas R(Ap1 — Al) mioten B Lo(Q).

Jlerko nmokasarb, 4ToO
HusH%Q(Q) = 2_2‘W8|_4T5;_1(€2T8 + 0(62”)) — 400 IOpU S — X
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u || fsllzo@) = 1. 3naunut, A € 0(Ap,;1). Takum obpasom, o(Ap1) = C. Oue-
BHIIHO, €CJIH omepaTop A; ecTb HeKOTOpoe paciuupeHue omepatopa Ap i, TO

0’(./41) =C.

Ilpyumeuanus K raase 2

DNNUNTUUECKHE YPaBHEHHUSI ¢ HeJOKaJbHBIMHA KPaeBbIMU yCJIOBHUSIMH, CBSI-
3bIBAIOIIMMHU 3HAueHHsT (YHKLIMHU Ha TPaHHUIE CO 3HAUEHHWEM Ha HEKOTOPOM
MHOroo6pasuu BHyTpu obsactu (cm. (1), (2)), BHmepBble paccMaTPUBAJHUCD
A. B. bunanze u A. A. Camapckum [4]. [nsa ypasuenus Ilyaccona (3) B
MPSIMOYTOJIbHUKE C KpaeBbIMH ycJjoBUSMH (4) mpu 71 = 0 U 7o = 1 B 3TOH
cTaTbe OBIJIO JOKa3aHO CYIIeCTBOBaHWE U €NHHCTBEHHOCTb KJacCHUeCKOro
pelieHHsi. Bompoc o pa3pelminMOCTH HeJIOKaJbHBIX IJIJIHITHYECKHX 3alady B
o611eM caydae OblT CHOPMYJUPOBAH KaK HepelleHHasi mpobsaema [27,47].

B cayuae xorma MHOroo6pasusi ws(0()), sIBJASIOLMECST HOCHTEJNEeM HeJo-
KaJIbHBIX UJIEHOB, JIeXKaT CTPOr0 BHYTPH 00JIaCTH M He TepeceKarTcs, HeJlo-
KaJbHble 3a/layM paccMaTpuBajuch B [26]. B cayuyae mepecekarommxcss MHO-
roo6pasuil 3TOT MeTOJ HEMPHUMEHUM M3-3a BOSHUKHOBEHUS YTJIOBBIX TOYEK U
pebep MpH nepeceuyeHnd MHOroo6pasuil ws(0Q).

EnuHbll MeTOon MccenoBaHUsl HeJOKAJbHbBIX SJJIUNITHUYECKUX 3a1ad C HO-
CUTeJIeM HeJIOKAJIbHBIX UJIeHOB BHYTPHU o0JacTu Obl1 pa3zpaboraH B [28,53].
M3noxenue ry. 2 0CHOBaHO Ha 3THX paboTax, a TaK¥Ke pe3ysJbTaTax MOHO-

rpacduu [33]. Tam ke uMeeTcss MOAPOOHBIH 0630p JUTEPATYPHI.
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YnpaxHeHud K riaase 2

1. Tlyctp () — KpyT €AMHUYHOTO pajinyca C LEeHTPOM B HauaJje KOOpAUHAT.

PaccMoTpuM HeJIOKa/IbHYIO 3JJIMIITHYECKYIO 3a1a4y

Au(r) = f(x) (v € @),
u(@)lag — b(x)u(r1/2, 22/3)|aq = uo(z) (z € 9Q),

raie b € C*(Q).
a) [locTpouth JMHEHHBIN onepaTop B, MeUCTBYIOIHWN OrpaHHYeHHBIM 00-

pasom u3 Lo(Q) B Lo(Q) u u3 W3(Q) 8 W?(Q), Tako#, uto

Bu|aQ = (b(:l:)u(ah/Q, 772/3)) ‘6@

HBU’HW‘;(Q) < CHUHW‘Q(QU)? S = 07 27

rie Qo = {x € Q : p(x,0Q) > o}, 0,¢ > 0 He 3aBucaAT oT u. O6OCHOBATH
BBIOOD O.

b) HaiiTu HocHTesb HeJIOKaJIbHOTrO onepaTopa B.

2. PaccmorpumM HeorpaHuueHHblH omepatop Ap : D(Ap) C Lo(Q) —

Lo((Q)), 3amaHHbIU CIENYIONIUM 06pa3oM:

Apu = Au (u e D(Ag)),

D(Ap) = {u € W*(Q) : ulsg — Bu = 0},

roe B — onepartop, NMOCTPOeHHBIM B ymnpaxkHeHuWu 1. HdBasercs nu omnepa-
Top Ap dpenronbmoBeiM? Ecii fa, yeMy paBeH ero uHaekc? bynet nu crnekTp

onepatopa Ap nuckpetHbiM? COIEpPKHUT JIK CIeKTp TOUYKy 07
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3. [lyeth () — Kpyr eAIMHUUYHOrO pafinyca C LEHTPOM B HauaJje KOOPIMHAT.

PaccMOTPUM HeEJIOKAJIbHYIO JIMITHUECKYIO 3a1a4y
Au(z) = f(z) (v €Q),
o () + bl(x)a(xﬁ) — by(x)u(x1/2,29/5+ 1/4) = ug(z) (z € Q),

rae by, by € C(Q), 7, — noJIsipHble KOOPAUHATBI TOUKH .

@ ou

a) [locTpouThb JMUHEHHBIH onepaTtop B, MeHUCTBYIOUIMN OrpaHUUEHHBIM 06-

pasom u3 W1(Q) B Lo(Q) u us W2(Q) 8 W(Q), Takoi, uto

Bulpg = (bﬂx)%(m/?) — by(x)u(x1/2,29/5 + 1/4))

oQ

||Bu|]Ws_1(aQ) < CHuHWs(QO_), S = 1, 2,
rie Q, = {x € Q : p(x,0Q) > o}, g,c > 0 He 3aBucAT oT u. O60CHOBATh
BBIOOD O.

b) HaiiTu HocHTesb HEJIOKAIbHOTrO orepaTopa B.

4. PaccmoTpuM HeorpaHuueHHbi#l onepatop Ap : D(Ap) C Lo(Q) —

Ly(Q), 3anaHHbIi c/enyomuM 06pa3oM:

Apu = Au (u € D(Ag)),

)
X L Bu=0%,
0Q

D(Ap) = {u € WHQ) : 5~
rae B — omepaTtop, NMOCTPOEHHbIH B ynpakHeHuUW 3. fBaserca M omnepa-

" Or

top Ap dpenronbmoBbeiM? Eciu n1a, ueMy paBeH ero uHaekc? bynet nu cnekTp

onepatopa Ap nuckpetHbiM? CONep:KUT JIK crieKTp Todky 0?

5. Metogom Dypbe pelInTh HEJOKAJbHYIO 3JIHIITHUECKYIO KPAeByH 3a-
nady B Kpyre
Au(z) =0 (|z| <2),
u(z) —au(r/2) = uo(p) (2| = 2),
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Te @ — BelleCTBEeHHbIH MapaMeTp, 7, — MOJsIPHble KOOPAHWHATHl TOYKH I,
up(p) = 1+ cosp. Ilpy Kakux 3HAUeHHsIX MapameTpa @ 3agada C OfHO-
POIHBIM KpaeBbiM ycjoBueM (ug(¢) = 0) uMeeT HeTpPUBHAJIBHOE pelleHHe?
[pu Kakux 3HaYeHUsIX MapaMeTpa a 3afada paspelinma AJsi JO0H riagiKkou

27-niepuoaruecKoi HYHKUKHU ug(p)?

6. Hoxasats, uto ans omepatopos A° u B) (= 1,...,m), ynosaerso-
paowux ycaouam 2.1.6 u 2.1.7, BbinosHeHbl Takxke ycaoBusi 2.1.1 u 2.1.2
npH

ANEw. ={NeC:|arg\| < e wm |arg\ — 7| < ¢},
rae 0 <e < T MIPOH3BOJIBHO.
2m
7. IlpuBecTu noppoOHOe NOKa3aTeJbCTBO caencTsus 2.1.2.

8. IlpuBecTr mogpo6HOe M0Ka3aTeNbCTBO JeMMbl 2.2.2.

9. JlokaszaTb cJeayioliue HepaBeHCTBa:
a) mepBoe U3 HepaBeHCTB (2.3.13);

b) HepaBeHcTBO (2.3.18).
10. okaszatb nepBoe HepaBeHCTBO B (2.3.20).

11. IlpuBecTn nprMep HeJOKaJbHOHM KpaeBOH 3agauu B LUUJIHHApPE, YAO-
BJeTBOpsitollelt ycaoBusaM 2.3.1-2.3.4 u Takoi, uyto Touka 0 MpHUHAJIEKHUT
CTeKTpy 3anaud. PaccmoTpeTh cjenytouiye ABa Caydas:

a) KpaeBble yCJIOBHSI He CONEP>KAT UHTErpaJ OT HEU3BECTHOW (DYHKIIHH,

b) KpaeBble YCJOBHUS CONEPKAT MHTErPaJ OT HEUM3BECTHOU (PYHKIIHH.
12. JlokazaTb 3KBHMBaJEHTHOCTb omnpeneneHuit 2.3.2 u 2.3.3.

13. JlokasaTb 3KBUBaJEHTHOCTb onpesesneHui 2.3.4 u 2.3.5.
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IF'nasa 3
HenokanbHble mpoOJieMbl MPOIIECCOB

pacrnpenesieHUs TemJa

3.1. IlocraHoBKa 3agauu

B 3To#i raBe Mbl pacCMOTPUM TPHUJI0KEHHUS HEJIOKAJIbHBIX 3a/1a4, BOSHUKA-
[olKe MPU MOJAENHUPOBAHUHU TPOLIECCOB paclpefiesieHUs TelJa B XMMHUUYECKUX
peakTopax M CUCTeMaX KJIUMAaT-KOHTPOJisi. BymyT n3yueHbl Bompochl paspe-
IIAMOCTH W MEPUOAUUHOCTH pellleHUH 3agaud. 3agada OyneT 3aKJ/ruaTbCs
B pEeryJUpOBaHHWU TeMIlepaTypbl BHYTPH 06JacTH (HAmpUMep XHUMHUECKOTO
peakTopa) MOCPeICTBOM TEPMO3JIEMEHTOB, YCTAHOBJIEHHBIX Ha I'paHule 00Ja-
ctu. [Ipu aTom oOpaTHasi CBSI3b OCYILLECTBJISIETCS HA OCHOBAHUH MOKa3aTesel
TeMIepaTypPHbIX AAaTUHMKOB, PACIOJOKEHHBIX BHYTPH obJjacTu (puc. 6).

[Tycte @ C R™ (n > 1) —orpanuueHHasi obsactb ¢ rpaHuued I’ xnac-
ca C™. O6osHaunm uyepe3 w(x,t) TemmepaTypy B TOouke x € () B MOMEHT
Bpemenu ¢t > 0. Ilpennosioxum, uto yHkuus w(x,t) yIoBIeTBOPsieT ypaB-

HEHHUIO TEIJIOIIPOBOAHOCTH

wi(x,t) = Aw(x,t) — p(x)w(z,t) ((z,t) € Qr) (3.1.1)

C Ha4YaJbHbBIM yCJOBHUEM

w(z,0) = p(z) (xreQ), (3.1.2)

e Qr = Q x (0,7), T >0, p € C°R"), pz) 2 0u ¢ € Ly(Q)—
3ajlaHHas BellleCTBeHHO3HauyHasi GyHKIus (puc. 3.1.1).
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ta

Puc. 3.1.1. Obnactu Q u Qr

KpaeBoe ycioBue cOmEp:KHUT BellleCTBEHHO3HAUHYI0 (DYHKLHIO YIIpaBJe-
Hust u(t) (ee Mbl ONMpeneSUM HHXKe), KOTOpasi PEryJupyeT COOTBETCTBEHHO
TeMIepaTypy Ha IpaHule, NTOTOK 4yepe3 TPAaHULY MJIM TeMIepaTypy OKpyzKa-

IOLleH CpPebl:

ow
—7% =o(z)(w(z,t) —we(z)) — K(x)(u(t) —u.) ((z,t) € Tr), (3.1.3)
rne I'r = T' x (0,7T), v — BHewHsia HopMmanb K ['p B Touke (z,t), v = 0,
o, Wwe, K € C*(R™) — BemecTBeHHo3HauHble GyHKIHH, o(x) = 0, o(x) =

oo > 0 npu v =0, u. > 0.

st mo6oit pyHKuMU v(x,t) BBegeM 0003HaYeHHEe

v (t) = /m(w)v(m,t) dzx,
Q

rie m € Loo(Q). Ecau w(x,t) cooTBeTcTBYeT Temmeparype B o6Jact (),
TO Wy, (t) — «cpenHsiss» Temmepatypa 1o obgaactu (¢ Becom m(x)). B koH-
KPETHBIX MPUJIOKEHHUSIX CBOMCTBA PYHKIUUU m(x) ONpenesiioTcst CBOUCTBAMU

TeMIIEpPaTyPHBIX NAaTYHMKOB, PACIOJIO0KEHHBIX BHYTPH 00JIACTH.
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[Tycts dyHKuMs ynpaBnaenus u(t) ymoierBopsieT 3agade Kouru

o' (t) + au(t) = H(wn,,t) (t € (0,T)), (3.1.4)
rie a > 0, ug € R u w ynosserBopsieT cooTHomeHusIM (3.1.1)-(3.1.3). Pynk-

uuonan H(g,t) (g € C[0,T]) onpenenen mpu t > 0 caenyoium o6pasom
(cp. [19, rn. 5, § 28]):

1, ecau g(t) < wy,

, ecau g(7) € (w1, wq) tpu 7 € [0, 1],

1, ecau g(t) € (wy,wq) u Ity € [0,1) :

H(g,t) = < g(t1) =wy u g(t) € (wy,wy) nput € (t1,t],  (3.1.6)
0, ecau g(t) € (wi,ws) u Ity € [0,1) :

g(t1) = we n g(t) € (w1, we) npu t € (t1,1t],

L 07 eCJ/In g(t) > w2,

rae wy U wy (wy < wy) GUKCHPOBAHBI.

Taxkum o6pasom, eciu ¢(t) € (wq,ws), TO 3HadeHHe (yHKUMOHAMa H B
MOMEHT t Takoe e, KaK M B MOMEHT, «lpeiuecTBywuuii» t. Ecau g(t)
JIOCTHTaeT HUXKHEro MOPOroBOro 3HaueHHsl w; B MOMEHT ¢ U 3HauyeHHe (PyHK-
unonasna H pasusisock O B MOMEHT, «IPEAIIECTBYIOMUN» ¢, TO QPyHKIHOHA
«TIepeKIYaeTcsi» Ha 3HaueHHe, paBHOe | (B MPOTHBHOM CJlydae MepekJroye-
HHUSI He IPOMCXOIHT U 3HauUeHHe (yHKIHOHAIa ocTaeTcsi paBHbIM 1). Ecan g(t)
JIOCTHTaeT BepXHEro MOPOroBOr0 3HAYEHHsl wy B MOMEHT ¢ U 3HaueHHe (YHK-
udoHana H paBHsOCh | B MOMEHT, «IpeAIIECTBYOUMA» ¢, TO (yHKIHOHA
nepekJ0YaeTcs Ha 3HaueHHe, paBHoe O (B MPOTHBHOM ciiyyae MepeKJoUyeHH s
He MPOMCXONUT U 3HaueHHe (QYHKIHOHAMA ocTaeTcsi paBHbIM 0). 3aBHCHMOCTD

¢yHKIMOHana H oT cpenHel Temmepatyphsl w, “3obpakeHa Ha puc. 3.1.2.
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Y
0 w1 w2

W,

Puc. 3.1.2. 3aBucumoctb ¢pyHKUHOHAMA H OT cpenHel Temmnepa-

TYPBl Wy,

Jas1 onpeneneHHOCTH OyieM CUUTATh, YTO

wy < /m x) dr < ws, (3.1.7)

T. €. B HauaJIbHbIEl MOMEHT BpeMeHI/I 3HaYeHHe CPefHeH TeMIepaTypbl JEXKHUT
B MHTepBaje [wi, ws).
Uepes WL (0,T) Mbl 0603Ha4UM MPOCTPAHCTBO aBCOMIOTHO HEMPEPbIBHBIX

(QYHKILHE, UMeIIIUX 00001IeHHYI0 TTPOU3BOAHYIO U3 Loo(a,b), ¢ HOpMOH

| ullwi (a5 = max |u(t)] + vraisup |u'(t)]. (3.1.8)
o tG[CL,b] te(a,b)

O6o3snaunm vepes W2(Qr) anusorponnoe npoctpanctso CobGoseBa ¢

HOPMOH

ol = / -, s dt + / a1

[Tonoxum

1/2

W(Qr) = W (Qr) x W, (0,T).

Onpenenenne 3.1.1. Tlapa pyukuuii (w,u) € W(Qr) Ha3biBaeTCs cub-
Hoim peutenuem 3agaun (3.1.1)—(3.1.5) B QQp, ecau QyHKIHUS w yAOBJETBO-
psieT ypaBHeHHI0 (3.1.1) m. B. B Q7 u ycaoBusam (3.1.2), (3.1.3) B cMmbice
ceioB, a MYHKIUHUS u yOoBJeTBOpsieT ypaBHenuio (3.1.4) m. B. Ha WHTepBa-

ae (0,7) u ycaosuio (3.1.5).
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Onpeneaenne 3.1.2. Ilycts napa (w,u) € W(Qr) ecTb CUbHOE pelleHHne
sanaun (3.1.1)-(3.1.5) B Q7. Mowment t; € (0,7) Ha3biBaeTCs MOMEHMOM

nepexkiroueHus, eCJin 100
46 = 5(t1) : H(wm,T) =1 npu 1 —0<T< t1 ¥ wm(tl) = Way,
U060

30 =0(t1) : Hlwp, 7) =0mpu t; — 0 < 7 < t1 ¥ wy(t1) = w;.

Takum 06pa3zom, B MOMEHT NepekJ/iloueHUsl (PyHKUHOHaJ [ MeHseT CBoe

3HaUYeHHe («MepeKJIYaeTCs»).

3.2. CymecTBOBaHUE U €IMHCTBEHHOCTh CUJIBHOTO pelIeHUs

Jloka)keM CyIIeCTBOBaHWE H €IHHCTBEHHOCTb CHJIBHOTO pellleHHs 3aja-
un (3.1.1)-(3.1.5) B cmbIcae onpenesnenus 3.1.1.
O6osHauuM yepes V 3aMkHyToe adpuHHOe MHoroo6pasve B W1(Q) x R

BUIA
V=WQ) xR,
ecaun v > 0, u
V= {(p,up) € WHQ) xR :

o(x)(p(x) — we(x)) = K(x)(uo —ue) =0 (z € T)},

ecau v = 0.

Teopema 3.2.1. [Iycmo (p,uy) € V u svinoareno ycrosue (3.1.7). To-
eda cywecmsyem edurcmeenroe cunrvroe pewenue (w,u) € W(Qr) 3ada-
yu (3.1.1)=(3.1.5) 8 Q7. [Ipu 3mom mHONECMBO MOMEHMOB NEPeKAOUeHIS.

Ha unmepsane (0,T) KoxeuHo uau nycmo.
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Brauasne Mmmbl JO0KaXKeM HEKOTOpbI€ BCIIOMOraTeJIbHble pPE3YyJbTaThl. Pac-

CMOTPHM Haya/bHO-KpaeByIo 3ajauy

wor(z,t) = Awy(z,t) — p(z)wo(w,t) ((z,t) € Qr), (3.2.1)

wo(z,0) = ¢(z) (z€@), (3.2.2)

—7% = o(x)wo(x,t) + ko(z)Y(t) + k1(x)  ((z,t) € T'p), (3.2.3)

rie ¢ € WHQ), ko, k1 € C®(R"), v € WL(0,T)— BeuecTBeHHO3HAYHbIE
(yHKIHH.

[lpu v = 0 paccMoTpuM 3aMKHyToe adduHHOe MHOroo6pasue B W1(Q),

saBucsiee oT GpyHkuuu ¢ € WL (0,T), Buna
Wi(Q) = {p € WHQ) : o(x)p(x) + ko(2)1(0) + ka(x) = 0 (v € )}

Onpenenenne 3.2.1. Pyukuus w € WH(Qr) naswiBaercs cusvrowm pe-
wenuem 3anadu (3.2.1)—(3.2.3) B Qp, ecniu PyHKUHUS w YIOOBJETBOPSIET ypaB-

HeHuto (3.2.1) m. B. B Q7 u ycaoBusim (3.2.2), (3.2.3) B cMBbIC/Ie CJIEI0B.

Jlemma 3.2.1. [as aroboix pynkyuii v € WL(0,T) u
WYHQ), ecau v >0,
Q€
Wi(Q), ecau =0,
cyujecmeyem eduncmeennoe cuavhoe pewienue wy € WHH(Qr) sadauu

(3.2.1)-(3.2.3) 8 Qp. IIpu smom

|wollw21(gr) < cr(llellwr) + Ikollw2) 10 llwe o) + 1Fillwe)), (3.2.4)

ede ¢y > 0 ue 3asucum om v, Y, kg, k.

ZZOKCZSQI?’ZB/LbCﬂ’ZBO. paCCMOTpI/IM BCIIOMOraTeJbHYIO KPaeBYIO 3aaady

AU(z) — p(x)U(z) = #|I'/1Q| (z € Q), (3.2.5)
—Vg—g =o(x)U(zx)+1 (xel), (3.2.6)
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rae » = —1/7, ecin p(x) =0 1 o(x) =0, U 2 = 0 B IPOTHBHOM CJIyuae;
|Q| — n-mepnas mepa Jlebera obaactu @, |I'| — (n—1)-mepHas mepa JleGera
rpanuubl I'. UseectHo [24, rn. 4, § 1], yto 3amaua (3.2.5), (3.2.6) npwm
c/le/JaHHBIX TIPEeNNooKeHUuax umeet pemenve U € W2(Q).

Tak kak kpaeBoe ycyaoBHe (3.1.3) comepKHUT TOJMBKO caefbl QyHKIHUH ko(x)

1 ki(x) Ha ', To 6e3 orpaHUYeHHsT OOLUIHOCTH Mbl MOXKEM IMPEANOJI0NKHUTh, UTO

do| _ k| _ k| _,
aVr_a’/r_a’/r_'

Honoxum vg(x,t) = [ko(x)h(t) + ki (x)]U(x). Tlockoaeky ¢ € WL (0,T),
T0 vg € W2HQr).

DyHKUIUSA

vV=w — Uy

YAOBJIETBOPSAET COOTHOIUEHUAM

Ut(xat) - AU(.%’,t) —p(:z:)v(w,t) + fO(xat) ((ZE,t) < QT)u (3.2.7)

v(x,0) = o(z) + polz) (x€Q), (3.2.8)
—7% = o(x)v(z,t) ((z.t) € Tp), (3.2.9)
re
fo(@,t) = Alko(x)¥(t) + k1 (2)]U () + [ko(2)(t) + kr(2)]|T]/]|Q] -
— ko(z)y' (1)U (=),

po(z) = [—ko(z)¥(0) — k1 (2)]U ().
[Ipumensis Teopemy 5.3 us [48] k 3amaue (3.2.7)—(3.2.9), nonyyaem yTBep-

XKJEeHHEe TEOPEMH. L]

CoienytolMi pe3ynbTaT BbITEKAET U3 JeMMbl 3.2.1 U TeopeMbl BJIOKEeHHS

(cM. Teopemy 2.1 B [48]).
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Caencteue 3.2.1. [as aw0boix ¢pynxuut p € WL (0,T) u

WHQ), ecau~y >0,
p €
Wi(Q), ecuu =0,

caed cuavroeo peuenus wy € WHQr) sadauu (3.2.1)-(3.2.3) na ceweruu

t=1,0< 7T, ydosaemsopsiem Hepasercmay

|wo(-, ) |lwr ) < callellwr@) + kollw2@) 1 llw o) + | ELllw2(@)),
(3.2.10)

ede co > 0 He 3asucum om p, V), kg, k1, T.

Jlemma 3.2.2. [Tycmo ¢ € WL (0,T) u

WHQ), ecau~y >0,
p €
WQ/%(Q), ecau v = 0.

Mycmo wy € W?YHQr) — cusvnoe peutenue 3adauu (3.2.1)-(3.2.3) 6 Q7.
Tocoa
(wom (") — wom(t))?

csllmll L@ (lellwi@) + 1¥llwror + 1)
ors aobuix t't", 0 <t <t" <T, ede c3 > 0 ne 3asucum om p,,t', 1"

s <t =t (3.2.11)

Hoxazameaovcmso. Mcnonb3ys HepaBeHCcTBO Komin—byHsikoBckoro u jieM-

My 3.2.1, MBI TOJY4YUM

o
[wWom (") — wom ()| = /m(:c) dx/th(a:,t) dt| <
Q t'
< lmllza@ " = )"21QI lworllygr <
< mllzo) @ =) 2RI lwollw21 (o) <
1/2(||90HW1(Q) + [[¥llwy o) + 1),

rae |Q| — n-mepHasi mepa Jlebera obaactu (), a c3 > 0 He 3aBUCHT OT @, 1,

t', t”. Orciona BoiTekaer (3.2.11). O

1/2
<P mll_ ot —t)
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Tenepp MBI MOXeM J0Ka3aTb Teopemy 3.2.1.

Loxkasameavcmeo meopemol 3.2.1. JlokaszaTebCcTBO OyieM NPOBOAUTD IO
UHAYKIHH.

1. PaccmoTtpum cienyioinyio 3anady Kouu ass hyHKUNMK ynpaB/eHust u(t):

u'(t) + au(t) = H(wp,t) (¢t >t,), (3.2.12)

u(ty) = us. (3.2.13)

Ilo tex mop noka H = const, pewenue 3anaun (3.2.12), (3.2.13) umeer BUp
u(t) = <u - g) emall=t) 4 g (t > t,). (3.2.14)

3aMeTHM, 4TO

lu(t)| < max(1/a, |us), |v'(¢)] < 1+alu(t)] < max(2, 1+alus|) (t = t.).

(3.2.15)

2. O6osHaunM us(t) = u(t) (¢t € [0,7]), rne pynkuus u(t) 3amana dop-
myaou (3.2.14) c H=1,t, =0 u u, = ug. B cuny (3.2.15) umeem

lu1 ()] < max(1/a, |ug|) = ar, |uj(t)] < max(2,1+ alug|) =ay (t > 0),
(3.2.16)
e ai,as > 0 MOT'YT 3aBHUCEThb OT Uy, HO He 3aBUCHT OT t.

Pacemorpum 3amauy (3.2.1)-(3.2.3) ¢ ¢(t) = ui(t) — u. (t € [0,T7]),
ko(x) = —K(z) u k1(z) = —o(2)w.(x). B cuny nemmer 3.2.1 cyiectByet
eIMHCTBEHHOE CHUJIbHOE pelleHHe wy 3amadut (3.2.1)-(3.2.3) B Q7.

OnpenenM MHOXKeCTBO

S1={t €(0,T) : wom(t) = wo}.
Ecau S; = @, 10 cornacHo ycaoBuio (3.1.7) (wp, 1) — €AUHCTBEHHOE CUJIb-
Hoe pemleHHe 3anauu (3.1.1)-(3.1.5) B Q7.
3. Ilyets S7 # @. O6o3Hauum t; = inf S; (T. e. t; —3TO mNepBHIH

te(0,T)
MOMEHT TepeKJ/JIoUeHHusl, TaK KaK B HadaJbHbIH MOMeHT BpeMeHu H = (0 B
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cuay onpenenenusi H v ycenosus (3.1.7)). OueBunHo, t; < 1. VI3 nemmbr 3.2.2

M cooTHomenu# (3.2.16) BEITEKaeT, 4To wo,, € C'/2[0,T] u

(wg — [m(z)p(x) daz)
t > © — 5.

~ almlira@Uele +a+ a2 +ue+1)2

Takum o6pasom, (wy, u;) — eMUHCTBEHHOE CHJbHOE pelieHue 3anauun (3.1.1)-
(3.1.9) B @y, e 0 < <ty < T

O603HauYUM

ul(t), t € [O,tl],
ua(t) =
u(t), telt,T),
rae u(t) sanana gopmyioit (3.2.14) ¢ H =0, t, = t1 ¥ uy = uy(t1). Mcnosb-

3ys (3.2.15), Mbl ©MeeM

lua(t)| < max(1/a, |ui(t1)]) < max(1/a, |ug|) = a1 (t > t1),
|us(t)| < max(2, 1 + alui (t1)]) <

< max(2,1 4+ amax(1/a, |ug|)) = max(2,1 + alug|) = as (t > t1).
(3.2.17)

Paccmorpum 3amauy (3.2.1)-(3.2.3) ¢ ¥(t) = wus(t) — u. (¢ € [0,T7]),
ko(z) = —K(z) u ki(z) = —o(z)we(z). B cuny nemmsl 3.2.1 cyurectByet
eIMHCTBEHHOE CHUJIbHOE pelleHHe wy 3anadut (3.2.1)-(3.2.3) B Q7.

OnpenennM MHOXKeCTBO

SQ = {t - (tl,T) : wOm(t) = wl},

Ecin Sy = @, 10 (wy, ug) — eAMHCTBEHHOE CUJIbHOE pelieHue 3anadu (3.1.1)-
(3.1.5) B Q7.
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4. Tlyetp Sy # &. O603HaUMM ty = i(nf )Sg (T. e. t9 —3TO BTOpOH
te(ty, T’

MOMEHT TepekJjtodeHusi). OdeBunHo, to < 1. Y3 nemMmbl 3.2.2 U cooTHolle-

Huit (3.2.16), (3.2.17) u (3.1.7) caenyer, uto wy, € C/2[0,T] n

" S (w2 — w1)2 N
2 1
- C3H“LHLOO(Q)(HQCHVW(Q) a1 as Ue 1)2 -

(wg — ['m(z)p(x) dm)
¢ — 4.

csllml| @) (lellwig) + a1 +as +uc+1)

=

Taxkum o6pasom, (wy, uz) — eMUHCTBEHHOE CHJIbHOE pellieHue 3axaun (3.1.1)-
(3.1.5) B Qy,, rme 20 < to < T. TloBTOpsifi ONMHCAHHYIO BBILIE MPOLELYPY
KOHEUHOe UYHCJIO Pa3 WU yuuThiBasi, 4To d > 0, Mbl yOexxaaemcsi B CyILECTBO-
BAaHWH W eIMHCTBEHHOCTH CHUJIbHOTO peleHus 3axadu (3.1.1)-(3.1.5) B Q.

O‘—IGBI/IILHO, MHO2KE€CTBO HepeKJII-O‘—IeHI/II(/JI IIpH 3TOM KOHE€YHO HJIH MYCTO. ]

3.3. YcioBHOe cymecTBOBaHUE CUJIbHBIX MEePUOANYECKUX pelleHud

B sTom maparpade Mbl JoKaXKeM CYILIeCTBOBaHUE CHIbHOrO T-nepuonuyec-
Koro petenus (w,wu) 3amauu (3.1.1), (3.1.3), (3.1.4) npu yc/aoBHH, UTO MAJS
HEKOTOPBIX HauyasbHBIX HaHHBIX (@, uy) € V CYILIeCTBYeT CHUJbHOE pellleHHe
(w,a) € W(Qr) 3anaun (3.1.1)-(3.1.5) B Qp Takoe, 4To w,,(0) = w,,,(T),
w(0) =a(T) v H(w,,, T) = 1.

Onpenenenne 3.3.1. [lapa (w,u) HaspiBaercs cunvHoim T-nepuoduyec-

Kkum peweruem 3adauu (3.1.1), (3.1.3), (3.1.4), ecau nns qwoboro Ty > T

(a) (w,u) € W(Qr,),

(b) dyHKUHSA w ynoBJeTBopsieT ypaBHeHuio (3.1.1) m. B. B ()7, U paBeH-
ctBy (3.1.3) Ha I'g,

(c) dyHkuus u ynosJgetBopsieT ypaBHenuw (3.1.4) . B. B (0, 7)),
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(d) w(-,t) =w(,t+T), u(t) =ult+T) u Hwny,t) = Hwny,t+T)
npu ¢ € [0, Ty — 7.

B onpeneneHHoM cMmbic/e onpeneseHue 3.3.1 3KBUBAJEHTHO CJeAYIOLIEMY.

Onpenenenne 3.3.2. [lapa (w,u) HasbiBaetcsi cusvhoim T-nepuoduuec-

Kum peweruem 3adauu (3.1.1), (3.1.3), (3.1.4), ecau

(a) (w,u) € W(Qr),

(b) ¢ynkuus w ynosseTBopsier ypaBHenuto (3.1.1) m. B. B Q7 u ycuo-
BUIo (3.1.3) B cMBIC/IE CJIEM0B,

(c) pyHKUMS u ynoBaeTBopsieT ypaBHenuio (3.1.4) m. B. B (0,7,

(d) w(-,0) =w(-,T), u(0) =u(T) u H(w,,,T) = 1.

JleficTBUTE/IbHO, ecsd napa (w,u) — CUAbHOe T-eprHoandyeckoe perieHue
sagaud (3.1.1), (3.1.3), (3.1.4) B cMbicsie onpenesierus 3.3.1, To cy>KeHHe 3TO-
ro peleHHst Ha ()7 ecTb CUJbHOe T-reproanyeckoe peleHue 3agauu (3.1.1),
(3.1.3), (3.1.4) B cmbice onpenenenusi 3.3.2. Ecau ke (w,u)— cuibHoe
T-nepuonnyeckoe pemeHue 3agauu (3.1.1), (3.1.3), (3.1.4) B cMmbicae onpene-
JeHust 3.3.2, To Mbl MOXeM Tpono/kUTh (w,u) Ha Qr, aas Jawboro Ty > T
TakuM 00pazoM, uto w(-,t) = w(-, t+7T) uu(t) = u(t+T) npu t € [0, To—T].
B cuny teopembl 3.2.1 3T0 nponosKeHue O6yneT CUJAbHBIM 1'-epuoguYecKuM

pemenueM 3anauu (3.1.1), (3.1.3), (3.1.4) B cMbicsie onpenenenus 3.3.1.

Onpenenenue 3.3.3. bynem ropoputs, uto 3anava (3.1.1), (3.1.3), (3.1.4)
obJiafaeT ceolicmaom nepuodutHocmu 8 cpedHem, eClu HauaeTcs Takas mna-

pa (¢,ug) € V u takoe uucao T > 0, uto npas Jqwboro Ty > T cusnbHOe
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pettenune (w,a) € W(Qr,) 3anauu (3.1.1)-(3.1.5) B Q7; ¢ HaYa/ bHBIMH [aH-
HBIMH (0, Ug) € V) YIOBJETBOPSIET PaBEHCTBAM
Wi () = W, (L +T), u(t)=a(t+1T1),
H (W, t) = H(Wy,, t+T), tel0,Th—1T].

CusibHoe peliieHue (W, @) GyneM HasbiBaTbh 1-nepuoduueckum 8 cpeoHem.

OueBUIHO, BCSIKOE MEPUOAUUECKOe pellleHHe MepuoAndHo B cpeaHeM. O6-

paTHoe, BOOOllle TOBOPS, HEBEPHO.

3ameuanue 3.3.1. B otsiuune ot T-nepuoauueckoro pelleHHs, B Caydae

TIePUOUUECKOT0 B CPEIHEM PEIlIeHHs YCJIOBHE
W (0) = 0 (T), w(0) =a(T), H(wy,,T)=1,
BOOOIIle TOBOPSI, HE BJIEUET PABEHCTB
Wy () = W, (t+T), ut)=a(t+1T1),
H(wp,t) = H(wp, t+T), t>0.
Teopema 3.3.1. [lycmo 3adaua (3.1.1), (3.1.3), (3.1.4) obradaem csoii-

cmeom nepuoduurocmu 8 cpednem, u nycmo (W, u) — T-nepuoduueckoe 8

cpedrem peuierue, npuiem
wy < UNJm(O) < Ws. (331)

Ecau p(x) = 0 u o(x) = 0, moL npednososmum maxce, umo m(x) = my,
ede my # 0 — korcmanuma.
Toeda cyuecmsyem edurcmesennoe cuavHoe T-nepuoduneckoe pewierue

(w,w) 3adauu (3.1.1), (3.1.3), (3.1.4) makoe, umo

win(t) = B (t) (= 0). (3.3.2)

Hokasameavcmso. 1. 1o npennosoxeHnio napa GyHKUHANA
(i, @) € C'72[0,00) x W (0,00)
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nepyuoaMyHa ¢ nepuonom 1.

Corusacto teopeme 3.2.1 mjst smo6oit mapsl (¢, ug) € V, rie @ yIOBJIETBO-
psieT ycqoBuio (3.1.7), u aroboro T > 0 cyllecTByeT eIHHCTBEHHOE CHJIbHOE
pewenue (w,u) € W(Qr,) 3anaun (3.1.1)-(3.1.5) B Qg,. Ilo nemme 3.2.2
w,, € CY2[0,Tp]. O603HauMM

V= {(¢,u0) €V : wn(t) = twm(t), u(t) =a(t), t > 0}. (3.3.3)

3amertum, uto ecau (@, 1) € V u (B, ) € V, To ug = g

w(0). fcHo Tak-
JKe, UTO MHOXKeCTBO ) HEMyCTo, TaK KaK oHO comepxkut napy (w(z,0),%(0)).
2. JlokaxeM, 4TO MHOXKecTBO )V 3amkuHyto B V. IlycTb (OF ub) € %

(k=1,2,...) u (9", ub) = (¢*,(0)) — (¢°,@(0)) B V npn k — o0. Oo-
snauuM yepes (w*, @) € W(Qr,) u (w’,u’) € W(Qr,) cooTBercTByIoLIHe
cuabHble peleHds 3anauu (3.1.1)-(3.1.5) B Qp, aas awob6oro T > 0.

Hy}KHO J0Ka3aTb, 4TO

w? (1) = W, (1), u'(t) =a(t) (t=0). (3.3.4)

SO

k

m

Tak kak w; (t) = w,(t) (¢t € [0,T]) npu Bcex k, TO IJsi BCEX CHJIb-

k,ﬁ) MepBBIH MOMEHT TepeKJ/JroYeHus (T. €. MepBbli MOMEHT

HBIX pelueHud (w
JOCTHXKEHHUsI CPeiHell TeMMepaTypoi 3HaYeHHsT w) OyIET ONHUM U TeM XKe.
OG603HaYMM 3TOT MOMEHT uepe3 7. [IycTb 7) — MepBbIH MOMEHT MepeKJioye-

HHSl, COOTBETCTBYIOMME cunbHOoMy pemenuio (w, u?).

O603Hauum t; = min(7, 7). Odesunno, ans pewenudt (w*, @) u (w?,u®)
Ha unTepsase (0,1;) «IepeKJIoueHni» He MPOMCXOAUT. TaK Kak, KpoMe Toro,
u’(0) = u(0), To u®(t) = a(t) (t € [0,t1]). Takum o6pasom, GyHKIUS

o* = wh —w’
eCTb CHJIbHOE pelleHHe cjenyoulell 3agauu B QQy,:

Uf($7t) - Avk(xat) —p(m)vk(w7t) ((mat) S Qh)?
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Vi (2,0) = o (2) — "(2) (z€Q),
ov*
—Y5- =

Hcnonbsys HepaBeHcTBo Kottn—bByHsikoBckoro u cnenctBue 3.2.1, Mbl mo-

o(z)v"(x,t) ((z,t) €Ty,).

JYyUUM

[ (£) = wi ()] = Jwp, () — wy, (£)] <

m
< el v (-, ) ln) < aclle® — @llwig) — 0, &k — oo,
nas modoro t € [0,t1], 1. e. Wy,(t) = wl (t) (t € [0,t1]). 3nauur, dyHk-
WK W, (t) 1w () ONHOBPEMEHHO NOCTHUralT BEPXHEro MOPOroOBOTO 3Haye-

HUS we. CienoBaTesbHO,

r=m=t, wpt)=au0), «()=a{) (e h).

m

s moboro ¢gukcupoBanHoro 7y > 0, MOBTOPSS NpUBELEHHBIE BbILIe
paccyXIeHUs] KOHeYHOe UHCJIO0 pa3, Mbl yOexaaemMcss B TOM, 4TO paBeH-
crBa (3.3.4) cnpaBensuBbl Ha uHtepsase [0, 7y]. To, B CBOIO 0Yepesb, O3Ha-
YaeT, YTO MHOMKECTBO ) 3aMKHYTO B V.

3. Paccmorpum HesuHelHbIN onepaTtop G : V — V), 3agaHHbil (hopMyJIOH

G(p,u0) = (w(z, T),w(T))  ((¢,u) €V).

M3 nepuonuuHocT mapbl GYHKUMUH (W, %), OTNpeleseHHs MHOXKecTBa V) W
TeopeMbl 3.2.1 (dacTu, Kacarolleiicss eIMHCTBEHHOCTH CHJIbBHOTO DeIIeHHs)

BhiTeKkaeT, uto G(y, %(0)) € V, ecu (i, @(0)) € V. JlokaxkeM, 4To ornepaTop
G:V—V

eCTb CXKHUMamllee oToOpakeHue.
3.a. PaccMOTpHM s1Be Mpou3BosbHEIE Taphl (¢, %(0)) € V, j = 1,2. Tycts
(wj, ) € W(Qr) — cuabHoe pemenre 3agauu (3.1.1)-(3.1.5) B Q7 ¢ Havasb-

HbIMH 1aHHBIMA (j, %(0)). OueBunno, GyHKuMs w = wy — wy € W>(Qr)
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YIOBJIETBOPSIET COOTHOIUIEHUSIM
wi(x,t) = Aw(z,t) — p(x)w(z,t) ((z,t) € Qr),

w(z,0) = p1(z) = @a(x) (v €Q),

_Vg_”j — o(z)w(z,t) ((z,t) € Tp),

rupe

WHQ), ecam vy >0,
p1(z) — p2(x) € ) :
WYQ), ecmny=0,

O6Go3HaunM uepe3 {A;}22, 1 {er}ro, nocaenoBaTe bHOCTb COOCTBEHHBIX

3HaYEHUH U COOTBETCTBYIOLLYIO €l CUCTEMY BellleCTBEHHO3HAUHbIX COOCTBEH-

HbIX (QYyHKIHUHE (OPTOHOPMHUPOBAHHYIO B Lo(())) 3anauu

—Ae(z) + p(z)e(z) = Xe(z) (€ Q), (3.3.5)
—’y% =o(z)e(z) (zel). (3.3.6)

[Tosioxkum py = aljrelcgp(:z:) [To npennosoxenuwo py = 0.

MsBectHo [24, ro1. 4, § 1], uto pg < Ag < A1 < ... < A\p < ... H cHucre-
Ma coOCTBEeHHBIX (YHKUHH {e;}7°, o6pasyeT OpTOHOPMHPOBaHHBIH 6a3uc B
Lo(Q). Ecaut p(x) # 0 uaun o(x) Z 0, 10 A\g > 0. Ecaut p(z) =0 u o(x) = 0,
T0 A9 = 0 — mpocToe cCOOCTBEHHOE 3HAUYeHHE, KOTOPOMY COOTBETCTBYET COO-
cteennas pynkuus ep(z) = 1/1/]Q], u Ay >0, k=1,2,....

Bonee Toro, MoxxHO 3anaTh Takyl 3KBHMBaJeHTHYIO Hopmy ||| - |[[w(q),
OTHOCHMTEJbHO KOTOPOH (QYHKIMH €)/v/Ar — po + 1 00pasyoT OpTOHOPMHUPO-
BaHHbIH Gasuc B W(Q) mpu v > 0 u 8 W'(Q) mpu v = 0.

3ananMM B MPOCTPAHCTBE V) HOPMY

1/2
Y

Il wlll = (el g + ol (9, 10) € V.
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3.b. dyuxuus p; — 9 paznaraercs B psig Pypoe

1 = (o — or)ex(@),
k=0
rae
on= [o@a i (G=12) (33.7)
Q

cxonsuuiics B WHQ).
Hanee, pyukuust w(x,T) umeer BUA

oo

w(z, T) =Y e ™ (o — pu)er(x), (3.3.8)

k=0

npuueM psaa B (3.3.8) cxomurcsa mo HopMe mpoctpancTBa W(Q).
(a) Ipenmnosoxum, uto p(x) # 0 uau o(x) # 0. Ucnonssys (3.3.8), nas
mo6bix (¢;,%(0)) €V, j = 1,2, Mbl noayunm

G (1, a(0)) = G2, w(O))II3 = lllw (-, T)li ) <

e 2ol Z()\k — o+ 1)(1x — o) =
k=0

= o = gl ) = €l (1, @(0)) ~ (o2, 2(0)) I

VAN

20T <1, 10 G — cxxuMampIlee 0To6paxKeHue Ha V.

Tak kak e
(b) Temepws mpenmnosoxkum, uto p(x) = 0 u o(x) = 0. Torna Ny = 0.
[To mpenmosioxeHuio B 3ToM caydae m(x) = my = const. CienoBaTesbHO,
yuuthiBas (3.3.7), Mbl HMeeM
Wiy (0)

1
= (z)de = —2L
¥30 \/UQ/%({E) L mov/]10)

T. €. p10 — P20 = 0.
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Hcnonb3ys (3.3.8), ais mobwx (@, 4(0)) €V, j = 1,2, Mbl noaydum
G (1, a(0)) = G2, w(ODIIS = lIlw(-, T ) <

0}
<e?ht Z()\k —po + 1) (s — o)’ =
k=0

= o = gl = €7l (1, @(0)) ~ (o2, 2(0)) I

—2MT

Tak kak e < 1, to G — cxumarwliee otobpakeHue Ha V.

[TockosbKy omepatop G oToOpakaeT HeMyCTOe 3aMKHYTOe MHOXKeCTBO
B ceOsl U ABJAETCHS CXKUMAKIIKUM O0TOoOpakeHueM, TO Mo TeopeMe baHaxa o
HermoaBHKHOU TouKe (cM. Teopemy A.20) oH MMeeT e€IUHCTBEHHYIO HEIo-

IBUXKHYIO TOYKY. [

CnenctrBue 3.3.1. [lycmo soinoanenovr npednosoxcenus meopemor 3.3.1.
Ecau (w, ) — cuarvnoe T-nepuoduueckoe pewenue 3adauu (3.1.1), (3.1.3),

(3.1.4) makoe, umo
w(t) = wn(t) (¢ €[0,T]),

mo
|w(-,t) —w(,t)|lwig — 0 npu t— oo. (3.3.9)
Jokasameascmso. Tlyets V u G UMEIOT TOT e CMBIC/, YTO B I0KA3a-
TesqbCcTBe TeopeMbl 3.3.1. Torna
(w(-, kT), w(kT)) = G*(w(-,0),a(0)) €V (k=0,1,2,...).
C npyro#l CTOpOHHI,
(w(,kT), a(kT)) = (w(-,0),a(0)) € V
ecTb HelMoABHKHAsA Touka onepatopa (. CienoBaTesbHO,
|0 (-, kT) —w(-, kKT)||w1g) — 0 mpu k — oo. (3.3.10)

158



Tenepp mMbl MoxeM nokasatb (3.3.9). B cuny (3.3.10) nas awo6oro € > 0

Ha#gercss Takoe yuciao k. € N, uto
[@0(+ kT) —w(-, kKT |lwr@) < efc2 (k> k), (3.3.11)
rae co — KoHcTaHTa u3 oueHkHd (3.2.10). Huasg moboro 7 > k.1 o6o3HauuMm
k=1[r/T] (k > k.), rne [-] o603HauaeT eyt 4actb yucaa. [Tomokum
wi(x,t) =w(z, t + kT), wp(z,t) =w(x,t+kT).
OueBUnHO, PYHKIUSA U = W) — Wk €CTh CUJbHOE pellleHHe 3a1adyu
vpe(z,t) = Avg(x,t) — p(x)vk(w, t)  ((z,t) € Qr),
vg(x,0) = Wi (z,0) — wi(x,0) (x € Q),
—y— =o(x)vg(x,t) ((z,t) € I'p).
Hcnoabsysi cootHoweHue 0 < 7 — KT < T, cnenctBue 3.2.1 U HepaBeH-
ctBO (3.3.11), MBI MONyYUM
[@(-7) = w(, 7)llwrq) = llor(, 7 = kT |lwi(g) <
< e|wi (-, 0) — wi (-, 0) [l (@) =

= col[ (-, KT) —w(-, KT) () < 2,

4TO M TpebOBaJOCh J10KA3aTh. L]

CaencrBue 3.3.2. [lycmo svinoanenol npednosoxcequs meopemol 3.3.1,
u nycme U(t) £ const. Toeda dan awboco ¢y € [wi,ws) cyuecmsyem

makoe cuavroe T-nepuoduueckoe pewernue (wy,u) 3adauu (3.1.1), (3.1.3),

(3.1.4), umo

wom(O) = 0.

[llokazamenvcmeo. 1. Tlyctb (w, %) — cubHOe T'-miepuofHUECKOe pellie-
aue 3amaun (3.1.1), (3.1.3), (3.1.4), mocTpoeHHOEe B HOKa3aTeJbCTBe Teope-

Mel 3.3.1. TlokaxkeM, 4To HalIeTCss MOMEHT 7, HJSI KOTOPOTO Wy, (T) = ©y.
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l.a. Buauase npennosoxum, uyrto %(0) # 1/a. OueBHOHO, CylLIECTBYET
MOMEHT IepeKJIoUeHust t1 TaKoH, 4To wy,(t1) = ws. IledcTBUTENBHO, B TpO-
TUBHOM CJiydae (GyHKUus #%(t) cTporo MoHOTOHHa mpu t > 0 (cM. (3.2.14)
cte=0, H=1uu,=u(0)# 1/a) u He MOXKeT ObITb MEPUOIUIECKOH.

AHasorHYHO CyIIeCTBYeT BTOPOH MOMEHT IepeKJoUeHHs to TAKOH, UTO
Wi (t2) = wy. [elicTBUTENbHO, B MPOTHBHOM cjaydae (yHKuus @(t) au60
MOCTOSIHHA, JIMOO CTPOTO MOHOTOHHA MpH ¢ > t1. YUUTHIBasA, 4TO u(t) He ecThb
KoHcTaHTa Ha uHtepsase (0,11), BUIUM, UTO B 060UX caydasx u(t) He MOXKeT
ObITb Tepuoaudeckod mpu t > 0.

1.b. Teneps npennonoxkum, uto %(0) = 1/a. OdyeBUAHO, CYyLIECTBYET MO-
MEHT TepeKJIIoUeHus t; Takod, uTo wp,(t;) = ws. IelcTBUTENbHO, B TpO-
TuBHOM caydae H(wp,,t) = 1 u, caenoBarensHo, u(t) = 1/a (cm. (3.2.14)
cty,=0, H=1wuu, =u(0) =1/a).

CylecTByeT BTOPOH MOMEHT MEPEKJIOUeHHs ty TAKOH, UTO Wiy, (ts) = wy.
JleficTBUTEbHO, B MPOTUBHOM cjydyae (GYHKUUs U(f) cTporo yObIBaeT mpu
t>t; (em. (3.2.14) ct, =t;, H=0u u, = u(t;) = 1/a) 1 He MOXKeT ObITH
NePUOAHUYECKOH.

2. Tak kak QyHKUMS Wy, (t) HempepbIBHA B CUJIY JeMMbl 3.2.2, TO B 0060-
ux caydasix l.a u 1.b Ha#imetcsi Takoii MOMeHT BpeMeHH T € (t1,t3], uTo
Wi (T) = po. Torma (wo(x,t),u(z,t)) = (w(x,t+7),0(t+ 7)) ecTb UCKOMOE

pelleHHe. L]
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3.4. H3mepeHue TemMnepaTyphbl

paBHOMEpPHO pacrpenejeHHbIMH MO 00/acTU JaTYUKAMHU

B stom nmaparpace Mbl pacCMOTPHM 3a1ady TEPMOKOHTPOJIS, 06J1aJatOILY0
CBOHCTBOM MEPUOAMUHOCTH B cpenHeM. Torma B cusy Teopembl 3.3.1 oHa
MMeeT CHUJIbHOE MepPUOIUUYECKOe pellleHHe.

Pacemotpum 3anauy (3.1.1)-(3.1.5), monaras p(z) =0, o(x) =0, v =1

um(z) =mg #0:

wi(x,t) = Aw(z,t) ((x,t) € Qr), (3.4.1)
w(z,0) = p(x) (xreQ), (3.4.2)
Z—ZJ = K(z)(u(t) —u.) ((z,t) € I'p), (3.4.3)

(GyHKIUHs yrpaB/ieHus u(t) ynoBaeTBopsieT 3apaue Koiru

u'(t) + au(t) = H(wy,t) (t>0), (3.4.4)

rae ue,a > 0, ynkuuonan H(w,,,t) (¢ > 0) 3aman ¢opmynoit (3.1.6), a

CpenHsisi TeMIlepaTypa onpefensieTcsi mo GopmyJie

Wi (1) = mO/w(x,t) dzx.
Q
Jlna nokasaTesbcTBa CBOWCTBA MEPUOAUYHOCTH B CPeIHEM Mbl MOKaXKEM,
UTO CpefHsisl Temmepatypa wp,(t) ymoBieTBopsieT 0ObIKHOBEHHOMY mHdde-
peHLMaNbHOMY ypaBHeHH0. MHTerpupys ypaBHeHHe (3.4.1) mo obGmactu @),

[OJIYYUM

ow
(1) = A = —dr.
w,, (1) mO/ w dxr = my 5 d
Q T
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Otcrona, yuntbiBasi KpaeBoe ycjoBue (3.4.3), nmonyyaem nuddepeHunansbHoe
ypaBHeHHe
w, (1) = k(u(t) —u.) (t>t.), (3.4.6)
rie k = mg [ K(x)dz, t, > 0 npoussosbHo. [anee GymeM CYHTaTb, UTO
k> 0. '
HauanbHoe ycsoBue 1151 QYHKUHH Wy, () UMeeT BUA
Wiy (t4) = s = mo/w(a:,t*) dx. (3.4.7)

Q
[Ipu t, = 0 0603HaUUM

Yo = Px = mo/@(l‘) dx
Q
1 npeanosoxum (cp. (3.1.7)), uto

wy < wip(0) = o < ws.

OueBHaHO, GYHKLMS w,y,(t) Bo3pacTaet, ecau u(t) > u., U yObIBaeT, eClu
u(t) < u.. Ecnmu u(t) = u. B HEKOTOPBI MOMEHT BpeMeHH t, TO 3TO KpH-

TUYecKas To4yka (QYHKUHH wy,(t). Mcnoabsys (3.2.14), 3amuinem peleHHe

3agauu (3.4.6), (3.4.7) B BUIe

W (1) = g (u* — %) (1 - e_“(t_t*)) +k <§ — uc> (t —ts) + s, (3.4.8)
rae uy = u(ty).

Paccmotpum cayuait u. < 1/a. IlycTh HauajbHOE 3HaueHHe yrpasJe-

HUS U TakoBo, uyTo (puc. 3.4.1)
ue < ug < 1/a.

Hauwunas c HYJIEBOI'O MOMEHTA BPEMEHH M 10 MOMEHTA MEPEKJTIOYEHUA (eCJII/I

OHO mpou3oiaeT) Mbl UMeeM (cM. (3.2.14) u (3.4.8))
1 1
U(t) — <U0 — a) e_at + a (t > 0), (349)
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A
1/a —
LN
A(uo)
u(l T
[
0 &t ts ta T ts =
W,
A
wo
" N /
w1 / T
ot
0 tl tQ 753 t4 T Zf5 .

Puc. 3.4.1. TloBenenue dyHKUMH u(t) U wy,(t)

k 1 1
walt) = (uo B 5) (1= ) 4k <£ - u) t+oo  (t>0),
T. e. u(t) = 1/a (ecnu uy = 1/a) uan u(t) Bospacraer (ecau uy < 1/a). B
oboux cayudasax u(t) — u. > 0; caemoBaTesbHO, HYHKIHUS wy,(t) Bo3pacTaer
B cuay (3.4.6). Tak kak tlirglo w(t) = +oo, To HallpeTcs Takoe t; > 0, 4TO
Wy, (t1) = wo. B MoMeHT BpeMeHH t; QyHKUHOHAT H «MepeKIUUTCS», T. €.

H=0mput>t.

[Tosoxxum
us = u(ty), Ox = Wy (t1) = wo.

Hcnoabays (3.2.14) u (3.4.8), noayuum

u(t) = ue N (t > 1),

k

u%@%:am(l—eth)—k%@—tﬂ+w2(t>h)

Tax kak u(t) yObiBaer, tlim u(t) = 0 u u(ty) = us > u., TO HAKOETCS TaKOe
— 00
to > t1, uto u(te) = u.. CnemoBaresbHo, yuutbiBasi (3.4.6), Mbl BUAUM, 4TO

wy, () mpomo/KaeT Bo3pactaTh npu tq < t < ty u yObiBaeT npu t > to.
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Tak kak tlim Wy, (t) = —o0, To HalimeTcst Takoe tg > to, UTO Wy, (t3) = w.
—00
B MomeHT BpeMeHHU t3 QyHKUMOHan H «mepek/awouutcsi», T. e. H = 1 npu

t > t3. Kpome toro, oueBunHo, u(ts) < u.. [losoxum
te =13, w=u(ty) <u.<1l/a, @.=wy(t:) =w.
Hcnoabays (3.2.14) u (3.4.8), noayuum

u(t) = (u — %) emt7t) 4 % (t > t3),
wm(t)zﬁ(u*—l)< “3)+ (——uc>(t—t3)+w1 (t > t3).

a a

Tak kak u(t) Bo3pacrtaer, hm u(t) 1/a > ue. v u(ts) = ux < U, TO
Ha#lgeTcss takoe ty > t3, 4TO u(t4) = u.. CnenoBaTesibHO, yuuThiBas (3.4.6),
MBI BHIHM, 4YTO w,,(t) mponoskaeT yObIBaTh MpH t3 < t < t4 U BO3pacTaeT
npu t > ty.

Tak kak tlg})lo Wy, (t) = 400, To HallIeTCs TaKoe t5 > ty, UTO Wy, (t5) = ws.
B MoMeHT BpeMeHM t5 (pyHKUHOHaAN H «mnepeknawouuntcs», T. e. H = 0 npu
t > t5. Ipu s3toM u. < u(ts) < 1/a. Takum 06pa3om, Mbl CHOBA HaXOIAUM-
cs B CHUTyallMH, KOTopas uMesja Mecto npu t = ti. [loBropsisi omucaHHble
BBIILIE [Iar'¥, Mbl MOXKEM TPOAOJ/KATh MPOLece, ToJaydyas TOUKH tg,. .., t10,
ti1,...,t15 U TAK gaJgee.

M3 Teopembl 3.2.1 BbITeKaeT, uTo pasHOCTH tji2 —t; (j = 1,3,5) pas-
HOMepHO orpaHuueHbl cHU3y. HMcmoab3ys ¢opmynb (3.2.14) u (3.4.8) nas

GYHKUHE w,,(t) 1 u(t), MOXKHO TOKa3aTh, YTO 3TU PA3HOCTU TaKXKe PABHO-

MEepPHO OTpaHUUYEHbl CBepxy, npuyeMm g 7 = 1,5,9,...

1 1
(UJQ —wy + %) (3410)
a

— <tiio—1. < —
ku, (w2 wl) X Uj+2 J X ku,
uana g =3,7,11,...

1 1 1 1 k
T 1 kuc (U)Q — wl) < tj_|_2 t] < T <w2 —wy + ?> . (3411)

Ul Ul
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Orciona u u3 (3.4.6) caenyer, uto w,, € C'([0,+00)) u w,, GeckoHeyHo

nuddepennypyema Ha uHtepBanax [0,t], [t1,ts], [ts, 5], - -

Tenepb nokaxem, uTo eciqu w; < @9 < W9, TO MOXKHO BbIOpATh TaKoe
HauyaJbHOe 3HaYeHWe yIpaBJeHUs U (3aBUCsIlee OT HauajJbHOTO 3HAYEHHUS

CpeliHed TeMMepaTyphl g), YTo GyHKIUU u(t) U wy,(t) OYyAyT NepUOAUYHEL.

Teopema 3.4.1. [Tycmo my [ K(z)dl > 0, u. < 1/a u wy < ¢y < wo.
Toeda Ha unmepsare |u.,1/a) crymecmeyem eduHCcmeerHoe HaualbHoe 3HA-
uenue ynpasienus Uy makoe, umo pewenus u(t) u wy,(t) sadau (3.4.4),
(3.4.5) u (3.4.6), (3.4.7) ¢ t, = 0 coomsemcmsernHO nepuoduuHsl ¢ 00-
Hum u mem xe nepuodom. bosee moeo, HauasbHOe 3HAUEHUE YNPABAEHUS
yoosaemeopsem wepasercmseam u. < Uy < 1/a. Henpepoiero Ougpgeper-
uupyemas QyHKyus w,,(t) npedcmasaisem coboti ycmouuusvlii Yuks Ha

¢asosoti naockocmu (W, w!).

Hoxkazameavcmeo. 1. PaccMoTpuM Npor3BOJIbHOE HAYa/IbHOE 3HAYEHUE YII-
paBJeHust uy € [uc, 1/a]. B HauanpHbI# MOMeHT BpemeHu t = 0 Mbl HMeeM
ue < u(0) < 1/a, wy < wp(0) < ws u H =1 (M0 NpeanoiokeHuo).

anee, Mo MOCTPOEHUIO HakeTcsi Takod MOMeHT BpeMeHH T € (iy,t5),
uto u. < u(7T) < 1/a, wy,(T) = @9 u H(wy,,T) =1 (puc. 3.4.1). Ecu oxa-
xerest, uto u(7T') = u(0) = up, To GyHKUMH u(t) ¥ w,y,(t) OyLyT NepUOTUUHbI
¢ nepuopom T

Beemem dynkuuio A : [u.,1/a] — (u.,1/a), crapsuiyio B COOTBETCTBHE
KaXKJIOMy HauyaJbHOMY 3HaU€HHIO YIpaBJeHus ug € [u., 1/a] Touky u(T), rue
T = T(ug, po) — yKa3aHHbIH BbIllIE MOMEHT BPEMEHH.

Hokaxewm, uto (yHkunss A GeckoHeuHo nuddepeHirpyema Ha [u., 1/al.
3aduKcrpyeM MpoU3BOJIbHOE Uy € [Ue, 1/a] 1 paccMOTPUM MOMEHTBI BpeMeHU

t1,...,t4, T (cM. BhILIE).
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Haxoxnenne snauenust A(ug) = u(7T') pazobbeM Ha Tpu 3Iramna.

2.a. 3anullieM ypaBHeHHe
Wiy (t1, Up) = Wy

1 HalijileM MOMeHT BpeMeHH t1 = t1(ug). Tak Kak QyHKIHs Wy, (L1, uy) Gecko-

He4yHo nuddepeHurpyeMa 10 NTePpeMeHHBIM {1 U Uy U

ow,,,

oty

10 pyHKUMUS t; = t1(up) Takke GeckoHeuHo nudhepeHIpyeMa Mo nepeMeH-

- k(u(tl) - uc) > 0,

HOU ug. Dosee toro, ecnu ug # 1/a, To, ucnosb3ysi ypaBHeHue (3.4.6) u
cooTHoteHus (3.4.9), moayuyum

—1(1 _ ,—at; a—l Ujl—uo
dty :_(%Jm/auo :_ka (1 —e ) _ it (3.4.12)
dug Owy, /Ot k(uy — u,) UL — Ue

rae u; = u(ty).

[MoncraBasis B dyukunio u(t) = u(t,ug) (cm. (3.4.9)) Bmecto mepemeH-
HOU t OeckoHeuHO nU(depeHUHpyeMyl0 QyHKUMIO t; = t1(ug), MBI BUAHM,
4TO U €CTh (DYHKLHMS, 3aBUCAILAst OT 1 U ug, T. €. uy = uy(ty, up). Tak Kak
GyHKUHs u GeckoHeuHO nuddepeHuupyeMa mo t u uy € |u., 1/al, a hyHk-
uust t1(ug) 6eckoHeuHo nudpepeHIEpyeMa 1o nepeMeHHol uy € [u,, 1/al, To
GyHKIMs u; GecKoHeuHO AuU(depeHInpyeMa Mo MepeMeHHOH uy € [u,, 1/al.
Bousee Toro, ecau uy # 1/a, 10, ucnosbays paBenctso (3.4.12) u cooTHole-

aue (3.4.9), MBI OJTYYUM
du1 o 8u1 dtl n 8U1 o
duo N 8t1 duo 8U0 N

o . 1 (3.4.13)
a-T—u U —a a — U1 Uy — Ue
= —(1—auy) © 4 = -
U — U up—at a7l —wugup — U,
2.b. Temepb paccmoTpuM OTpe3ok [t1,ts] (Ha xotopom H = 0). Mu

MO2KE€M CHHUTATb, 4YTO IIpoHeCcC Ha4daJCcd 3aHOBO, T. €. HadaJibHOE€ 3HA4YE€HHE

yIpaBJIeHUs] PaBHO U], Ha4aJbHOE 3HAYeHUe CpeHEeH TeMIepaTypbl PaBHO Ws
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u H = 0. AHasoruysHo 3Tamy 2.a MOXHO TOKa3aTh, UTO t3 €CTb O€CKOHeu-
Ho nuddepeHrpyemass GyHKUUS nepeMeHHOH uy (T. e. t3 = t3(uy)), a us
ecTb 6eckoHeyHO auddepeHurpyemass PyHKIHs MepeMeHHBIX t3 ¥ uy (T. e.
ug = us(ts,uy)). CaenoBaresnbHo, usz (Kak (QyHKIHs rMepeMeHHOH u1) Gec-
KOHeUHO nuddepeHIMpyeMa Mo mnepeMeHHOU w1. AHajoruuHo (3.4.13) Mmbl

noJydyaem

dU3 . (9u3 dtg 8%3 . Uz U — Ue

— = 3.4.14
du1 8t3 du1 8u1 U1 U3 — Ue ( )

2.c. Haxkownen paccmotpum unTepBad [t3, 1] (Ha koTopom cHoBa H = 1).
Kak v BBIllIe, MOXKEM CUMTATh, YTO MPOLECC HayaJICsl 3aHOBO, T. €. HauaJbHOe
3HaueHHe yMpaBJeHHs PaBHO ug, HauaJbHOE 3HAaUeHHe CpelHel TeMIepaTyphl

paBHo w; u H = 1. Kak u B cayuae 2.a, U3 paBeHCTBa

Wi (T, u3) = ¢o

BbiTeKaeT, uto (yHkuusi T = T'(ugz) GeckoHeuno nudepeHipyema mo me-

peMeHHOH u3. Tak Kak ug < 1/a, Mbl UMeeM

—1 u—us
dT T

dus  u—u.
rae u = u(7T, u3) (mocrarouno B (3.4.12) 3aMeHUTb ug U U HA U U U3 COOT-
BeTcTBeHHO). CjleloBaTe/IbHO, KAaK U B cjydae 2.a, Mbl BUAHM, UYTO (YHKIHS
u(T(u3), u3) 6eckoHeuHO AU PepeHIHpyeMa M0 MepeMeHHON ug U

du (9udTJr ou a b —u us — u,
dus 0T dus Ous a ' —us u—u.

(3.4.15)

2. B cuny pesynbTaToB, MOJNy4eHHBIX Ha 3Tanax 2.a—2.c, pyHKuus u 6ec-
KOHeuHO nuddepeHuUpyeMa Mo nepeMeHHOH uy € [u, 1/al. W3 (3.4.12)-

(3.4.15) BbIiTeKaet, uTo ecau ug < 1/a, TO

dA(up)  du  du dugdu; at— Uy ug a ' —u uy — u.

1 (3.4.16)

duy duy  dusduyduy  a ' —upuiat —us u—u,

167



CJienoBaTeJibHO,

dA
o 0 npu Uy = U,
Yo (3.4.17)
dA
— >0 npu u. < ug < 1/a.
dUO

Taxkum o6pasom, yukuus A(ug) 6eckoHeuHo nuddepeHIpyeMa Ha OTpe3-
ke [uc,1/a], Bo3pactaer Ha unrepBasne (u., 1/a) u otobpaxaer [u., 1/a] B
(te, 1/a). CnenoBatenbHo, rpadguk GyHKUMKU A(ug) MepecekaeT QHaroHalb C
KOHUaMH (u., u.) ¥ (1/a,1/a) xBagpara [u., 1/a] X [u., 1/a] no kpaiineii mepe
B OIHOU TouKe (U, Ug) = (g, A(tg)).

OueBunHo, petienne u(t), wy,(t) ¢ HauaJbHBIMH 3HAYEHUSIMHU U, Py COOT-
BETCTBEHHO nepronnuHo ¢ nepuonoMm 1. Ipu stom u(7T) = u(0) = g, u U3

cooTHoleHus (3.4.16) mosnyuaem

dA -1
a Tmus g (3.4.18)

dug — Cal—ugu

CnenoBaresibHO, rpaduk GyHKIHU A(ug) mepecekaeT yKa3aHHYIO NUArOHAJb
TOJILKO B OJHOH TOUKe, T. €. Ha MHTepBaJse [u., 1/a] cyliecTByeT eqMHCTBEH-
HOe 3HauyeHue Uy, MOopoXKaatlilee Nepuoardeckoe petnerue u(t), wy,(t). Oue-
BHIHO, MPH 3TOM U, < Uy < 1/a.

N3 (3.4.17) n (3.4.18) BBITEKaeT, UTO B cjayyae ug < gy MOCJeI0BaTENb-
HOCTB

Ugp, A(Uo), A(A(’LLO)), e

BO3pacTaeT W CXOMUTCS K g, @ B CJydae uy > U MOCAEI0BATEIbHOCTD

U, A(UO), A(A(U())), c.

yObIBaeT U TaKyKe CXOAMUTCS K Ug. DTO 03HAYAET, UTO J0Oas TPaeKTopHs

(Wi (), wy, (1)) = (wn(£), k(u(t) — ue))

CTPEMUTCA K TPAEKTOPHUH MPEeNeJbHOIo LHKJa, NMOPOXKAEHHOTO HAa4YaJbHBIMHU

3HaYeHUsIMH Uy, o (puc. 3.4.2). [
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wﬂl

=

o
=

0 ﬁc Uo 1 / a

wi

>

Puc. 3.4.2. Tpaekropusi npenesbHOro uukia (wy,(t), u(t))

Teopema 3.4.2. (a) Mycme my [ K(x)dl' > 0, u, < 1/a u wy; <
T

wo < wsy. Toeda 6 kKaracce peuleruti, yOOBAEMBOPAOUUX YCAOBUAM

u(0) € [ue, 1/al, Wi (0) = o,

Hatidemcs euHcmeenHoe curbHoe nepuoduueckoe peuerue (w,u)
s3adauu (3.4.1), (3.4.3), (3.4.4). [lpu smom HauaibHOE 3HAUEHUE

ynpasaerus u(0) yoosaemsopsem nepagencmaam u. < u(0) < 1/a.

(b) Ecau (W, 1) — makoe nepuoduueckoe 8 cpedHem peuieHue 3a0a-

yu (3.4.1), (3.4.3), (3.4.4), umo

w(0) € luc, 1/al,  0(0) = o,
mo
a(t) = u(t), Wiy () = wp (),
|@(-,t) —w(, t)|lwig) — 0 npu t— oo;
3decv (w,u) — cuavHoe nepuoduueckoe peuleHue u3 ymaeepicoe-

Hus (a).

ﬂoxasameﬂbcmeo. 1. CyU_LECTBOBaHHe CHUJIBHOI'O IEepHOAHMYECKOro pelie-

nusi (w,u) 3amauu (3.4.1), (3.4.3), (3.4.4) u nepasenctBa u, < u(0) < 1/a

BeiTekaloT U3 TeopeM 3.4.1 u 3.3.1. Ilpexxne ueM Mbl HOKaXKeM eIHHCTBEH-

HOCTb CHJIBHOTO MEPHOAHWYECKOTO pelleHHs (CM. 4acTb 3 HHUXKe), HOKaXKeM

yTBepxkaeHue (b).
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2. Tlycts (w, @) — nepuonuyeckoe B cpenHeMm peiende 3amauu (3.4.1),

(3.4.3), (3.4.4), u nycThb
w(0) € [uc, 1/al, W, (0) = po.
Torna @(0) = u(0) B cuny Teopemsl 3.4.1. M3 (3.2.14) u (3.4.8) BbITEKaeT, 4TO

CpelHsisi TeMIepatypa w,(t) u GhyHKuus ynpaBieHust u(t) 3aBUCSIT TONBKO

OT 3HaueHHH @y U ugy. CJaenoBaTebHO,
(W (t), 0(t)) = (Wi (t), u(t)). (3.4.19)
13 cootnomenus (3.4.19) u caencteust 3.3.1 BeITeKaeT, 4To
() —w(-, )|lwi@ — 0 npn ¢— oo.

YrBepxaenue (b) mokaszaHo.
3. Jlns mokasaTesibCTBa YTBepKIeHHs (a) 0CTasoch 1M0Kas3aTh, UTO €CJIH

~

(W, w) — cuabHOe Mepuopnueckoe pelieHde 3apaud (3.4.1), (3.4.3), (3.4.4) u
u(0) € [ue, 1/al, Wi (0) = o,

10 (W, u) = (w,u).
OueBunHo, (W, 1) — nepuoaUYeCcKoe B cpeaHeM pelieHue 3anauu (3.4.1),

(3.4.3), (3.4.4). CnenoBaTeibHO, COTJIACHO YACTH 2 I0Ka3aTeNbCTBA TEOPEMBbI

(cp. (3.4.19)), umeem
(12)(,0),@(0)) S }}7 (UJ(,O),U(O)) S ]}7

rage V—MHO}KGCTBO, ornpeneseHHoe B N0Ka3aTeJIbCTBE TEOPEMBbI 3.3.1. HpI/I

3TOM KaxKJasi U3 rap
(w(-,0),u(0)) € V, (w(-,0),u(0)) €V

eCTb HeToJBHKHasi Touka orepaTtopa (G U3 HOKa3aTesbCTBa TeopeMbl 3.3.1.

Takum ob6pazom,



W3 reopembl 3.2.1 Tenepb nosyuaem (w,u) = (w,u). O

Ilpumeuanusa K raase 3

Mopgenu ynpasJeHHs pacrnpefes]eHHeM Temua, OJU3KHe K paccMaTpUBa-
eMblM B JaHHOM Mocobuu, ObliKW BIepBble mpenjoxensl K. [nmacxodom u
k. llnpekenscom [45]. CBomsi 3amauy K 3KBHBaJe€HTHOMY HHTETPO-IH]-
(bepeHLHaNbHOMY YPaBHEHHIO A/ MHOTO3HAYHBIX (PYHKLMH, OHHU JOKa3aJu
CYlLleCTBOBAaHHE pellleHHWH 3afaud TePMOKOHTPOJSI C HayaJbHbIMH JaHHBIMH.
[leprionnyHOCTD pellleHHH B OMHOMEPHOM CJlyuae JoKaszaHa B pabotax [43,51].
Bormpoc o cylliecTBOBAaHUU MEPUOAUUECKHX pellleHWi B MHOTOMEPHOM CJyuae
ocTaBaJics 0 MOC/AeHero BpeMeH! OTKPBIThIM. Pe3yabTaThl ri. 3 O6bl1u ony6-

JIMKOBaHbI 6e3 J0Ka3aTeJbCTB B 3aMeTke [9].

YnpakHeHusd K riaase 3

1. PaccmoTpuM cienyroulyo Hada/JbHO-KpaeByl 3aaadyy [Jisl ypaBHEHHS

TEMNJIOTIPOBOAHOCTH B OrPaHUUYEHHOH o6sacT () ¢ TJIaAKOH I'paHUIeH:
vz, t) — Av(x,t) =0 (z €@, tel0,T]),
v(x) =0 (z€9Q),

v(0,2) = p(z) (z€Q),

rae o € W(Q). Vcnonbsys MeTon pasnesieHHs NepeMeHHbIX, J10Ka3aTb, 4TO

cyuiecTtByeT w > () Takoe, 4To

/\VU(.%’,T)FdJJ < e_wT/|Vg0(ac)|2d5L‘.
Q Q
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2. PaccmoTpuM crenymollyo HadaJbHO-KpPaeBylO 3ajady [/ ypaBHEHUSs

TEMNJIONPOBOJHOCTH B OrpPaHUYEHHOH o6sacTu () ¢ TJIaAKOH I'paHUIIEN:
vi(@,t) — Av(z, 1) =0 (z €@, t€[0,T]),

v(x) =0 (redqQ),

ov

o0.0) = p(a) (@ €Q),

rie v — BHEIUHsI HOpMaJb K rpaHuie obaactd u ¢ € W(Q). Ucnosbsys
MeTOJl paslesieHUsl MepeMeHHBIX, J10Ka3aThb, YTO cyllecTByeT w > ( Takoe,

4TO
lo(, D)llwi@) < e llellwi)-
3. JlaTb ompenesieHe ornepaTtopa THCTEPE3UCa, YIOBJIETBOPSIIONIIErO CIENy-
folieMy cBoicTBY: ecau wy < g(0) < wy, To H(g,0) = 0.
4. JlokaszaTtb HepaBeHcTBa (3.4.10) u (3.4.11).

5. Ilycth () — orpaHuueHHasi 06/1aCTb eMUHUYHOTO 0ObeMa C IJIaJKOH rpa-

HUILIEH. paCCMOTpI/IM 3anavy aBTOMaTHYeCKOH TEPMOpPEryadlunu
wi(z,t) = Aw(z,t) =0 (ze€Q, t=0),

% =u(t)—1 (z€0Q),

w(0,2) = p(x) (v Q)
roe w(x,t) — Temnepatypa 00/acTH B TOUKE T B MOMEHT BpeMeHHU ¢, U —
BHEILHsIST HOpMajb K rpaHulle o6jactu, u(t) — QyHKUUS yIpaBJeHHs U
© € WH(Q). ®yHKuHUsA yIpaBJeHHs YI0BJETBOPSET COOTHOLIEHHSM

u'(t) + u(t) = H(wn)(t) (t>0),
u(0) = u,

rae wy,(t) — cpenHsisi mo obaactu Temnepatrypa, H (w,,) — onepatop rucre-

pesnca C MOPOrOoBBIMU 3HAYEHHUSMU W1, Wy U Uy — BELEeCTBEHHbIH MapaMeTp.
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[Tycts wy,(0) < wy. Haéit lim w,,(t) u lim wu(t), ecan
t——+o00 t——+o00

a)U0:1,b)uO<1,C)U0>1.

6. [Tyctb (w, u) — cHIbHOE pellleHHe 3afaud TEPMOKOHTPOJISI U3 yIIpaXKHe-
HUsl 5. BBISICHUTDb, CYLIECTBYIOT JIK Mpeaesbl tlim wp(t) u lim wu(t), ecnu
— 400

t—-+o00
Wi (0) = wy.

7. Ilyctb () — orpaHuueHHast 06/1aCTh eMUHUYHOTO 00beMa C IJIaJKoH rpa-

HULed. PaccMOTpHM 3a1auy aBTOMATHUECKOH TEePMOPEryJIsiliuy
wi(x,t) — Aw(z,t) =0 (z e, t>0),

- =u(t) (z€dq),

w(0,2) = p(x) (ze€q),

rae w(x,t) — temnepatypa 06/JacTH B TOYKE = B MOMEHT BpeMeHH ¢, v —
BHEILIHsIST HOpMasb K rpaHulle o6jacTd, u(t) — QyHKUUS yIpaBJeHUs U

0 € WHQ). ®yHKuMsa ynpaBJeHHs YIOBJETBOPSET COOTHOLIEHHSM

W' (t) + 2u(t) = H(wy,)(t) (t>0),
u(0) = uy,

rae wy,(t) — cpenHsisi mo objactu Temneparypa, H (w,,) — onepatop rucre-
pesrca ¢ MOPOroBbIMM 3HAYEHHUSIMH W1, We U Uy — BEIIECTBEHHBIH MapameTp.

[Tyets w,,(0) < w;. HokasaTb, 4To QYHKUHMH w,,(t) U u(t) He UMeT
NpeaesoB Mpu ¢t — +00. PaccMOTpeTh Cleayoliye caydau:

3)0<U0<1/2, b) ug < 0, C) U0>1/2.

8. Ilyctb (w,u) — cusibHOE pellleHue 3aJaud TEPMOKOHTPOJS M3 yIpax-
Henust 7. OLEHHUTb CBEPXY M CHHM3Yy PasHOCTH MEXIY MOMEHTaMH IMepeKJIio-

YeHUH.
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9. Ilyctb (w, u) — CHUIBHOE pelleHHe 3a1aul TEPMOKOHTPOJIS U3 yIpaXKHe-
HUsl 7. BBISICHUTD, CYIeCTBYIOT Jiu mpefesbl lim wy,(t) 1 lim wu(t), ecau
+00

t— t——+00
Wi (0) = wy.
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Ilpunoxenns

ITU TNIPUJIOKEHUS SBJSIOTCS KPAaTKHUM H3JI0)KEHUEM OCHOBHBIX OIlpefieJe-
HAU W pe3ysNbTaTOB [JiSl JUHEUHBIX W HEJUHEHWHBIX OMepaTopoB, (PYyHKIIHO-
HaJIbHBIX MPOCTPAHCTB U 3JJIUNTUUYECKHUX NU(pPepeHHaIbHbIX YPaBHEHNUH.

Marepuan B NPUJIOXKEHUAX [AeTCsl AJS TOro, 4ToObl MHHHMHU3UPOBAThb

H€O6XOILI/IMOCTI:> O6paI_LLeHI/IH KO MHOTHM OOIIOJIHUTEJIbHBIM CCbIJIKAM.

Ilpunoxkenue A. JjeMeHTbl TEOPUM ONEPATOPOB

®DpenrogabMoBbl oneparopbl. [lycte B; u By — 6aHax0BBI IPOCTPAHCTBA.
3aMKHYThIE JuHelHbIH omepatop A : D(A) C By — Bo HasbiBaeTcs ¢peo-

20n6m08biM, ecid R(A) 3aMKHYT B By U
dim N (A) < oo, codimR(A) < oo,

rie N(A) u R(A) coorBeTcTBeHHO AP0 ¥ 00pa3 omepatopa A. Hulekc

ppedeorvmosa onepamopa A omnpenensiercs o GhopmyJie

ind A = dim N (A) — codim R(A).

Teopema A.1. [Tycmv A : D(A) C By — By u B: D(B) C By — B3 —
gpedzorvmossl onepamopsl, ede Bs — 6anaxoso npocmparcmeo u D(B)
naomuo 8 By. Toeda BA : D(BA) C By — Bs ssasemcs ¢pedeoromosoim

onepamopom u ind (BA) = ind A + ind B.

JlokazatenbcTBo cM. B [20], Teopema 12.2.
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Teopema A.2. [lycmov By, By u B — 6anaxoss. npocmpancmaa, u nycmo

npocmparcmso By komnakmuo earoxceno 8 B. [Ipednosoxcum, umo
A Bl — B2

ecmo Aunetinoil oepanudentbitl onepamop. Toeda caedyroujue ycaosus k-
BUBANEHMHDL.
(a) O6pas R(A) samxuym 6 By u dim N'(A) < oo.

(b) Cywecmsyem koncmanma ¢ > 0 makas, umo
ullB, < c(|Aulls, + [lullz)  (ue€ By). (A1)

Teopema A.2 caenyet u3 teopemsl 7.1 B [20].

[lycts A : By — By — nuHeHHbIH OorpaHUuYeHHbIH onepaTop. JIMHeHHbIH
OrpaHUyeHHBIH onepaTtop R; : By — B Ha3blBaeTCsl Le6bim peeyripusamo-
pom onepatopa A, eciu R1A =1, + Ty, rne 11 : By — By — KOMNakTHBIHA
onepatop, I; : By — B; — ennHUuYHbIH onepaTtop. JIMHeHHBIA OrpaHUYEHHBIH
onepatop Ry : By — DB Ha3blBaeTcs npasguim pecyrsipu3amopom Oleparto-
pa A, ectu ARy = Io + 15, tne 15 : By — By — KOMNakTHBIHA omeparop,

I : By — By — elWHUUHBIH omepaTop.

Teopema A.3. [lycmo A : By — By — auHelinovill oepanuuentolil onepa-
mop, ede By u By — 6anaxoss. npocmparncmsa. Ecau onepamop A umeem
nesulii peeyaspuzamop, mo o6pad R(A) samknym 6 By u dim N (A) < oo.
Obpamno, ecau o6pas R(A) samxuym 6 By, dim N (A) < oo u R(A) ume-
em 3amkHymoe npamoe donosnenue 8 By, mo onepamop A umeem sesoili

peayaspuzamop.
JlokasatesnbcTBO cM. B [20], Teopema 14.3.

Teopema A.4. [lycmo A : By — By — AuHeliHblil 0epanuterHbll onepa-

mop. Ecau onepamop A umeem npasuviii peeysspusamop, mo obpas R(A)
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gamkrym 8 By u codimR(A) < co. O6pamno, ecau R(A) samxuym 6 Bs,
codimR(A) < co u N(A) umeem samxnymoe npsmoe donosnenue 8 B,

mo onepamop A umeem npasolii pecyarspuaamop.

HokaszarenbcTBo cM. B [20], Teopema 15.2.

13 teopem A.2, A.3 u A.4 Mbl moslydaem CJeyOUIHH pe3y/bTar.

Teopema A.5. [lycmo By, Bo u B — 6arnaxoss. npocmpancmsa, u nycmo

npocmparncmso By komnakmmuo earoxceno 8 B. [Ipednososcum, umo
A Bl — BQ

ecmo AuHeliHblLl oepanuderHblil onepamop. Toeda caedyroujue ycaosus k-

esusaleHmmrol.

(a) Onepamop A : By — By — ¢ppedeorvmos.
(b) Onepamop A umeem kax npasoiil, max u Ae6bvill pecyispusamopboL.
(¢) Botnoansemcs anpuopras ovenka (A.l), u onepamop A umeem npa-

8blil peeyrapuzamop.
YcToiunBOCTH CBOMCTB ONEpPaTopoB.

Teopema A.6. [lycmo T' : B — B — aunetinoll oepanuierHolil one-
pamop 8 banaxosom npocmparcmee B. [Ipednoaoxcum, umo onepamop
T™ : B — B rkomnakmnuoii npu nexomopom m € N. Toeda onepamop

I +T ¢pedeorvomos uind (I +T) =0, ede I — edunuunoili onepamop 8 B.
IlokasatesnbcTBO cM. B [20], Teopema 15.4.

Teopema A.7. [lycmv A : By — By — oepanuueHrHblil (ppedeosomos one-
pamop. I[Ipednoroswcum, umo T : By — By — KomnakmroLi onepamop uiu
oeparuUerHblil onepamop ¢ docmamouro marol Hopmoil. Toeda onepamop

A+T : By — By ¢ppedeosvmos u ind (A+T) = ind A.
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Teopema A.7 BoiTekaet u3 Teopem 15.2 u 16.4 B [20].
[lyets L, Lo : By — By — nuHelHble orpaHuyeHHble onepaTopbl. O603Ha-

4UM
LT:L()—I—T(L—L()) (O<T<1)

CcdopmynupyeM Tenepb TeopeMy O TOMOTONMUYECKOH YCTOWYHMBOCTH HHIEKCA.

Teopema A.8. [Ipednonosxcum, umo onepamopo. L, : By — By ¢peo-

eonomosol npu 0 < 7 < 1. Toeda ind L = ind Ly,.

Hokazameavcmeo. B cuny teopembl A.7 nnis nokaszaTesibCTBa JOCTATOU-
HO TOKPHITh 0Tpe3oK [0, 1] mMHOxKecTBOM HHTepBasoB (a;,b;) (i € Iy) Tak,
uTO Ha KaxkaoMm uHtepsasne (a;, b;) N[0, 1] unneke L, coxpausercs, rae Iy —
MHOXKeCTBO HHAEKCOB. 3aTeM Mbl MOXKEM BbIOpaTb KOHEUHOe IMOAINOKPBITHE

otpeska [0, 1]. O

Teopema A.9. [lycmo L, Ly : By — By — aunelinole oeparuierHble one-
pamopeot. [Ipednonrosxcum, umo onepamop Ly umeem oeparuuerrolii obpam-

Hblll Lal : By — By u 0aa aroboeo 0 <7< 1
al|Lrull g, < [Jullp, < eof|Lrullp, (v € By), (A.2)

ede ci, cog > 0 He 3asucam om T1,u. Toeda onepamop L umeem ocparuuer-

Houl obpammbiii L~ 1 By — By.

dTa TeopeMa MpeACTaBJ/seT COOOH XOPOIIO W3BECTHBIH METOM MPOIOJIKe-

HUS 110 mapameTpy (cM., Hampumep, jJemmy 1.1 B [22, ra. 3, § 1]).

Oneparopsi, MepoMopgHO 3aBuUcHAmME OT mapamerpa. [lycte B; u
B; — koMmiekcHble GaHaxoBbl mpoctpaHcTBa. O603Hauum uepes B(Bj, Bs)

NPOCTPAHCTBO JIMHEHHBIX OTPAHUYEHHBIX OINEepaToOpoB, OTOOpakawlUuX B
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B Bs. Paccmotpum onepatop-dyHkiuio A — A(N) € B(By, Bs) masi A € A,
rie A € C — cBsi3HOE OTKPBITOE MHOXKECTBO.

Oneparop-pyHkius A — A(N) € B(By, By) Ha3blBaeTCsl aHAAUMULECKOL
8 mouke Ay € A, ecau cymectByeT € > () Takoe, UTO OnepaTop-PyHKIHIO

A — A(\) MOXKHO pas/iokuTh B psifi Teitsopa
AN = f: AiA=X) (A€ B(\)), (A.3)
=0
CXOASLLUHCS 10 onepaTopHOi HopMe, rae A; € B(Bi, By) ¢
B.(Ng) ={A e C:|A—X| <e} CA.

Mbi Gynem TOBOPHUTH, UTO ornepaTop—(QyHKUHS axaiumuueckas B A, eciu
OHa aHaJUTHYeCKas B J1000H Touke A.

Ananornuno onepatop-dyukiuusi A — A(\) € B(B1, By) HasbiBaeTcs me-
pomopgroil 8 mouke \g € A, ecau 1y HeKOTOporo € > () ee MOXKHO PasJio-

XUTb B psan Jlopana

oo

AN = Z AN = o) (A€ B(Xo) \ {Ao}), (A.4)

j=—r
CXOfslIMiCS No onepaTopHoi HopMme, rae A; € B(Bi, Bs) u B.(\) C A.
Touka A¢ HasbiBaeTcsi noarocom omnepatop-pyHKUUH A +— A(N), ecau Hail-
nercsi rg € N takoe, uto ro < 7 u A_,, # 0. Haubosbiiee yucso ry Takoe,
uto A_,, # 0, Ha3bIBaeTCs NOPAOKOM NOAOCA.

Onepatop-pyHkuust A — A(N) € B(Bi, Bs), mepomopdHas B TouKe
Ao € A, Ha3biBaeTCsi KOHeuHO-MepOMOPHHOL B TOUKE Ny, €CJH OMepaTopbl
A; (=r < j < 0) KoHeuHOMepHEL. ByneM roBopuTs, 4To MepoMopdHas B TOU-
ke Ao € A omneparop-¢pyukuus A — A(N) € B(Bi, By) ¢pedecorvmosa 6
mouke )y, ecau omnepatop Ay B passoxeHuu (A.4) sBasercs ¢penrosbmo-

BBIM.
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ITo onpenesenuto oneparop-pyHkuus A — A(N) € B(By, By) Mepomopdh-
Ha B A\, ecqid oHa MepoMOp(HA B KaXK[0H TOYKe MHOxKecTBa A. AHAJIOrM4YHO
MBI MOXKEM OIIPENEJIUTh KOHEYHO-MepOMOP(HYI ¥ (DPEAroJbMOBY ONEpaTop-

¢yHkunu B A.

Teopema A.10. [Ipednoroxcum, umo \ — A(N) € B(By, By) — anaau-
muueckas gpedeorvmosa onepamop-Qpyukyus 6 N u 6 Hekomopoil mouxe

Ao € A onepamop A(\g) umeem ocparuuenmoili 0OpammoLL
AN () : By — By.
Toeda onepamop-¢pynkyus
A= A7Y(N\) € B(By, By)

ecmo KOHeuHo-mepomoppras gpedeorbmosa onepamop-pynkuus 8 A.

Teopema A.10 cnenyer u3 nemmbl 2.1 u caenctus 3.3 B [8].

[Tyctb omepatop-¢yHKuusi A — A(A) € B(Bj, By) aHaquTHYHa B TOY-
ke \g € A. Touxka )\, HasbiBaeTcss coOCMBEHHbIM 3HAUEHUeM Onepamop-
Qyukuuu A — A()N), ecin CylleCcTByeT aHAJIUTHUYECKAs: B TOUKE \g QyHKIIUS
A — Y(A) € By rtakasi, uto A(A\g)(Ag) =0 u p(Ng) # 0. Pynxuus ¢ Ha-
3bIBAETCSl KOpHeBol ynkyuedl njsi onepatop-pyHKUHH A — A(M) B Touke
A = No. Hopsnok wHyns A = Ay dysxuuu A — A(N)p()\) HasbiBaeTcss kpam-
Hocmoto Kopresoll pyrkuuu 1, a Bektop ¥’ = 1)()\g) HasbIBaeTcs cobcmeen-
Howm sexmopom (cobecmeennoli pynkyueti) onepamop-@pynrkyuu X — A(N),
COOTBETCTBYIOIIMM COOCTBEHHOMY 3HaueHHi0 Ag. [lycthb A +— () — Kop-
HeBasi pyHKUHMS AJsi omepaTop-GpyHKUuU A — A(A) B Touke )\, UMeromas

KPaTHOCTb Py, U MyCThb

o

P(A) =D (A=A,

J=0



rne ¢/ € By. Torma Bexktophl ', ..., 9" ~! nasbiBaloTcsi npucoedurenmoi-
mu sexmopamu (npucoedunenmsim GYHKYUAML) K COOCTBEHHOMY BEKTO-
py ¥°. YnopsmouenHas cuctema °, 1!, ..., 9P~1 HaswiBaetca oaopoaro-
0Ll yenouxoti, cooTBeTCTBYIOIIEH \g. Hasosem momcucremy 9%, !, ... M
(M < pg — 1) smopoarosoii nodnociredosamenbHOCMbO, COOTBETCTBYIOLIEH
COOCTBEHHOMY 3HAaYeHUIO .

Jlerko mokasaTk, uTo cuctema 1Y, ¢!, ... 1P~ 06pasyer :KopnaHOBY le-

MOYKY, COOTBETCTBYIOILYIO Ay, TOTAA U TOJbKO TOrJAa, Koraa
"1
D GRAT =0 (p=0,...po — 1) (A.5)
q=0 *

Co6CTBEHHBIE BEKTOPbI, COOTBETCTBYIOIIHE COOCTBEHHOMY 3HAYEHHIO A
onepaTtop-hyHKuHH A — A(\), 00pasyloT JHHEHHOe MOANPOCTPAHCTBO B By.
DTO MOANPOCTPAHCTBO HasbiBaeTcsi sdpom omnepatopa A(Ng) u o6o3HauaeTcs
uepe3 N(A(N\g)). HauGosbluasi KpaTHOCTb BCeX KOPHEBBIX (YHKUHH 1(\)
Takux, uTo ¥(\g) = 1)y, HaswblBaeTcs pameom cobcmeennozo eexmopa 1°
(rank ¢)?), eciu MHOXKECTBO TaKHX KPaTHOCTEH OrpaHHUEHo.

[Tycth Ao — coGCTBeHHOE 3HaueHHe onepaTop-PpyHKIUU A — A(N) u

Uucso qy HasdbiBaeTcsi eeomempuueckol Kpamnocmoto Ny. O003HaUWM Ye-
071 ano ] 6

pes YU ... Y% TUHEHHO HEe3aBHUCHMYIO CHUCTeMYy COOCTBEHHBIX BEKTOPOB

k 901 6 6 -

Takux, uTo ranke™' dBjasgeTcs HaWOOJBIIMM pPaHTOM M3 BceX COOCTBEH

HBIX BEKTOPOB, COOTBETCTBYIOIMX Ng, a rank¢’? (¢ = 2,...,qy) ABaAseT-

csl HauOOJIBLIMM PAHTOM COOCTBEHHBIX BEKTOPOB M3 HEKOTOPOTO MPSIMOTO

LOTIOJIHEHHsT K JIMHEHHOH oGosouke L(¢%h, ... ") B N(A(Xg)). Yuc-

na p, = rank %% (¢ =1,...,qy) Ha3BIBAIOTCA 4ACMHOIMU KPAMHOCMAMU
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COGCTBEHHOr0 3Ha4eHHs1 Ag. YacTHble KPaTHOCTH p, COOCTBEHHOTO 3Haue-
HHSl )¢ ONHO3HAYHO OmpefeseHbl omnepatop-pyHkuned A — A(N). Cymma
M = M(A(Xy)) = p1 + -+ + py, Ha3bIBAETCH NOAHOLU KPAMHOCMBIO \.
Co6cTBeHHOE 3HaU€HHWE Ay HA3bIBAETCSl NPOCHbIM, €CIH ero MOJHas KpaT-
HocTb paBHa 1. [Tycts %4, ... P b4 (g =1,..., qy) 06pasyoT KOpAAHOBI
nenodku. Torma COBOKYNMHOCTb BeKTOpoB {9%4, ... Pt g = 1,... gy}
Ha3bIBAETCS KAHOHUUECKOL CUCMeMOL HOopOaHOBbLX L,eno4eK, COOTBETCTBY-
IOLIEeH Ag.

Touka \g € A Ha3BIBaeTCS HOPMANLHOL MOUKOL aHAAUMUYECKOL onepa-
mop-gyukyuu A — A(N) (A € A), eciu A\ — A()\) dpenronbmoBa B TOUKe
Ao ¥ JIJIsT BCeX TOYeK A U3 HeKOToporo mpokoJsororo kpyra B:(Ag) \{ Ao} C A
cymecTByeT obpatHbiii onepatop A71(\) € B(Bs, B;). B cuay nemmbr 2.1
v caenctBusi 3.2 u3 [8] HopmanbHas Touka g € A sBAseTcss COOCTBEH-
HBIM 3HaueHHeM ornepatop-GpyHKuuu A — A(M\) Torma ¥ TOJbBKO TOTAa, KO-
raa oHa mosioc oneparop-gyHkuuu A — A~1()). Bosee Toro, HauGonbiuuii
paHT BCeX COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOLIMX COOCTBEHHOMY 3Hauye-
HHIO Ao omepaTop-pyHKIHU A — A()N), paBeH MOPSAKY Mojca Ay ornepaTop-
GyHrmEn A — A7),

[lycte A — A()) ananuTtuyeckasi oneparop-¢yHkuus B A. O6o3Hauum
uepes A — A*()\) omeparop-dpyukuno A — [A(N)]* € B(B;, B}), koropast
siBJsieTCs aHaauTHyeckod B A*. 3mech obsactb A* cuMmerpuuHa ¢ A oT-
HOCHTEJIbHO NeHCTBUTEJbHOM oc. Ecau Ay — HOpMasibHasi TOuKa ormneparop-
dynxkmur A — A()), To \g — HOpMa/ibHasi TOYKA OMepaTop-MYyHKIUH \
A*()) v 4acTHBIE KPAaTHOCTH Py, . . . , Pg, COOCTBEHHOTO 3HAYEHHUS A\ ONepaTop-
GyHKIHH A — A()\) paBHBI YaCTHBLIM KPAaTHOCTSM COGCTBEHHOrO 3HAUeHHUs A

onepatop-hyHKiuu A — A*(\) (cum. Teopemy 5.3 B [8]).
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Teopema A.l1l. [lycmo Ny € A — cobcmsennoe 3Hauerue U HOPMALL-
Has mouka onepamop-gyukuuu A — A(X) (A € A). Toeda cywecmsyem

KaHOHU4YecKasa cucmema QfCOpﬁClHOBbLX uyernodexk

{¢07q7 ¢17q7 s 7¢pq—1,q’ q = 17 S 7QO}

0as onepamop-@ynryuu A — A(N), coomsemcmsyrowas Ao, U KAHOHUYE-

cKas cucmema DfCOpaaHOSbLX uenodexk

{607q7 617q7 ttt 7€pq_1’q7 q = 17 R QO}

oas. onepamop-gyukuuu X — A*(N), coomeemcmeyrou;aﬂ Xo, makue, 4mo

Go Pq
ZATN =)0 (=) ngm Jyppa—kpa, (A.6)

0
¢=1 k=1

20e Z[A™Y(\)] — enasnas wacme pasaroxncenus 6 pad Jopana ois A71(N).

JlokazaTesbcTBO cM. B [8], Teopema 7.1.
3ameTHM, 4TO, BOOOIIe TOBOPSI, BEKTOPA B »KOPAAHOBOK LIETOYKE HE SIBJISI-

I0TCSI JIMHEHHO He3aBHUCHMBIMU.

CrnekTpanbHble CBOICTBA JUHEHHBIX omepaTopoB. [lycts A : D(A) C
B — B — nuHelHBIH onepaTop B KOMIIJIEKCHOM OaHaXOBOM MPOCTPaHCTBe B3.
Pesoavsernmroe mHoxecmso onepatopa A — mHoxkectso uucen 1 € C ra-
Kux, 4to omepatop nl — A umeer orpaHuueHHbd oOpatHbldl (Nl — A)~
B — B. O6o3sHauum yepe3 p(.A) pe3osbBeHTHOE MHOXKECTBO orepatopa .A.
Onepatop

(I — A~ =Rm,A) (1€ p(A)

HasbiBaetTcst pesoavsenmoii A. Jononnenue k p(LA) oGo3Hauaercsi uepes
o(A) n uaswiBaercsi cnekmpom omeparopa A. Uucio n € C naswiBaercs
cobcmeenHvim 3HaueHuem onepamopa A, a x # 0— cobcmeenHbiM BeK-

mopom (cobcmesernroti ¢yHryueil) onepatopa A, COOTBETCTBYIOLIUM 1), €CJH
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(nl — A)x = 0. Yucao gy = dim N (nl — A) HasbiBaeTcst eeomempuieckoll
KpamHnocmoto 1.

[Tyctb omepatop-¢dyHkuus n — R(n, A) KOHeuHO-MepOMOpP(HA B TOUKE
n = 19, KoTopas fABJsgeTcs coOcTBeHHbIM 3HaueHueM A. Torma passoxkeHue
(A.4) npumer BUA

R(n, A) = Z Ain—=m)  (n€ Be(mo) \ {mo}),

j=—r

rie A; € B(B,B) u dimR(A4;) < oo nast —r < j < 0. Onepatop —A_; —
npoekTop, T. e. A2, = —A_;. Uncno mg = dim R(A_) HasbiBaeTcs asneeb-
pauneckot: KpamHocmoio 1.

CrekTp 3aMKHYTOrO JIHHEHHOTO orepaTopa A MOXKHO pasfesuTh Ha TPH
HerepeceKarIIUXCsl TOIMHOXKECTBA.

Toueunoiii cnekmp o,(A) COCTOUT U3 COOCTBEHHBIX 3HaueHHH A.

Henpepuisnouii cnekmp o.(A) C o(A) \ o,(A) cocrour us Bcex n € C
Takux, 4to o6pa3 R(nl — A) niotHsiéi B B u R(nl — A) # B.

Ocmamounsiii cnekmp o,(A) 3anaercss popmyJioi
or(A) = 0(A) \ (0p(A) U o.(A)).

Hanee Gynem cuurtath, uto onepatop A : D(A) C B — B 3aMKHYT.

Uepes B; 0603Hauum JquHeliHoe mpoctpanctBo D(A) ¢ Hopmo# rpaduka
lullz, = llulls + [l Aull5.

[Tockosbky A — 3aMKHYTBIH OrepaTop, TO MPOCTPAHCTBO B siBjsieTcs: 6a-
HaxoBbIM. [losnoxxum By = B. PaccMoTpuM aHaliUTHUECKYIO onepaTop-(yHK-
uuto ) +— A(n) =nl — A € B(By, Bs).

Cnektp o(A) HasbiBaeTcsi OuUCKpemHvim, eCId OH COCTOUT U3 HM30JIHPO-
BAHHBIX COOCTBEHHBIX 3HAUEHWH KOHEUYHOW asareOpandyeckoidl KPaTHOCTH.

Cuenytoliee yTBepKIeHue npuseneHo B [17, ri. 3, § 6].
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Teopema A.12. [lycmo A : D(A) C B — B — 3amknymolii AunelitbLil
onepamop. [Ipednorosxcum, 4mo 04s HEKOMOPO2o 1 = 1y CYULecmseyem Kom-
nakmnas pesorvgenma R(ny, A) : B — B. Toeda cnekmp o(A) duckpem-

Holli u pegosvsenma R(n, A) : B — B komnakmmua 0as kascdoeo n € p(A).

Jlokazameavcmeo. OueBUIHO,
nl —A=((n—mno)R(no, A) +I)(nol —A)

nasi kaxkgoro 1 € C. TloaToMy M3 KOMNAKTHOCTH pe3osibBeHTH R(7,.A) :
B — B u teopembl A.l cnenyer, uto onepatop 1l — A dpenrossmos. Torna
B cusny TeopeMbl A.10 Bce ToukM KommsekcHOH miockocTd C HopmasbHble
nasi onepatop-¢pyukuuu n — A(n) = nl — A, a cnektp o(A) cocTout U3
M30JIMPOBAHHBEIX COOCTBEHHBIX 3HadeHHH. CienoBaTesbHO, U3 TeopeMbl A.1l
Mbl BBIBOAMM, UTO KayKJIoe COOCTBeHHOe 3HaueHHe orepartopa A HUMeeT Ko-
HEeYHYI0 anre6paniyecKkylo KpaTHOCTb.

Kommnakraocts pesosbBentsl R(n, A) : B — B (n € p(A)) caenyer u3

pE30JIbBEHTHOTO TOXKAECTBA U KOMMakTHOCTH R(1),.A). O

CekTopuajbHbIe omepaTopbl. V3/0)keHHbIE B 3TOM MYHKTE CBOHCTBA
CEeKTOpPHAJIbHBIX OIepaTopoB B3ATH U3 [17, ra. 5, § 3, u 1. 6, § 2].

[Iycte H — rub06epToBO MPOCTPAHCTBO. JIMHEHHBIN omepaTop
B:DB)CH—H

HasblBaeTCs m-akkpemusuovim, ecau 1js aroooro Re A > 0 cymectByet orpa-

HHUYeHHBIH 06paTHbI omepatop (B+ AN ) ™' H — H u
I(B+ D! < (Red) ™ (A7)
O603HauuM
©(B) = {(Bu,u) : u € D(B), ||lu| = 1}.
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Eciu B : D(B) C H — H — m-akKpeTUBHHIH omepaTop, TO B 3aMKHYT,
D(B) sciony miotdo B H, u O(B) C {\ € C: Re X > 0}.

Mbi OymeM roBoputh, uTo JuHeHHbIH onepatop B : D(B) C H — H
K8a3uU-m-aKKpemusHuolii, ecan ornepatop B+ al m-akKKpeTHBHBIE AJis1 HEKO-
toporo « € R. Oneparop B Ha3bIBaeTCs CEKMOPUALbHBIM, ECTTH CYIIECTBYIOT

0 < 7/2u vy €R rakue, 4o
O(B)Cc{NeC:larg(A—7)| <0}

Yucso v Ha3bIBaeTCS 8epuluroll cekmopuaavro2o onepamopa B. Onepatop
B :D(B) C H — H Ha3sbiBaeTcsi m-CexmopuaibHbliM, €CJIM OH CEKTOPHab-
HBIM U KBA3U-1M-aKKPETUBHBIU.

Paccmotpum Tenepnb mosyTopanuHeidnyo Gopmy blu,v] ¢ obaacTeio onpe-
nenenusi D(b) C H. ®opma b HasbiBaeTcsi cummempuieckot, ecnu blu, v] =

blv,u] nns u,v € D(b). Onpenenum conpsxcernyo gopmy b* dopmyoi
b*[u, v] = blv, u], D(b*) = D(b). (A.8)
OueBunHO, POPMBI

p=%(b+b*), q=%(b—b*) (A.9)

]

CUMMeTpHUYECKHE H
a=p-+1q. (A.10)

O6osnaunm O(b) = {blu] : uw € D(b), ||ul| = 1}, tme blu] = blu,u].
dopma b HA3BIBAETCS CEKMOPUANLHOLL, €ClU CyLIecTBYIOT § < /2 u v € R
takue, uto O(b) C {A € C : |arg(A — )| < 0}. Uucno ~ HasbiBaeTcst

sepuiuroti cekmopuaroroil ¢popmor b. CektopranbHas ¢opma b Ha3biBaeTCs

3amMKHymoil, ecau u3 ycaoBuit u,, € D(b), ||u, —ul| — 0 u blu, — uy] — 0
npu n, m — oo caenyet, uto u € D(b) u blu, —u| — 0 npu n — oo.
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[Tycte b — cexropuanbHas ¢opma. BBenem ckassipHoe mpou3BeleHUe B
H, =D(b) no popmyie
(u,v), = plu,v] + (e =) (w,v)  ((u,v) € D(b)), (A.11)
roe y — BeplinHa Qopmbl b, 3¢ > (0 — HekoTopasi KoHcTaHTa. CeKTopHaJb-
Hasi (opMa b 3amkHYyTa B H TOrma v TOJbKO TOTAA, KOTAA MPearuabbepToBo
npoctpaHcTBo ), nonHo (cM. Teopemy 1.11 B [17, ra. 4, § 1]).

Jluneiinoe moampoctpanctBo D' C D(b) HasbiBaetTcs s0pom gopmol b,

ecu cyxkenue b Ha D' umeeT 3ambiKaHue, paBHoe b.

Teopema A.13. [Tycmo blu,v] (u,v € D(b)) — naomro onpedesernnasn
BAMKHYMAs CEKMOPUAIbHAS NOAYymoparunetinas gopma 8 H, u nycmo v —
sepuiuna b. Toeda cyujecmsyem m-cexmopuanvioiti onepamop B : D(B) C

H — H makotl, umo
(a) D(B) C D(b) u
blu,v] = (Bu,v) (u e D(B), veDOb)); (A.12)
(b) onepamop B + (»x —~)I : D(B) C H — H umeem oeparuuenmoLil
obpammoi (B + (5 —~)I)"" : H — Hy;
(c) D(B) — sdpo b;
(d) ecin w € D(b), f € H u paBeHCTBO
blu,v] = (f,v) (A.13)
BBHITIOJIHSIETCS 1JIs1 KAXKJOT0 v, PUHAI/exKarero sapy b, 1o u € D(B)
U Bu=f.

Onepamop B odHnosHauro onpedeser ycarosuem (a).

JlokasarenbcTtBo cM. B [17, ro1. 6, § 2], Teopema 2.1.
Mbl GyzmeM TOBOPHTH, UTO B SIBJISIETCS 11-CEKTOPHAJbHBIM OIepaTopoM,

accoLMUPOBaHHbIM ¢ dopmoii b. O6o3HauuM B = B,
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Crenywomive [Ba yTBepXKAeHHUs cjenyioT u3 Teopembl A.13 (cMm. Teope-

Mbl 2.5 1 2.6 B [17, r1. 6, § 2]).

Teopema A.14. [lycmov svinoarnernst ycarosus meopemvt A.13, u nycmo

B = By. Toeda B = By-.

Teopema A.15. [lycmo b — naomro onpedesennasn cummempuieckas 3a-
MKHYmas gopma, oeparuiernas ciudy. Toeda onepamop B = By, accoyu-
uposartulil ¢ Gopmoti b, 2645emcs CaMOCONPAHCEHHBIM U OSPAHULCHHOIM
chusy. Kpome moeo, onepamop B u gopma b umerom o00ny u my e Hudtc-

HIOFO epaHb.

O603HauuM yepe3 (G MJOTHO OMNpeleJeHHBIH CEKTOPHAJbHBIH OIepaTop.

Paccmotpum gopmy
glu,v] = (Gu,v)

¢ obmacteio omnpenenenuss D(g) = D(G). B cuny teopemnbl 1.27 us [17,
ri. 6, § 5] dopma g 3ambikaema. IlycTb b — 3ambikaHHe (OPMBI g, U MYCTh
B = By — m-cekToprasbHbIil onepaTop, accouuupoBaHHbl ¢ b. [lockosib-
Ky D(G) —snpo b, to G C B mo teopeme A.13. Oneparop B HasbiBaeTcst
ppudpuxcosoim pacuiupervem G.

Hcnoab3ys teopemy A.15, MBI OJIYUHUM CJAEIYIOUIMN Pe3yJbTaT.

Teopema A.16. [Iycmo GG — naomro onpedenrerHolil cummempudecKuls

onepamop, oeparuierHoblli cHusy. Toeda gpudpuxcoso pacuiuperue
B:H—H

onepamopa G — camoconpscennolii onepamop. Kpome moeo, onepamopol

B u G umerom 00uHAKOBYH HUNCHIOI SPAHD.

HokaszarenbcTBo TeopeMbl A.16 MoxkHO HauTh Takxke B [10, ri. 12, § 5].
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YcTaHOBUM TEIepb HEKOTOPbIE BCIIOMOr'aTe€JIbHbIE€ PE3YJ/JbTAThl, KaCAalOLlHEe-

CSl M-CEeKTOPHUAJbHBIX ONEePaTOPOB.

Teopema A.17. [Iycmo eusrvbepmoso npocmparcmeo Hy ecrody naomno
8 H, u nycmo onepamop eroxucenus Hy 6 H xomnaxmruoit. [Ipednoso-

scum, umo b — norymoparuneiinas opma 8 H ¢ obaracmoro onpedesenus

D(b) = H1 u

[blu, o]l < collullmlvlla, (w0 € Hy), (A.14)
Reblu] > al|ullfy, — collull®  (u € H), (A.15)

ede cy,cp > 0, co = 0— rkoncmanmeot. Toeda b— 3amknymas cekmopu-
arvHas Ggopma 6 H ¢ sepuiurnotl v = —co. [lpu amom m-cekmopuasvrolil
onepamop B = By : D(By) C H — H, accouuuposanroiii ¢ b, umeem ouc-
kpemnouil cnekmp o(By) u o(By) C{A € C:ReX > —co}. Ecau A & o(By),
mo pesorvsenma R(\, By) : H — H — komnakmuuoii onepamop. Kpome

moeo, By = DBy-.

Jlnst nokasaTebCTBa 3aMeTHM, uTo U3 HepaBeHCTB (A.14) u (A.15) cieny-
eT, 4To hopMa b 3aMKHYTa U CEKTOPHaJbHA C BEPIIUHON 7 = —co. OcTasbHbIe

yTBepxkaeHus: TeopeMbl A.17 cienytot u3 teopem A.13, A.12 u A.14.

Teopema A.18. [lycmo sovinornsromces ycrosus meopemo. A.17. Toeda

onepamop By : H — H ¢pedeorvmos u ind By = 0.

JloKa3aTesbCTBO CllelyeT U3 KOMIIAKTHOCTH pe30JibBeHThl R(\, By) : H —

H (A ¢ 0(By)), pasercta By = (I — AR(\, By))(By — AI) u Teopembr A.l.

Teopema A.19. [lycmo soinoamenol ycrosus meopemor A17, u nycmo

b = b*. Toeda onepamop B, : D(B,) C H — H camoconpscerHuolii.
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Cnexmp o(B,) cocmoum us eeujecmsenHblx U30AUPOBAHHBLX COOCMBEH-

HbLX 3HAUueHull \g > —cy KOHeuHou Kpamrnocmu. [locaedosamesvrocmo

cobcmeennvlx pynrkuuti {vs} onepamopa By obpasyem opmoHOpMUPOBAH-

Holli 6asuc 8 H. boaee moeo, nocaedosamenvrocmo QynKyuil \/)\LT}
s 2

obpasyem opmoropmuposarroiil 6aduc 8 Hy co ckaraproim npousgederi-

em

(u, )y, = blu, v] + ca(u, v). (A.16)

Hokazameavcmeo. B cuny teopembl A.17 onepatop By, : H — H cawmo-
COTPSIXKEHHBIH, a crekTp o(B,) COCTOUT H3 H30JUPOBAHHBIX COOCTBEHHBIX
3HaUeHUH Ay > —Co KOHEUHOH KPATHOCTH.

3agaua Ha cob6CTBeHHbIE (DYHKIUU
Byv = \v
5KBHBaJIEeHTHA 3aJaue
v=(\+c)(By+ ) v

13 teopembl A.13 (b) ¥ pe30sbBEHTHOrO TOXKJECTBA CJELYET, UTO CyXKeHHe
~1 o
onepatopa (Bp + col) " Ha H; — komnakTHbI# onepartop. Hasee, mo Teope-

me A.13 (a) MBI HMeeM

/
<(Bb+whly4u;w>ﬂ_::bKBb+wb[f4u;w]+wa<(Bb+ch_%%u0 -

= (u,w) = (w,u) =

W&+@nlmm+@«&+@n%m@:

/
= <u, (By + 62])_1w>H
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-1
nasi Bcex u,w € Hy. CaenosarensHo, omeparop (By+ o) @ Hy — H;
camoconpsizkeHHbIH. [lo Teopeme ['mnbbepra—IlImuara B H; cyuiectByer op-
TOHOPMHUPOBAHHBIH 6a3UC, COCTOSILIMNA U3 COOCTBEHHBIX (DYHKLUHUH v, omepa-

—1 —1
topa (By + col) , COOTBETCTBYIOLIUX COOCTBEHHBIM 3HaYEeHUAM (Ag + o) .

[Ipennosnoxum, uto |[vs|| = 1. B cuny (A.12) u (A.16) MBI HMeeM
(Ug,vr>}{
5Up) = —————=0 )
(v 1) = S (s #7)

/
) - S S :1 — 172,... .
(\/)\s+02 \/)\s+02>H1 (U U) (S )

Vs
oOpasyeT op-
s+c2} p Y p

TOHOpMHUpoBaHHbIH 6a3uc B H;. [lockoabky Hp Bciogy mjoTHo B H, mocJe-

CJienoBaTe/IbHO, MOCJENI0BATENBbHOCTh (PYHKUUN {

noBaTesnbHOCTh (pyHKUHKE {vs} 006pasyeT oproHOpMHUpOBaHHbIH 6asuc H. [

Henunneiinbie omeparopbl. Teopema baHaxa o HeMmOABMIKHOU TOUKE.
[lycte B — 6anaxoBo mpoctpancto u G : D(G) C B — B — HekoTo-
pblii, BoOOIle roBOpS, HEJHWHEHHBIH orepaTop B MPOCTPAHCTBe . DjaeMeHT
u € D(G) HasbiBaeTCsi HEMOABHKHOM TOUKOH onepaTtopa (5, €CJIH BBIMOJHEHO
paBeHCTBO

G(u) = u.

[Tyctb V — HemycToe 3aMKHYTOe MOIMHOXKeCTBO GaHaxoBa MPOCTPAHCT-
Ba B. Ilpenmonoxum, yro omepatop G oTtobpakaeT MHOKeCTBO ) B ce0s.
Onepartop (G HasblBaeTCsl cocumaroujum omobpasxeruem Ha MHOXKeCTBe V,

eCcJIM CylllecTByeT Takas KoHcTaHTa ¢ (0 < ¢ < 1), 4yto
|G(u) — G()]| < gqllu — | (A.17)

JJIS JIIOOBIX u, v € V.
Jas cxxumaromux oToOpakeHUM HMeeT MecTo cJjenyiouiasi teopema ba-

HaxXa O HEeMOABHUXKHOH TOUYKeE.
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Teopema A.20. [Iycmo onepamop G : V — V a8aaemcsa CHumaroujum
omobpasceruem. Toeda on umeem, u npu mom eOUHCMBEHHKYHO, HEN0O08U; -

HYIO MOUKY Ha MHOxMcecmee V.

[Iyectb w € V — HemonBukHasi Touka omepatopa (. Paccmorpum mpo-
M3BOJIBHBIH 3JEMEHT uy € V M 3ajafyM I0C/e0BaTeNbHOCTb { U 7o ) 110

PEKyPCHUBHOU opmyJie
Ul = G(uk_l) (k‘ = 1,2, ce )

HeTpynHo nokasars, uTo Noc/e10BaTebHOCTb {uy} 7o, CXOLUTCS K HeIo-

NBUXKHOU TOuKe u. boJsiee Toro, uMeetr MeCTO OLIEHKA
k

l—gq

[ = ui|| < lur = woll,

rie ¢ — KoHctaHTa u3 dopmyannl (A.17).

Ilpunoxenue B. PyHKIMOHAJBHBIE IPOCTPAHCTBA

IIpoctpanctBa L,. OTKpbiTOoe cBA3HOoe noaMHoxecTBo {2 B R" HasbiBa-
eTcst obaacmoio. PaceMoTpuM mpocTpaHcTBa GyHKIHE f, ©3MepuMbIX 1o Jle-
Oery B o6aactu ) u Takux, uto |f|? unterpupyema no 2 (1 < p < o0). Ato
IPOCTpaHCTBO o6o3Hauaercs yepes L,(€2). [Ipocrpancteo L,(§2) — 6aHaxoBo

IPOCTPAHCTBO C HOPMOH

1/p

[f1L, @) = / f (@) d
Q

Ecau p = 2, To Mbl MOJIy4uM THJAbOEPTOBO MpocTpaHcTBO Lo(€2) co cka-

JIAPHBIM IIPOU3BEACHHEM

(f; Q)LQ(Q) = /f(x)@da}
Q
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I[Tycts Ly j0c(§2) — mpocTpancTBo uaMepuMbix 1o JleGery B €2 GpyHKuH# f

Takux, uto f € L,(K) nns moboro xomnakra K C .

IIpoctpancrBa I'eabaepa. Ilycte (2 C R" — obaacts. O603HauUUM ue-
pes C(Q) (umu C(Q)) npocTpaHCTBO HenpephblBHLIX B €2 (U1K B (1) hyHKUHE.

[ycts C*(Q2) — npoctpanctBo Gynkuuit B C(£2), UMEIOMKUX Henpephis-
Hble TIpou3BoAHbIe mopsinka He Bbiie k B (), rme k£ € N. Ilyctb Ck(ﬁ) —
npoctpancTBo (Gyukuuit B CF((2), Bce MpousBomHEIE KOTOPHIX MOPSAKA He
BeIlle k MMEIOT HerpepelBHLIe MPOAOJIKEeHHUs Ha ).

O0603HauuM

C')=c@), CQ)=09),
C™(Q) = ﬁ CHQ),  C®(Q) = ﬁ CH(Q).
k=0 k=0

Hns orpannyenHoé obsactu 2 C R" mMbl BBeneM npocTpaHcTBa [enbaepa
C*Q) u C*7(Q), rne k > 0—nenoe u 0 < o < 1.

Tpoctpanctso C*(€2) ¢ HopMmoii

ol cr@) = maxsup [D%p(z)|
AV 2eQ)

Ha3biBaeTcsi npocmparcmeom [eavdepa. 3nech

D — foél .. .’Dgn7 Dj = —i(a/agjj),

a=(o,...,0p), o] = a1+ -+ ay, a; = 0— esnble yncaa. Bekrop « ¢

HEOTpPHLIATEIbHBIMHU LEJBIMA KOOPAHHATAMH HA3bIBAETCS MYAbMUUHOEKCOM.
Ouepunno, C*(Q) — cenapabesibHoe 6aHaX0BO MPOCTPAHCTBO.
[pocmparcmeo Teavdepa C*7(Q1) — npoctpanctso dpynxuuit uz C*(0Q),

HMMEIIHX KOHEYHYIO HOpMY

DPu(z) — D?
llloess ) = maxsup |Du(z)| + max  sup |24 = Duly)]
la|<k ze@Q 1B1=F 4 e Q. 1ty |z — y|°
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WsBecTHo, uTo npoctpaHctBo Lesnbaepa CH7(Q)) — 6anaxoso mpocTpaH-
ctBo. OnHako oHO He cemapabenbHo (cM. [38, ru. 4, § 4.5.1]).

[Tyctp (o — HenpepbiBHAs GyHKUHKSA B (). 3aMblKaHHe MHOXKeCTBa

{r € Q:p(x) # 0}
B () HasbiBaetTcs Hocumenem . O603HAUUM Yepe3 supp ¢ HOCUTENb ©.

ITycts C() — MHOXKecTBO (GyHKIHMI n3 C°(€)) ¢ KOMTAKTHEIMH HOCH-

TeasaMHu B €.

Jlemma B.1. [Tycmo K — komnaxkm 8 R" u {S,} — nokpoimue K omxpot-
moimu mroxcecmeamu. Toeda cyuecmsyem Koneuroe noonoxpvimue {Sq, }

u HeompuyamenvHole QYHKYUUL Q; € C®R™) (j =1,...,q) makue, umo

(a) ilgoj(a:) <1 (x € R,
iz

(b) égoj(a:) —1(zeK)

(c) suppp; C S, (7 =1,...,0q).

JokasarenbctBo cM. B [10, ra. 14, § 2], nemma 4.

CemeiicTBo (yHKUNE {¢;} HasbiBaeTcs pasbueruem eOuHUYbL.

O606menHbie pyHKuMU. [lycts €2 — o6aacts B R". Onpenenum cxonu-
MOCTb B mpocTpaHcTBe C'™°({)) c/leylomuM 00pa3oM: MoC/Ie10BaTebHOCTb
{o,} € C®(Q) cxomuTest K saeMeHTy @ € C™(€2), €CaH CYIIeCTBYeT KOM-

nakt K C €2 takoii, uyto supp s C K u

lim |j¢ — o =20

Jm I @s”(jk(g)
nasi modoro k = 0,1,2,.... O6o3nauum uepe3 D({2) auHeliHOe MpoOCTpaH-
ctBo C®(Q) ¢ TakoH cXomMMOCTbio. MOXHO HaTh SKBHBAJEHTHOE ONpee-

Jenue cxonumoctd B D(S2), paccmarpuBas D({2) Kak J0KaJbHO BBIMYKJO€E

JIUHeHHoe TomoJioruueckoe npoctpaneto (cm. [13, ra. 1, § 1]).
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Jlunedinbiéi GyHxunonan f Ha D(€)) HasbiBaeTcsi 0606w eHHOL PyHKLUeL
Wl pacnpedesenuem B ), ecii U3 CXOOUMOCTH @5 — ¢ B D({2) Bbite-
Kaet cxonumocthb (f, ) — (f, ). Ob6osnauum yepes D’({2) mpocTpaHCTBO
000011eHHBIX (PYHKLIUH (pacrpenesieHni) co caaboil CXOAUMOCTBIO.

B cuny HepaBenctsa IlIBapua kaxpas GyHkuus f € Lqoc(§2) onpenenser

o6061eHny0 ¢pyHkuuwo F B () o dopmyJe
(Fd) = [ f@e@ds (o D). (B.1)
9)

Bynem roBoputh, 4To 060611eHHAs PYHKLHUS, onpeneeHHas gopmyJoi (B.1),
ABJsgeTcd (PyHKUHeH. B aToM ciyyae Mbl OTOXKAeCTBJ/IsIeM 0000LIEHHYO (PyHK-
uuto F' ¢ ¢pyHKuuen f.

OmnpenesvM HEKOTOpble OMepaliy Ham 0000IIeHHBIMH (YyHKIIHSIMH.

(a) Tlpoussonnast D f o6o6ienHoi pyukuuu f € D'(QQ) sBasercst 0606-

leHHON (hyHKIMel B (2, 3amaHHOl (popMyJIoH

(D f, ) = (=)W, D) (p € D).

(b) IMpoussenenue af Gyuxuun a € C°(€) Ha 06001IeHHYIO (DYHKLHIO

f € D'(Q) ectb 0606UIeHHAsT GyHKLHUS B €2, 3agaHHas HOPMynok

(af, ) = (f,ap) (v €D(Q)).

(c) IMycte @ C Q — oTkpbiToe MHOXKecTBO. CyzkeHue f|o 0600LIeHHON
¢yuxunu f Ha () ecTb 060061IeHHass QyHKUHKA B (), 3anaHHas Gpopmy-

JIOU

(flo,o) = (o) (v e€DW)).

Jluneiinoe otobpaxenue A uz D(Q)) (unu D'(£2)) B cebst Ha3bIBaeTCst Hempe-
PBIBHBIM, €CJIH M3 CXOmUMOCTH s — 0 B D() (unu D'(§2)) caenyer, 4To
Aps — 08 D(QY) (umu D'(£2)).
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OueBunHoO, 0600611eHHbIe PYHKIIMH OecKoHeuHO nuddepeHurpyembl. Omne-
patopbl auddepeHupoBanus D U yMHOXKeHHUsT Ha ¢GyHKUHIO a € C(()
HenpepeiBHBI B ipoctpancTBe D(Q) (unu D'(Q)).

Bynem roBoputh, uTo 060011eHHas GYHKIMs [ paBHA HYJIHO Ha OTKPHITOM
MHOXKecTBe ) C €2, ecant (f, ) = 0 nast Bcex ¢ € D(2). JIBe 0600611IeHHbIE
bynkunu fi U fo Ha () paBHBI B (), ecan f1 — fo =0 B Q.

[To ompenenenuio Hocumesb 0606w eHHOl QYHKYUL — HAUMEHblIIee 3a-

MKHYTO€ MOAMHOKeCTBO (), BHe KOTOPOro f paBHa HYJIIO.

MenjenHo pacryummue o6o6mennbie ¢pyHkuuu. Yepes S(R™) o6osHa-

YUM JIMHEeHHOe MPOCTpaHCTBO GyHKIUHHE ¢ € C°(R") Takux, uTo

sup [¢7D°p(a)] = Cuy < o0

zER”

1S BeeX MyJbTHMHAEKCOB o M (3, re 27 = af* -+ afn,
OnpenenuM cxonumocTh B mpoctpaHcTBe S(R") caenyiomuM o6pasom:

nocJjenoBatesbHoCTh {5} C S(R"™) cxonutest K anementy ¢ € S(R™), ecau

lim [|2°D% — 2" D%, | cny = 0

§—00
IJs1 Bcex «, (3.

Jlunedinbiii gyuxuuonan f Ha S(R™) HasbiBaeTcsi medrenHO pacmyuietl
0606uennoll gynkyueil B R", ecau us cxogumoctu @5 — ¢ B S(R") caeny-
et, uto (f,ps) — (f, ). O6o3Haunm uepe3 S’(R™) mpocTpaHCTBO MeaJeH-
HO pacTyLIHMX 0000IIeHHbX (DYHKIHH cO caboi CXONUMOCTbI0. AHaJIOTHYHO
npoctpaHcTBy D’'(€)) Mbl MOKEM OTpeNeSUTh onepanun aAuddepeHInpoBaHus
W CYXKEeHHSI.

[Tpennosoxum, uto a € C°(R™) u mJis1 KAXKAOTO (v CYIIECTBYIOT LIEJOE M,

H IMOJIO2ZKHUTEJIbHOE UHUCJIO C, TdKHe, UTO

Da(a)| < call + [a])™.
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OnpenenvM npousBeneHue PyHKUUU a U MeOJeHHO pacTylieid o0061IeHHOH

dyukuuu f € S'(R™) no popmyne

(af, ) = (f,ap) (v €SR")).

Ouesunno, S'(R") C D'(R").

OmnpenenuMm o-pyHkuuio Jlupaka ciaenyoinidm o6pa3oM:

(0, 0) = p(0) (¢ € SER")).

IIpeo6pasoBanue @ypoe. Onpenenum npeobpasosariue DPypove f(byHK-
uu f € L1(R™) no dopmyse

76) = (2m) ™2 / f@)exp (—i(z.€)dr  (E€RY), (B

rne (3:7 5) = xlgl R :Engn

Ecin g € Li(R™), Mbl onpenenum obpamroe npeobpasosarue Dypve
(byHKUMU g IO popmyJie
o) = n) " [g@eplitn)ds @eR). (B
RTL

O6osnaunm f uepes Ff u § uepes Flg.

Teopema B.1. (a) [Ipeobpasosarus F u F~1 omo6pasxcarom S(R™)
HenpepvLeHO U 83aUMHO 00HO3HAUHO Ha cebs, u FF~1 = F71F =]
na S(R™).

(b) Ecau ¢ € S(R™), mo

—_—

(D)) =38, DB(e) = ((—)°¢)(©)

o5 8cex myrbmuunoexcos o u f3.
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(c) Ecau o, € S(R"), mo

~

/ (@) () dz = / SO (¢) de, (B.4)

/ o(@)i(z) dz = / SO0 (¢) de. (B.5)

Onpenenum npeodpasoBanue Pypoe Fu nas u € S'(R™) mo popmysne
(Fu,p) = (u,Fp)  (p€S[R")). (B.6)

B cuny (B.5) chopmynupoBanHoe Beilie omnpenesnenue (B.6) cormacyercs c
onpenesenueM (B.2), eciu u € S(R™). Mbl 0603HauuMM Takxke F'u depes U.
AnasoruyHo Mbl onpejeauM o6paTHoe npeobpasosanue dypoe F v nas

v € S'(R") mo dopmyne

(F7'o,0) = (v, F7'¢) (¢ € S(R™)). (B.7)

O603HaunM F~1v uepes .

Teopema B.2. (a) Tpeobpasosarus F u F~1 omo6pasxcarom S'(R")
HenpepbLeHO U 83AUMHO 0OHO3HAUHO Ha cebs, u FF~ ' = F1F =]
na S'(R™).

(b) Ecau u € S"(R™), mo

—_—

Doy = £, DY = (—xz)’u.

Teopema B.3 (teopema Ilnaunmepenst). [lycme [ € Lo(R™). Toeda npe-
obpasosarue Pypve F'f 6 cmoicae 0606ujenHbix QyHKUuL onpedensem

pyrKLyLUIO fe Lo(R™). 9ma ¢pynkuus umeem 6uod

~

7€) = 1im (27) " / F@)exp (—i(z. &) dr (8 Lo(R"). (B.8)

R—o0
lz|<R
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[Ipu amom

Hﬂ|L2(R”) = | fll £, &) (B.9)
fla) = lim (2) "2 / F&)exp (i, €))de (s Lo(RY).  (B.10)
IEI<R

13 3Tol TeopeMbl BbITEKAET CJAENYIOLUIHUN Pe3yJIbTaT.

Teopema B.4. [Ipeobpasosanue Pypve omobparcaem Lo(R™) na cebs

63AUMHO OOHOSHQ%HO, u

(f: 9) Lyn) (f, §> - (B.11)

0as scex f,g € Lo(R™).

JlokasarenbctBo Teopem B.1-B.3 uurtarenbp moxer Haiith B [13, 1. 6,
§§ 1u 2]

IIpocrpancrBa CobGouesa. [Ipocmparncmso Coboresa W4 (R"™) (s € R)
OmpefesuM Kak MPOCTPAHCTBO 0000iieHHbIX QyHKIuA u € S'(R") Takux,
uro (1+ |§|2)8/2ﬂ € Ly(R™), ¢ HOopmoOH

1/2

- / (11 Py aePde | . (B.12)
Rn
cM. [23,35,38].

[Ipennonoxum, uto 2 = R"” uau 2 C R"” — obsacTb, ya0BJIeTBOPSIOLIAS

OHOMY M3 CJIEAYIOLIUX YCJOBUH.
Ycaosue B.1. 2 = R".
Ycnoeue B.2. () — orpanuuenHasi o6acTb ¢ rpanuiei 02 € C'.

Ycaosue B.3. 2 = (0,d) x G, rne G C R""! — orpanuuennas o6sactb
(c rpanuueit 0G € C*, eciu n > 3), rtne R} = {x ¢ R" : , > 0} u
R" ={z € R": 2, < 0}.
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[Tycts m — HeoTpuLaTesbHOE LieJ0e uucao. [Ipocmparncmeo Cobosesa
W™(€)) ompeneaum Kak MPOCTPaHCTBO 0000LIeHHbIX GyHKUHHE u € D'()

Takux, 4to Du € Ly()) (|a| < m), ¢ Hopmoi

1/2
ooy = | 3 [ D@ ds) (B.13)
al<m ¢
3necb mbl monaraem WO(Q) = Ly(92).
[Iycte s = m + o, roe m — HeoTpuuatespHoe Lejoe U 0 < o < 1.

[Ipocmparcmeo Cobosesa W*(§2) — npoctpancTBo pyHkuuid u € W™ (Q)

C KOHEYHOU HOpPMOH

ma u(y)|?
Ll = [ Talme +Z/] mwo dz dy

la|=m @

1/2

(B.14)

[Tpoctpanctea CoboseBa W*()) (s > 0) ruabbeproBbl. Popmyinl (B.12)

u (B.13), (B.14) ¢ Q = R" 3anator skBuBajseHTHble HOpMbl B W*¥(R™) nas
s >0 (cm. temmy 3 B [34, ro. 2, § 2] u [38, ro. 4, § 4.4.1]).

Yepes W}

5.(82) (s > 0) Mbl 0603HAaUMM TIPOCTPAHCTBO, COCTOsALIEE U3 pac-

npenenenndt u € D'(§2) takux, uto u € W*¥(K) n1a KaXno# orpaHHueHHOH
o6mactu K, K C .

PaccmoTpum Teopemy 0 MpoAoJ/izKEHUH (PYHKIHH.

Teopema B.5. [lycmo s > 0. [Ipednoroxcum, umo €2 C R" — obracme,
yodosaemsopsrouian ooHomy u3 ycaosuti B.1, B.2 uau B.3. Toeda dasa aroboil
u € W5(Q) cywecmsyem U € W5 (R™) makas, umo u(x) = U(x) (x € Q)
u

U s ny < cf|ullws o) (B.15)

HokaszarenbcTBo cM. B [23, ra. 1, § 8], Teopema 8.1, a takxke [34, ri1. 2].
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Takum o6pasom, ecsu ) ynoBjeTBOpsieT YCJIOBUSAM TeopeMbl B.5, To mpo-
ctpanctBo W9(Q2) (s = 0) ectb npoctpancTBo cyxenuit Ulg (U € W#(R™))

C 5KBUBAJIEHTHONW HOPMOH

|ullws() = inf ||U||ws@n (U e W3R") : Ulg = u). (B.16)

3ameuanue B.1. Teopemy B.5 MoxHO 060061IUTh Ha clydall OorpaHHUYeH-
HBIX 06JiacTel, yIOBJIETBOPSIIOIIMX CHJBHOMY YCJOBHIO KOHyca (CM. Teope-
My 9.6 B [3, . 3, § 9] u teopemy B [38, ra. 4, § 4.2.3]). Pesynabrathi
nJs1 npoctpancTB Co6oJieBa, OCHOBAaHHBIE Ha TeopeMe MPOAOJKEHHsI, MOXKHO

00O0OLINUTE HA CJAydal BbILIEYKA3aHHBIX 00JaCTeH.

[Tlycte m € N. O6o3nauum yepe3 W ~"({2) mpocTpaHCTBO 060OIIEHHBIX
dyuxuui u € D'(Q) Takux, 4To

u?
[ullw-m@) = sup BRI < 0. (B.17)

e () [ellwm(o
[TpoctpanctBo W™""()) — runb6epTOBO MPOCTPAHCTBO, COMPSIKEHHOE K TPO-
ctpanctey W(Q), rae W™(Q) — sambikanue Muoxkectsa C(Q) B W™(Q)
(em. [13, ra. 3, § 10]).

Teopema o caemax. [Tycts 2 C R" — orpanuuenHasi o6aactb () ¢ rpaHu-
ueii 0Q € C* uam Q = (0,d) x G, rne G C R""! — orpanuuennas 064acTb
(¢ rpanunern 0G € C™, eciu n > 3). Ilyetb M —rpanuna 0Q) € C*
orpaHuueHHoH o6aacTu Q C R” unu (n — 1)-mepHoe MHoroo6pasue I' C Q
knacca C™ ¢ rpanuueit 0I' € C*°. [lns kaxporo KoHeuHoro nokpuitus {U;}
MHOroo6pasusi M OTKPHITHIMM MHOMKECTBAMH CYIIEeCTByeT pasOHeHHe eUHMU-

usl {¢;} Taxoe, 4To
N
Zapj(:r:) =1 (zeM), p; € C*(R"), supp ¢; C Uj.
j=1
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[ycts © — w;(z) = y — nuddeomopduam kaacca C™°, otobpaxatouuit U;
Ha Vj Tak, 4ro

) wj(UinM) C {y : y, = 0}, ecmu M = 0Q wm eciu M = T,
Uinol' = &,

2) w;(UyNn M) C{y :yn-1>0, y, =0}, w;(U;NIM) C {y : yp—1 =0,
yp =0}, eciu M =T, U;NOT" # @,

[Tycte W*(M) — npocmparcmeo Cobosesa HyHKUMH u TaKUX, YTO B JIO-
KaJbHBIX KoopauHatax y = y’ Mbl umeeM @ju € W*(ws(U; N M)). Hopma

B W#(M) BBOLUTCS CJIeAYIOLIMM 00pa3oM:

u 1/2
leallwar) = (Z |soju|%Vs<wj<UﬁM>)) , (B.18)

j=1

rie HOpMbl ||| ws(w, (,nnr)) BBIYMCISIOTCS B KOOPAMHATAX Y = Y, s> 0.

OueBuHO, 4YTO ompeneseHde npoctpanctBa W*(M) He 3aBUCHT OT To-
kpoiTust {U;} n BblOOpa npeoGpa3oBaHHil w;, a pas3nuuHble HopMmbl (B.18)
5KBHBaJIEHTHBI.

[Tpoctpancteo W* (M) runb6epToBo.

OGosuaunm uepes C*°(M) npocrpanctBo dyHkunit u € C(M) rakux,
4TO B JIOKaJbHBIX KoOpAHHATaX y =y’ Mbl uMeeM u € C™(w; (U; N M)).

Onpenenum oTobpakeHue
Y0 C(Q) — C®(M)
no gopmyJie
Tt = D5U|H=

rape (4 — HeoTpHLaTeJ/JbHOE LeJsoe 4ucJao, vV — eIMHUYHBIN BEKTOP HOpPpMaAJIHU K

M B TOUKe I & M.
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Teopema B.6. [Tycmo s > 0, u nycmo m < s+1/2, — neompuyamervroe

uenoe yucao. Toeda omobpascerue
m—1
= {707717 s 7fym—1} : COO(Q) — H COO(M)
pn=0

00HO3HAUHO npodorxcaemcs 00 HenpepouL8HO2o AUHeliHoeo omobpaxceHus
m—1
v WOQ) = [ w2 ().
p=0

Boaee moeo, amo omobpascerue cropveKmusHo u cywecmayem AuHeuHbLl

HenpepovLHbLLl onepamop

m—1
S: [ w2 () — we(Q)
n=0

m—1
maxotl, umo ¥Sg = g 0as 6cex g = (go, g1, -, gm—1) € [ W 2(M).
n=0

JlokasaTesqbCTBO OCHOBAHO Ha aHaJOTHUHOM pesyabrate s () = R7,
M = R" ! y pasbuenun enuuuusl (cM. Teopemy 7 B [34, ra. 2, § 4], Teope-
my 10 B [34, ra. 2, § 5], Teopemy 8.3 B [23, . 1, § 8] u Teopemy B [38, 1. 4,
§ 4.7.2]).

O6osnauuM you = uly mas w € W*H(Q), rne s > 1/2. Oynruusa u|y

Ha3blBaeTCsl caedom QYHKYUU u.

3ameuanue B.2. /3 teopembl B.6 cienyet, 4To Mbl MOXKeM BBECTH KBU-

BaJIeHTHYIO HOPMY B mpoctpanctse W 1/2(M) no dopmymne
H@DH%/VS*UQ(M) = ir;f [ullws@) (u € W2(Q) : ulp = ).

Teopembl Bioxenus. Cienyolias TeopeMa BJIOXKeHHs yCTaHABJMBaerT,
uTo 3JeMeHTHl npocTpaHcTBa CoboseBa W*((Q)) nubddepeHLpyemMbl B KJac-

CHYeCKOM CMbICJIe OJIAd OOCTATOYHO 6oabmux s > 0.
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Teopema B.7 (teopema CobGoaesa). [lycmo ) C R" — oeparuuennas
obracme Q ¢ epanuyeli 0Q € C® uu Q = (0,d) x G, ede G C R 1 —
oepanunennas obaacme (¢ epamuuet 0G € C, ecau n > 3). [ycmo
k>n/2+s, ede s > 0 — yeaoe. Toeda umeem mecmo eaomenue WF(Q) C

(O (Q), npuuem onepamop BAO0HEHUS HenpepoL8HbLi.

JlokazaTesbcTBO cM. B TeopeMe u3 [38, ra. 4, § 4.6.2] u teopeme 9.8
us [23, ra. 1, § 9].

Croenytolyde nBe TeOpeMbl O KOMIAKTHOCTH BJIOXKEHHS TO3BOJSIOT CBO-
IUTb KpaeBble 3aMauydl IJs SJAJUNTHYECKUX ypaBHEHHWH K (pearosbMOBBIM

yPaBHEHUSIM.

Teopema B.8. /lycmo ) C R" — oepanuuennas obracmoe, ydosiemeo-
parujan ycaosuam meopemol B.7, u nycmo k > s > 0. Toeda onepamop

saoocenus WF(Q) 6 W*(Q) xomnaxmmolil.

JlokasatesnbcTBO caenyet u3 Teopembl 16.1 B [23, roi. 1, § 16] u Teope-
Mbl B.5.

Hcnonb3ys Teopemy B.8, Mbl nosyyaem ciaenyoumui pesy/brar.

Teopema B.9. [lycmo M — epanuya Q) € C™ oepanuuenHoli obracmu
Q C R" uau (n — 1)-meproe oeparuuerroe mrozoobpasue I kracca C™

c epanuyeti O € C*. Ilycmo k > s > 0. Toeda onepamop sr0xceHus

WF(M) 6 W*(M) komnaxmmbil.

IIpocTpaHcTBa WS(Q) Crienytolas TeopemMa JaeT siBHOe OMUCaHUe Mpo-
ctpancta W(Q).
Teopema B.10. [Iycmo 2 C R" — oepanuuennas obaracme, yoosiemeso-
paroujasn ycaosusm meopemol. B.7, u nycmo m € N. Toeda
W) = {u e W™(Q) : D' Mulpgx =0, p=1,...,m},
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ede K = &, ecau Q = Q, u K = ({0} x 0G) U ({d} x 0G), ecau Q) =
(0,d) x G.

JlokasatesnbcTBO cM. B [23, ra. 1, § 11], Teopema 11.5.
Cuenytoliasi TeopeMa 006 5KBUBaJEHTHBIX HOPMax B IIPOCTPAHCTBE Wm(Q)

[T0JIE3HA OJis1 U3YUEHHUS 3add4UU ,[[I/IpI/IXJIe JJIS1 QJIJIUIITHYECKUX ypaBHeHHﬁ.

Teopema B.11. [Iycmo ) C R" — oepanuuenrnas obaacmo, yoosiemso-
paruwasn ycrosuam meopemol B.7, u nycmo m € N. Toeda nopma (B.13) s

npocmparncmee W (QQ) aksusarenmna Hopme
1/2

z”:/ \D}”u(w)\de : (B.19)

Jj=0 (o)

HokasatenbcTBO cienyet us teopem B.2, B.3, B.8 u B.10.

I/IHTepHOJIHI_lI/IH. Cﬂeﬂy}oume AB€ TeOopeMbl NPUMEHANTCA AJsd IoJyde-

HHUSA allPUOPHBIX OLEHOK peLHeHI/Iﬁ QJIJIMIITHYECKHUX 3aaad.

Teopema B.12. [Iycmo ) C R" — oepanunennan obaacme, yoosiemso-
paroujasn ycaosuam meopemol B.7, uau () = R';. Toeda oas scex u € WHk(Q)
uqeC

lal" [l < e(llullwre) + lallull @) (B.20)

ede 0 < s <k uc>0 He 3agucum om u u q.

Teopema B.13. [Tycmo () C R" — oepanuuennaa obaacme, yoosiemso-
parouwas ycrosusm meopemol B.7. Ecau Q = Q u 0Q € C™, moL noroxrcum
M = 0Q. Ecau Q = (0,d) x G, mot noroxcum M = {b} x G, ede 0 < b < d.
Tozda das aroboix u € WHQ) u g e C

V2 lularl oo < ea(llullwe) + lalllullzw). (B.21)

lq
ede ¢y > 0 He 3asucum om u u q.
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Teopemsr B.12 u B.13 B3ste u3 [1, ra. 1, § 1].
Mmesi HeKOoTOpble CBOMCTBa JIMHEHHBIX OMepaTopoB B npoctpaHcTBax Co-

6OJIeBa, MBI MO2KEM PACHPOCTPAHUTL MX HA MPOMEKYTOUHbIE TPOCTPAHCTBA.

Teopema B.14. [lycmo §2; = R uau Q; C R — oepanuuennas o6-

aacmo ¢ epanuyeti 02 € C*, n; € N (j = 1,2). [lycmo

Ae () BWP (), Wh(Qy)),
i=1,2
ede 0 < p1 < po, 0 < q1 < qo. Toeoa

AeRB (W(1—9)p1+9p2 (), T (1=0)a+0g (Qg))

onrs at0boco 0 < 0 < 1.

Teopema B.15. [Iycmo () C R" — oepanunennaa obracme ¢ eparnuyeti

0Q € C*. [lycmo
Ae () BW(Q). W (0Q)),

i=1,2
ede 0 < s < s9. Toeda

Ac B(W(1—9)51+952(Q)7 W(1—9)81+982<8Q))

onrs nr0boco 0 < 0 < 1.

Teopembl B.14 u B.15 caenytot u3 teopem 5.1, 7.7 u 9.6 u 3ameuanus 7.4

B [23, ra. 1].

OpHomepHbIl cayuyaud. CaenaeM Ternepb HECKOJIbKO 3aMeuaHUH 0 (yHK-
IIMOHAJIbHBIX MPOCTPAHCTBAX B OJHOMEPHOM CJyuae.
OGosHaunM vepe3 Li,(a,b) mpocTpaHcTBo JleGera uamepumbix Ha (a,b)

dyuxuui f (1 < p < 00). DTO NPOCTPAHCTBO UMEET HOPMY
1/p

b
1 fIlz,@p) = /If(:c)\pd:c

206



O6o3uauum uepes C'(a,b) (nau Cla,b]) NpocTpaHCTBO HEMpPEPBIBHBIX (DYHK-
uuit Ha (a,b) (uau [a,b)). Tycts C*(a,b) (unu C*[a, b)) — noampocTpaHcTBO
¢yukuuit u3 C(a,b) (nau Cla,b]), UMeLIUX HeNpepbiBHbIE MPOM3BOLHBIE
nopsinka He Bbie k Ha (a,b) (uau [a,b]). Hopma B npoctpanctee C*|a, b]

onpenensiercss (HoOpMyJoH

]l oviap = max sup o' (z)].

i<k pefab)
AHasloriyHO MHOTOMEPHOMY CJIy4ar0 Mbl MOXKEM TaK»Ke BBECTH MPOCTPAHCTBA
C>(a,b), C*®[a,b] u C>®(a,b).

OGosuaunm uepes D(a,b) npocrpanctso C™(a,b), a uepes D’'(a,b) mpo-
CTpaHCTBO 00001IeHHbIX QyHKIMH Ha D(a,b).

Jns k € N npoctpanctso W¥(a, b) ecTb mpocTpaHCTBO aBCOMOTHO Herpe-
PBIBHBIX Ha [a, b] hyHKUHE u(x), MMeLINX ab6COMIOTHO HEMpepbIBHbIE Ha [a, b]
npoussoanbie u' (x) nna i < k — 1 rakux, uto u'¥)(z) € Ly(a,b). Hopma B

W*(a,b) 6yner umeTb BUIL

1/2

il = | 3 / WD (@)Pde| (B.22)

i<k
Takum o6pasom, Teopema B.6 o cienax cTaHOBUTCS TPUBHAJbHOU MJis
n = 1.
[Tyctp k, s — ueanle, v nyets 0 < s < k. Torna B cuny teopemel B.7 nns

mo6oro u € W¥(a,b)

[ullosfag) < cllullwnian- (B.23)

W3 Teopembl B.8 cienyert, uto onepatop Bioxenus W¥(a,b) B W*(a,b) kom-
MaKTHBIN.

3aMeTUM, 4TO

W¥a,b) = {u e Wa,b) : u(a) = uD(b) =0, 0<i<k—1},



roe k € N.
B cuny teopembl B.11 MBI MOXXKeM BBeCTH B NMPOCTPAHCTBE Wk(a, b) aKBH-

BaJIEHTHYIO HOPMY 110 (hopMmyJie
1/2

ey = / W )Pz | (B.24)

W3 teopem B.12 u B.13 caenyert, uto aas mo6ux v € W¥(a,b) nu g € C

g ullweap) < clllullwras + a1l zo@p)) (B.25)

rne k,s € N, 0 < s < k u c > 0 He 3aBUCHUT OT u U ¢; AJS JIOOBIX

ue€ Wha,b)ugeC

lal"2[u(d)] < er(lullwiian + lal - l[ull Lygan) (B.26)

rie a < d < bwuc; >0 He 3aBUCUT OT U H (.

IIpunoxenue C. O000MEHHbIE pelIeHUS IUNTUUYECKUX 3ada4

3agaua Jupuxae. PaccmoTpuM ypaBHeHMe

A, Dju= ) Dlaas(@)D’u(x) = folx) (r€Q)  (CI

lal|Bl<m

C KpaeBbIMH yCJOBUAMHU Jupuxie
DE L ulgg = 0 (x€0Q, p=1,...,m), (C.2)

rie aqp € CP(R") u fy € Lo(Q)) — KOMIJIEKCHO3HAUHbBle (PYHKLUHH, () —
orpaHuueHHasi o6sactb B R" ¢ rpanunein 9Q) € C*°, v — eIUHUYHBIH BEKTOP
BHYTpeHHel HopMasu K ) B Touke x € 0Q), n = 2.
Ypasrenue (C.1) Ha3bIBAGTCS CUALHO 2AAUNMUYECKUM B (), eCaH
Re Z aag(:c)fo”rﬁ >0 gaaBeex v €Q, 0#¢&€R" (C.3)
o, |8]=m
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B atom myHkTe Mbl pennosaraeM, uto ypasaenune (C.1) CUIBHO 3/IHNTH-
yeckoe B (). Toraa Mel TOBOPUM, uTo AuddepeHuHanbHbIi onepatop A(z, D)
CHJILHO 3JITMNTHUEeCKUE B (.

Onpenenum HeorpanudenHsi#t oneparop A : D(A) C Ly(Q) — La(Q) ¢
o6mactbio onpenenenns D(A) = {u € W™(Q) : Au € Ly(Q)}, nefictByio-

Ui B mpocTpaHcTBe 00001eHHbIX GyHKIHHE D'(Q)) mo dopmyse
Au = Az, D)u(x). (C.4)

OyHKIMS u Ha3biBaeTCss 0606w erHbim peuleHuem Kpaesoll 3adauu (C.1),
(C.2), eciu u € D(A) u
Au = f. (C.5)
MoxXHO 1aTh Takxke CJjeaylollee 3KBUBaJeHTHOe onpenesieHUe 060011eH-
HOTO pelleHus.

DyHKUUSA u Ha3bIBaeTCs 0606ujeHHbim peuleruem Kpaesoil 3adauu (C.1),

(C.2), ecrt u € W™(Q) u ans Beex v € W™(Q) Mbl uMeem

Z (aag'Dﬁu, DaU) Lo(Q) = (f(), U)LQ(Q)' (C6)

lal,|8]<m

Beenem HeorpannuenHsiit onepatop A" : D(AT) C Lo(Q) — Lo(Q) ¢
o6mactbio onpenenenus D(AY) = {u € W™(Q) : Atu € Ly(Q)}, nejictsy-

[OIKH B mpocTpaHcTBe 00001IeHHBIX (yHKIHHE D'((Q)) mo dopmyie

Aty = Z D%as0(x)D .
o, B[<m

Onepatopsl A 1 A" (popMabHO CONPsIXKEHHbBIE, T. €.

(Au,v)LZ(Q) = (u,A+v)L2(Q)

nas Beex u, v € C%(Q).

Teopema C.1. Ypasrnernue (C.1) cunrvro asrunmuueckoe 8 () moeda u
moavKo mozda, Kozda cyuiecmsyrom nocmosrHoie c¢; > 0, co = 0 makue,
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4mo
Re (Au,u)p, ) = cillullfyng) — e2llullZ, o) (C.7)

drs scex u € C(Q).

Teopema C.1 npunamnexur M. V. Bumuky [5] u JI. Topaunry [44].

HepasenctBo (C.7) HasbiBaetcsi Hepasencmeom [opdurea. 3anaya (C.1),
(C.2) HasbiBaeTCsl KOIPUUMUBHOL, €CJA OHAa YAOBJETBOPSET HEepPaBEHCTBY
[opounra. B cuay teopemnl C.1 3amaua (C.1), (C.2) kKospuuTHBHA TOTAA U
TOMBKO Torja, Korna ypasHenue (C.1) cusibHO ajaunThyeckoe B (. Takum
06pa3oM, MOXKHO OMPEeNeJUTb CUIbHYIO JIUITUYHOCTD C TOMOIbIO HepaBeH-

ctBa [opnunra (C.7).

Teopema C.2. [Tycmo onepamop A : D(A) C Lo(Q) — L2(Q) cune-
Ho anaunmuueckuti. Toeda cnexkmp o(A) duckpemnoii u o(A) C {\ €
C: ReA > —co}, ede co = 0— koncmanma us vepasencmsa (C.7). Ecau
A ¢ o(A), mo pezorvsenma R(M\, A) : Lo(Q) — Lo(Q) — komnaxmrolii
onepamop. Kpome moeco, A* = AT u (A7) = A

Teopema C.3. Cunrvbro aarunmuueckuti onepamop A : D(A) C Ly(Q) —

Lo(Q) @pedeorvmos, u ind A = 0.

Teopema C.4. [Tycmo curvro srrunmuueckutl onepamop A : D(A) C

Ly(Q) — Lo(Q) cummempuueckuii, m. e.

(Aw, v) 1,00 = (4, AV) 1,0 (C.8)
ons scex u,v € C™(Q). Tozda onepamop A : D(A) C Ly(Q) — Ly(Q)
camoconpscernolli, cnekmp o(A) cocmoum u3 eujecmseHHblX U30AUPO-
BAHHLIX COOCMBEHHbLX 3HAUEHULl \s > —Cy KOHeuwol kpamrocmu. MHo-
scecmeo cobemaennoix Gynkuuil {vs} onepamopa A obpasyem opmorop-

muposanmoill 6asuc 8 npocmparcmee Lo(Q), 8 mo 8pems KaK MHOMCECMB0
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Us

Vs + ¢

o

} ABAAEMC OPMOHOPMUPOBAHHbIM 6A3UCOM 8 NPO-

GynKyul {
cmpancmse W™ ((Q)) co ckarapHoim npoussedeHiuem
(0 i) =5 2. ((asie) + agal@)) D7, D%)L PR C)

2
lal,|B]<m

(C.9)

Teopembl C.2-C.4 BriTekatoT U3 caenctsuil 11 u 14 u teopembl 25 B [10,
ri. 14, § 6]. 3amertum, uto Teopembl C.2-C.4 cnenytor u3 Teopem A.17-A.19
0 CEeKTOpHaJ/bHBbIX onepaTopax U TeopeMm B.8 u C.1.

PaccmoTpuMm Teneps ypaBHeHHE

Au = — Z % a;;(z) ag;f) + Z a;(x) aga(f) + ag(z)u(x) =

i.j=1

(C.10)
= folzr) (z€Q)
C KPaeBbIM yCJIOBHUEM

ulog = 0, (C.11)

rie Q = (0,d) x G — uununap, G C R"! — orpanuyenHas 06JacThb, IPaHu-
na 0G knacca € C™°, ecau n > 3; a4, a;, ag € C>°(R") — BelecTBeHHO3HAY-

Hble PYHKUHH U a;j = aji; fo € Lo(Q)) — KOMIJIeKCHO3HAUHAs QYHKLHUSL.

3ameuanue C.1. ITycTe ypasHenue (C.10) cHABHO 3JHNTHYECKOE B Q,
u nyctb m = 1. Torma teopembl C.1-C.3 cnpaBensuBbl AJs omnepartopa A,
cooTBeTcTBYIOIIEro kKpaeBo 3anade (C.10), (C.11). Bosee Toro, ecau a; = 0

(¢=1,...,n), To 3akao4enre TeopeMbl C.4 TakkKe BEpHO.

I'magkocTh pemeHuil. Mbl pacCMOTPUM CHUJIBHO 3JIJTUNITHYECKOE ypaBHe-
Hue (C.1) ¢ koadpuunentamu a,g € C*°(R"). IIpexnonoxkum, uro ) C R" —

MPOU3BOJIbHAS OTpaHHYeHHas 00./1acTh.
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OnHuM U3 HauboJjiee BaXKHBIX CBOHCTB 3JJHUNTHUYECKUX NH(epeHHaNb-
HBIX YPaBHEHHUH SABJAETCS IVIaAKOCTb PelleHHH Ha KOMIAKTHBIX MOAMHOXKe-

cTBax obsact (). DTO CBOHCTBO HE 3aBUCUT OT IVIAAKOCTH TpaHULbl OQ).

Teopema C.5. [Iycmov ypasnenue (C.1) cunrvro asrunmuueckoe 8 Q.
[pednoroxcun, umo fo € Wi (Q) u u — pewenue ypasnenus (C.1) 6 cmoic-

1e meopuu 0606ujerHblx ynkuuil, ede k € Z. Toeda u € k+2m(Q).

loc

JlokaszaTesbCTBO cM. B Teopeme 3.2 u3 [23, ra. 2, § 3].

Jdemma C.1. [Tycmo ypasuenue (C.1) cunvro arsunmuueckoe 8 Q, u
nycmy OQ N Bas(2") € C — omkpeimoe céssroe mroxrecmso (8 undyyu-
posanroti monoaoeuw). lpednoroxcum, umo fo € W*(Q) uu € Wm(Q) —
pewernue ypasrernus (C.1) 8 cmoicae meopuu 0606uerHblx QYHKYUL, 1OO-

siremeopAarouiee Kpaesgoim YCio8UAM

Dﬁ_lu‘anB%(mO) =0 (/L: 1,...,m),
ede 2° € 0Q, k > 0 — yenoe. Toeda u € Wk?m (Q N Bs (:EO)).

Hcnonb3ysi pasbuenue enuHuubl U jJeMmMmy C.l, Mbl MOJAyuuM cjenymoliee

YTBEPKIACHHUE.

Teopema C.6. [lycmo ypasnenue (C.1) cunvro assunmuueckoe 8 @, u
nycmo 0Q € C*. Ipednoroxcum, umo fo € WH(Q) (k > 0 — yesroe) u u —
0606uenHoe peutenue kpaesoti sadauu (C.1), (C.2). Toeda u € WH2m(Q).

Jlemma C.1 u teopema C.6 BbITeKaloT U3 jJeMMmbl 19 u teopemsl 23 B [10,

r1. 14, § 6].

3ameuanue C.2. 3aknaiouyeHue TeopeMbl C.6 BepHO Takke AJs1 KpaeBoH

sagaun (C.10), (C.11) ck=0um =1 (cm. [22, rn. 3, § 10], Teopema 10.1).
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AaaunTUuyecKue 3aJayv ¢ OOUMMU KpaeBbIMHU yCJIOBUAMU. PaccMoT-

puM cuctemy AU pepeHIHaNbHBIX YPABHEHUN

Az, Dyulx) = folz)  (z€Q) (C.12)

C Kpae€BbIMH YCJIOBUSAMH

B(z, D)u(z)lag = filz)  (z€0Q) (C.13)
OTHOCHTEJIbHO BeKTOP-PYHKUUH u = (ug,...,uyn). 3pecb Q C R" — orpa-
HUYeHHasi o6JsacTh ¢ rpanuueidl 0Q € C*, n > 2; A(z,D) u B(x,D) —
matpullbl opsigkoB N X N u mN X N COOTBETCTBEHHO C 3Je€MeHTaMH

Ajr(z, D)uy(z) = Z Ujka () D% ug(x) (j,k=1,...,N),

la|<2m

B(z, D)ug(x Z buka () D uy ()

|l <my,
(u=1,....mN, k=1,...,N),
Ujka, Dpka € C°°(R") — KoMmIekcHO3HauHble QyHKUUM; fo = (for1, ..., fon),
fi = (fir,---, fimn); m, 1 my, —uense, m > 1, m, > 0; fo; € WHQ)
(Gj=1,...,N) u f1, € WH2m=m=12(9Q) (u=1,...,mN) — KomIIeKc-
HosHauHbele PyHKUMH; [ > max{0, m, — 2m + 1} — neuoe.
O6o3naunm uepes A (x, D) u B (v, D) rnasHble OIHOPOIHbE YaCTH
onepatopoB A (z, D) u B,;(x, D) cOOTBETCTBEHHO, T. €.
A)(x, D)= > ajpa(z)D*, Bz, D)= > bua(z)D
|a|=2m | =m,,
Hapsiny c oneparopamu AJ (¢, D) u B);(x, D) Mbl PacCMOTPHM COOTBET-
CTBYIOLIME TOJUHOMBI

A6 = D apa(0)E B, = Y7 bura()E"

la|=2m la|=m,,
roe £ = (&1,...,&,), X =& X - X 0,
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O6osnaunm yepes AY(z, &) u BY(x, €) marpuus nopsaka NxN umN x N
¢ anementamn A (z,€) (j,k=1,...,N) u B)(2,§) (u = 1,...,mN,

— 1N

[Ipennonoxum, yto oneparopsl A(z, D) u B(x, D) ynoBjeTBopsitoT cJe-

NYIOUIAM YCJIOBUSIM.

Ycaosue C.1. Onepatop A(x, D) npasuroro arsunmuueckuii B (), T. e.

nonunoM det AY(z, € + Tv) nepemenno# T umeer posHo MmN KopHei

(@, & v), . T (@, € v)

C MOJIOXKUTEJbHBIMA MHHUMBIMHU 4YacTMH U m/N KOpPHeH ¢ OTpuULaTeJbHbIMU
MHHMBIMH 4acTIMH IJ1s1 BceXx ¢ € (), v # 0 u & # 0, OpTOroHa/JbHBIX K V

B R".

Ycaoeue C.2. Onepartop B(x, D) ynosaetBopsieT ycaosuro Jlonamurcko-

20 1o OTHOLIeHHIO K onepatopy A(z, D) Ha 0@, T. €. CTPOKH MaTPHILIbI
B(z,& + 10)A%x, & + 7v) "  det Az, £ + Tv)

mN

JIMHEAHO He3aBUCHMBI 0 MOLyJo mosuHoMa [] (7 — 7F(x,€,v)) mist Beex
p=1

r € 0Q u & # 0, OPTOrOHANBHBIX K V, Tle V — eIUHUYHBIH BEKTOpP BHYTPEH-

Hell HOpMaJu K () B TOUKe .

Bynem rosoputb, uto 3amaya (C.12), (C.13) asasunmuueckas, ecad BbI-
noJaHensl ycaoBus C.1 u C.2.
Ecnu onepatop A(z, D) NpaBUIbHO 3/IHNTHYECKHE B (), TO CYIECTBYyeT

noctosiHHas a > 0 Takas, uTo Ansi Becex £ € Q u 0 #£ £ € R?
a S < [ det A%, §)] < alg]*™

KoHcTaHTa a Ha3bIBaeTCS KOHCMAHMOLU AAAUNMULHOCTU.
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3ameuanune C.3. Eciu N = 1, To marpuua A(x, D) COCTOMT H3 OLHOrO

anementa A(x, D), a matpuua B(x, D) — u3 ogHoro croJbiia
(By(z, D), ..., By(xz, D).

O6osnaunm uepes A’(x, D) u Bj(x, D) rnaBHEle OZHOPONHBIE YACTH OIle-
paropo A(x,D) n B,(x,D) coorBerctBenHo. Torna ycsosue C.l1 mpuHu-
maet Bun: noauHoMm A%(z,€ + Tv) nmepemeHHOE T MMeeT DOBHO 1 KOpHeH
1 (z,&v), ..., 70 (x,& V) ¢ OJOXKUTENbHBIMA MHUMBIMH YaCTSAMK U 17 KOp-
Hefl C OTpPULATEJbHLIMM MHHUMBIMH 4acTMM I/ Bcex = € Q, v # 0 u
¢ # 0, oproroHanbHbiX K ¥ B R". ¥Ycnoue C.2 UMeeT CleYOUIMH BUI: MHO-
rounenbl BY(x, &+ 1v), ..., BY (2,& 4+ Tv) JHHEHHO HE3aBUCHMbI 10 MOALYJIIO
MOJMHOMA ﬁ (1 — 7 (x,&,v)) nns Beex x € OQ u & # 0, OPTOrOHATbHBIX
—1
K v, TIe VM— eIMHUUYHBIH BEKTOD BHYTpeHHeH HopMasu K O B TOUKe .
Ecnu onepatop A(z, D) cH/IbHO 3JJMNTHYeCKHE B (Q M aubo n > 3, Ju-

60 koadduuuenter A(x, D) BelieCTBeHHblEe, TO ITOT OMNEPATOpP MPABUJILHO

3JIINNITHYECKHH B ().

BBenem rusb0epTOBBEl MPOCTPAHCTBA BEKTOP-(DYHKLIUH

L@ =[]r@, W@ =][w@).

mN
WH(Q,0Q) = WHN(Q) x | [ wham=m122(0q)
pu=1
C HOpMaMH

~ 1/2 N 1/2
lvllzy@ = (Z IIUZ-I%Z(@) o Mullwevig) = (Z qu'I%w(Q)) :
1=1

=1

mN 1/2
Hf”wlN(Q) = (f()”%/[/l,N(Q) + Z flu”%;vlmmmﬂuz(aQ)) )

p=1

(C.14)
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e u = (Ul,...,UN), v = (Ulv"'va)’ f - (f07f1)7 fO — (fOla---afON) U
fi=(fir,-- -, fimn), | = max{0, m, — 2m + 1} — neuoe.

Onpenenum JMHEHHBIA OrpaHUUEHHBIH OMepaTop
LW i(Q) - Wi (@, 0Q)
no gopmy.e
Lu = (A(z, D)u, B(z, D)ulsq).
dyukuuio u € WH2N(Q) nasosem cusvroin peweruen sanaun (C.12),

(C.13) B WH2mN (), eciu Lu = f.

Jlemma C.2. [lycmo svinoansromea ycarosus C.1 u C.2. Toeda cyuie-

cmeyem AUHEeUHbLIL 0epaHuierHbll onepamop
. LN +2m,N
R:-W"(Q,0Q) — W (@),
KOMOpbLll A644eMCS NPABLIM U AEeBblM Pecyaipu3amopom onepamopa

L wHm(Q) - WH(Q,0Q).

JlokasaTesbcTBO cM. B [36], Teopembl 2.5 u 2.6, u [7, §§ 2 u 4].

13 teopem A.5, B.8 u semmbl C.2 Mbl TONYyYUM CJEYIOUIHE YTBEPKAEHHUS.

Jlemma C.3. [lycmo sovinoanenvr ycrosusa C.1 u C.2. Toeda Oas ecex

= Wl+2m,N(Q)
HUHW1+2m,N(Q) < Cl(HLuHWz,N(Q’aQ) + HUHLQ/(Q)) (C15)

Teopema C.7. [lycmo svinoanenot ycaosua C.1 u C.2. Toeda onepamop

L: Wi2mN(Q) — WY (Q, 0Q) gpedzorsmos.

AaauntuyecKue 3agadyu ¢ nmapamerpom. Mbl OyneMm HU3ydaTb CUCTEMY

nuddepeHInaNbHbIX YPaBHEHUN
A(z, D, Nu(x) = fo(x) (x € Q) (C.16)
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C KpaeBbIMH YCJIOBUAMHU

B(z, D, Mu(x)|ag = fi(x) (x € 0Q) (C.17)

OTHOCHUTEJIbHO BEKTOP-OYHKUUH U = (U, ..., uy). 30ech ) C R" — orpanu-
ueHHasi 06sacTh ¢ rpaHuued 0Q € C*, n > 2; A(x,D,\) u B(z, D, \) —
matpuubl nopsiakoB N X N u mN X N COOTBETCTBEHHO C 3JieMEHTaMH BHIA
Apla, D (@) = D apap@NDun(a) ik =1,...,N),
B+|a|<2m

Byr(@, D, Nue(@) = 3, Brapl(@)N" D ur(x)

Btlal<my,
(u=1,....mN, k=1,...,N),
Ujkags bukap € C™°(R™) — KommekcHos3Haunble GyHKUMY; fo = (fo1,- .., fon)
u fi = (fir,-.., fimn); m,m, —uensle uncaa, m > 1, m, > 0.
O6o3naunm uepes A% (v, D, \) u B)y(x, D, \) riaBHbie 01HODOHbIE Ua-
ctu oneparopos Aji(x, D, \) u Byi(z, D, \) COOTBETCTBEHHO, T. €.
A (z, D, A) = > ajrap(x)N' D,
B+|a|=2m
Bl(x,D,N) = > buras(x)N'D".
Btlal=my,
PaccMOTpUM COOTBETCTBYIOIIME MOJHHOMBI

A, &) = Y ajras(@)NE,

Blal=2m

(2,60 = ) buras(@)Ne™.

Atlal=m,
Mycts AY(z,&,\) u B (2, &, \) — marpuust nopsankoB N x N u mN x N
C 3JIeMeHTaMH
AN (z,&,N) (J,k=1,....N),
Bh(@,&2) (p=1,....mN, k=1,...,N).
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O6o3nauum uepe3 # samxuyThi#i yroq B C Buga § = {A € C : ¢; <
arg A < @o}.
[Ipennosioxum, uto onepatopbl A(z, D, A) u B(x, D, \) ynoBneTBopsiioT

CJEeNYIOIIUM YCJOBUSIM.

Ycnoeue C.3. [Noaunom det A%(x, € + 7v, \) nepeMeHHO# T MMeeT POBHO

mN KopHel

o (z, & v, N, .. .,7'+N(x,f, v, \)

m

C TMOJIO?KUTEJbHBIMH MHUMBIMH YacTsIMU U mN ¢ OTpuUaTeJbHbIMH MHHUMBIMHU

JacTsMHU s JIo6bX © € (), A € 0 u £, oproroHanbHbX K ¥ B R”, Takux,

uto [€| 4+ [A| #0, v #0.

Ycnosue C.4. CTpokU MaTpHILbI
Bz, + 7, VA (2, & + 7, ) det A(x, € 4+ T, \)

mN

JIMHEAHO He3aBUCHMBI 110 Mofy.Io noausoMa [] (7 — 7,7 (x,€,v,\)) 1 Beex
p=1

r € 0Q, A € 0 u £, opTOrOHaNBHBIX K v, TaKUX, 4To || + |A| # 0, roe v —

eIMHUYHBIA BEKTOP BHYTPeHHeH HopManu K O() B TOUKe .

Bynem roeoputh, uto 3amaua (C.16), (C.17) assunmuueckas 3adaua c

napamempom 8 cmoicae Aeparnosuua u Buwiuka, ecayu BBITIOJHSIOTCS YCJIO-

Bus C.3 u C.4 (cm. [1]).

3ameuanue C.4. Eciu N = 1, o matpuna A(z, D, \) COCTOUT U3 OHOTO

anementa A(x, D, \), a marpuua B(z, D, \) sBasercs cTon61omM

(Bi(x,D,)),...,Bn(z,D,\)",
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rage

A(x,D,X) = ) ags(x)N'D°,

B+|al<2m

Bu(x,D,X) = > bup@)A’D*  (p=1,...,m),

B+|al<2m
Gap, buap € C°(R"). Tlyers A%(x, D, \) u Bj)(x, D, \) — raBHbie OIHOPOL-
uele yactu A(x,D,\) u B,(x,D,\) coorBerctBenno. Torma yciosue C.3
npuauMaer Bua: noauHom AY(z, € + Tv, \) nmepemeHHOE T MMeeT POBHO M
kopuedt 14 (z,&, v, \), ..., Th(x,&,v,\) ¢ NONOKUTEJNbHBIMY MHUMBIMH Ya-
CTAMH M M KOpHEH C OTpHIaTeJbHBIMH MHHMBIMH UacTAMH A/ BCeX T € Q,
A€ u & oproroHambHbix K v B R", takux, uto [£| + |A| # 0, v # 0.

Ycnosue C.4 umeeT CaAefYOUIUH BUI: MTOJHHOMBbI
0 0
Bi(x,§ +71v,N),...,B, (v,§ + TV, \)

JIMHEHHO He3aBUCHMBbI [0 MOAYJIIO TOJHHOMA H (7 — 7, (2,&,v,\)) nas Beex
u=1
r € 0Q, A € 0 u £, OpTOroOHANBHLIX K V, Takux, 4to |£| 4 |v| # 0, roe v —

eIMHUYHBIH BEKTOP BHYTpeHHeH HOpMa/au K O() B TOUKe .
B rusib6epToBeix npoctpanctBax W(Q) (s > 0; Q = Q,0Q), WN(Q) u
mN
WH(Q.0Q) = WHN(Q) x | [ w2 mii2(9@)

p=1

MBIl BBeJ1€eM 3KBHBAJIEHTHbI€ HOPMbI, 3aBHUCALILHE OT )\, CJIeNYyIOIHUM o6pa30M:

1/2
ol = (10l + NPTl 0) (.18)

) 1/2
ellweni) = (Nulevig) + APy ) (C.19)

mN 1/2
LA wer @.00) = (Ifollwuv +Z||fml|§vz+zmmuuz(a@> , (C.20)
pn=1
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rage

u = (Ul, ce ,UN), f = (fo,fl),
fOZ(f()l;---;fON)a flz(flla"'7f1,mN)7

| > max{0,m, —2m + 1} — uenoe uuco.

BBenem JIMHEHHBIH OrpaHUYEHHBIA OMepaTop
L) : WY (Q) — WHY(Q,00)

no gopmyJie

L(N)u = (A(z, D, \)u,B(x, D, \ulaq).

Teopema C.8. [lycmo soinosnsromes ycaosus C.3 u C.4. Toeda cnpa-

gedausvl caedyroujue ymeepucoenus.
(a) Onepamop
L(X) : WHm(Q) — WH(Q,0Q)
gpedeorvmos v ind L(A) = 0 das scex A € C.
(b) Cywecmsyem Ay > 0 makoe, umo oas A € {\ € 6 : |A] = Ao}

onepamop L(\) umeem oeparuuenmoiti obpammbiLl
L' (V) : WY (Q,0Q) — WH2N(Q).
(c) das aroboix u € WIT2nN(Q)yu X e {r €0 : |\ = A}

al[LN)ulllweygag) < lllulllweenyg) < el [L(N)ulllwivgag)y, — (C.21)

ede cy1,co > 0 He 3asucam om A u u.

Wsyuum 3apnauy upuxne, npeanogaras, yto N = 1. Ha oneparopsl

Az, D,\) u B))(x, D, \) HaK/IaJblBalOTCA ClEAYIOLIMe YCIOBHSI.

Ycaosue C.5. Onepatop

Az, D, Nu(z) = Z ao (2) Du(z) + N2 u(x)

|a|=2m
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ecTb AU pepeHLHraNbHbIM OepaTop C BellleCTBEHHO3HAYHbIMU KO3(hPULHeH-

tTamu a, € C™(R") takumu, uto Y, aqn(z)€* > 0 mia 0 # & € R”

. |a|=2m
HredQ.
Ycaosue C.6. Onepartopsl
0 (L -1 _
B,(z,D, Nu(z) = (=i0/0v)" " u(x) (p=1,...,m)

CyTb FPaHHUUHBIE OTepaTopbl 3aaaun JlupuxJe.

OueBuaHO, Npu BhioJHeHUH ycaoBUH C.5 u C.6 mis J006bIX
0<e<m/2m,
Aew.={AeC:|arg\ <c}uU{reC:|arg\—7| <¢e}

onepatopst A°(z, D, A) u B))(z, D, \) ynoenersopsior ycaosusm C.3 u C.4.

HO3TOMy HMeeT MeCTO CJiedCTBHE.

CaenctBue C.1. [Iycmo svinosnernol ycarosus C.5 u C.6. Toeda cnpaseo-

AuUBbL cAedyrouue YymeeproeHus.
(a) Onepamop
L(A) - WH2(Q) — WH(Q,0Q)

gpedeonrvmos u ind L(A\) = 0 dan scex \ € C.
(b) Aas ar0boeo 0 < e < 7/2m cywecmsyem q = q(e) > 0 makoe, umo

o5 scex

ANEweyg={A€w.: |\ >q}
onepamop L(\) umeem oeparuuenmoiti obpamrbiL
L' (V) : WH(Q,0Q) — WM (Q).

(c) Ars 6cex u € W (Q) u \ € w., cnpasedausa anpuopHas oyemn-

ka (C.21).
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Teopema C.8 u caencteue C.1 BbiTekaroT u3 teopeMm 4.1, 5.1 u 5.2 B [1,
. 1].
Beenem neorpanuuenusiii onepatop A : D(A) € WH(Q) — WHQ) no
bopmysie
Au= Y aq(x)Du(z)  (u€ D(A)),

|a|<2m
D(A) = {u e W*™Q) : Bjulpo =0, p=1,...,m}, re a, € C*(R") —
BelleCTBeHHO3HauHbIe (DYHKIKH, a onepaTopsl A’ u B} yIOBJIETBOPSIOT yCJI0-

susam C.5 u C.6.

U3 caencteusa C.1 u teopem A.12 u A.l mMbl mosyuaeMm cjeacTBHE.

CaenctBue C.2. [Iycmo soinosnaromes ycaosus C.5 u C.6. Toeda cnpa-

g8edAusbl caedyroujue ymeepuoeHus.
(a) Onepamop
A:D(A) C WH(Q) — W(Q)

ppedzoromos, u ind A = 0.

(b) Cnexmp o(A) duckpemnuoiii, u ors n & o(A) pezorveenma R(n, A) :
WHQ) — WHQ) — komnakmruiti onepamop.

(¢) Aas arwoboco 0 < 6 < w sce mouxku cnekmpa o(A), 3a uckiro-
uenuem, OblMb MONCEM, KOHEUHO2O UX HUCAQ, NPUHAOAEHAM Yery

KomnaekcHot naockocmu |argn| < 9.

Cnencteue C.2 BbiTeKaeT M3 TeopeMbl 23 u caenctusi 27 B [10, ri. 14,

§ 6].

OpHomepHbIN caydau. VM3yunm cucteMy oObIKHOBEHHBIX AUGdepeHIn-

aJIbHBIX YPAaBHEHUH C NapamMeTpoM

A(t, Dy, Nu(t) = fo(t) (¢ € (di,d2)) (C.22)
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C KpaeBbIMH YCJIOBUAMHU
B,(t, Di, Nu(t)liea, = f,  (p=1,2) (C.23)

OTHOCHTEJIbHO BEKTOP-QYHKUHUU U = (U1, ..., UN).
3necs A(t, Dy, A) u B,(t, Dy, \) — marpuisl mopsaakoB N X N u mN x N
COOTBETCTBEHHO C 3JIeMEHTaMH

Ajilt, D, Nur(t) = > agrap@N Dfur(t) (G k=1,...,N),

a+p<2m

Bpuk(ta Dy, Nug(t) = Z bpukaﬂ(t))‘ﬂDtauk(t)

a+B<mpy,

(p=12, p=1,....mN, k=1,...,N),

d
Ujkags Dpukap € C°(R) — KOMIIEKCHO3HAYHBIe DYHKUMHK; Dy = —ZE;

Jo=(for,---, fon), Jo=(fors-- o, fomn);

m,m,, — uense, m =1, m, = 0.

[TycTb A?k(t,Dt,)\) u BY

puk(t, Dy, \) — rnaBHble OTHOPOIHbIE YaCTH OIle-

patopoB Aji(t, Dy, A\) n Bui(t, Dy, A) coorBercTBeHHO. O603HAUMM Yepes
A%(t,7,\) u B)(t,7,\) marpuusl nopsakoB N x N u mN x N ¢ snementa-

MH

A%t ) Gk =1,...,N),

B) it N) (p=1,2, p=1,....mN, k=1,...,N).

[Ipennonoxum, uto onepatopel A(t, Dy, A\) u B,(t, D, \) ynoB/ieTBopsitOT

cjaenyromumM yCJI0BUAM.

Ycaosue C.7. CyuectByer €, 0 < ¢ < 7/2, Takoe, 4TO MOJUHOM

det A%(t, 7, \)
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nepemMeHHoO# 7 uMeeT poBHO MmN KopHedl T (t,\),..., 7" (t,\) ¢ nonoxu-
TeJIbHBIMH MHHMBIMH 4YacTssMH ¥ MmN KOpHeH ¢ OTPHLAaTeTbHBIMH MHHMBIMU

yacTsMU AJst Beex t € [dy, dy] 1 0 # X € w..

YcaoBue C.8. CTpoku MaTpullbl

0 0 -1 0
B,(t, 7, A (t,7,\) det A°(t, T, \)

mN
JIMHEHO He3aBHCHMbI 110 MOAY/O mojuHoma || (7 — 7.7 (dy, A)) mns Beex

u=1
p=1,2u0+# )\ € w..
OmnpenesuM MPOCTPAHCTBO BEKTOP-(DYHKIHH
WEN(dy, dy) = HW (d1, d2)

C HOpPMOH

1/2
el (g, ) (Z [ [ ) :
rne k > 0 — neqoe. ITosoxxum
W[y, dy) = WY (dy, dy) x C™Y x ¢,

rae | > max{0, —2m + m,, + 1}.

Hnsa kaxngoro A € C onpenesum JIUHERHbIH OrpaHUYEHHBIH OMepaTop
L(A) : WHmN(dy dy) — WHN[dy, do]
no gopmyJie

L(\u = {A(t, Dy, \u, B,(t, D, Nuli—g }.
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Mub1 6yneM MCIoJb30BaTh HOPMBI, 3aBUCSIIHe OT mapamerpa A # 0,

1/2
[[[eell[wex dy o) (leuglwz n d2> , (C.24)

1/2
s = (s B + AP s ) (€25
1/2
1S Iy <||f0||WlNd1 iy T D AP /) fpu2) :
poft
(C.26)
rae v = (ui,...,un), f = {fo;j, fou}- g dukcupoBanHoro A # 0 3TH

HOPMbI 5KBHBaJIEHTHBl HOPMaM ||UHWI,N(d1’d2), Huj||Wz(d17d2) U HfHWz,N[dhdﬂ co-

OTBETCTBEHHO.

3ameuanue C.5. [lyctb BeimosHstoTes yeqaosus C.7 u C.8. Torna anaso-
ruuHo Teopeme C.8 omepatop L(\) ob6nanaer cienyolMi CBOACTBaMH.
(a) Omeparop L(\) : WiT2mN(d, dy) — WHN[dy, do] dpenrosbmos u
ind L(A) = 0 mas Bcex A € C.
(b) CymectByer Ay > 0 Takoe, 4yTo AJis1 A € we ), onepatop L(\) umeer
orpanuuenHblil 06patHbil L1(\) : WHN[dy, do] — WH2mN(d; dy).

(c) dns mobbix u € WH2mN(dy dy) n X € We Ao

al[ILA)ullbweviaya) < lfwlllwrsemyaay < ell[LNullwivig, a,), - (C.27)

rae ci, ¢o > 0 He 3aBHUCAT OT A U u.

CreJslaeM HEKOTOpbIE 3aMeUaHHs, Kacatolyecss 0ObIKHOBEHHOr0 AU (epeH-
LIMJIbHOTO YPAaBHEHUS C FPAHHUUHBIMHU yCJIOBUSAMH JlupHXJe.

Beenem nuneiinblil orpanndennsiii onepatop L(N) : W2(0,d) — W[0,d] =
Ly(0,d) x C x C no dpopmyse L(AN)u = (Au + Mu,u(0), u(d)), rae

Au = —ag(t)u" (t) + a1 (O)u'(t) + ao(t)u(t),
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a; € C0,d] — BemecrBenHosHaunbie ¢pyukiuu (i = 0,1,2), ao(t) = k > 0
(t € 10,d]), X € C.
Mbi GyeM HCMo/b30BaTh HOPMBI, 3aBHCSIIHME OT MapameTpa A,
1/2
llullweon = (g + Al 0n)
1/2
1 Mwioa = (1ol 00 + AP (AR +157)
rae f - (anflan)’ A # 0.
3ameuanue C.6. 3ameuanne C.5 ocraercs B cuje ass onepatopa L(A) :

W2(0,d) — WI[0,d] ¢ npoctpancteamu W?2(0,d) u W[0,d] B™MecTo mpo-

crpancts WH2N (dy dy) uw WHN[dy, do] cootBeTcTBEHHO.

BBeneMm Tenepb HeorpaHWYEHHBIH JIMHEHHBIH OMepaTop
A:D(A) C Ly(0,d) — Lo(0,d)
no QopmyJie
Au = Au (u € D(A)),
D(A) = {u € W*(0,d) : u(0) = u(d) = 0}.
3ameuanue C.7. Caencrue C.2 octaercsi cpaBeAJUBbIM /51 Orlepatopa
A D(A) C Ly(0,d) — La(0, d)

¢ npoctpancTBoM Lo(0,d) BMecto WH(Q).
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omepatopa, 94

¢ynxkuuu, 194

O6aactb, 192

O6o61ennas @yHkuus, 195
MelJieHHO pactyiias, 196

O60011eHHOE pelleHue
3agauu [upuxse nAnsS CHUJIBHO
3JUIUNITUYECKOTO  NU]hepeHu-
ajqbHOro ypaBHenus, 209
KpaeBOM 3a1auu A5 AuddepeHIHaNbHO-
Pa3HOCTHOTO ypaBHeHHs, 5O

HEeJIOKAJbHOU  SJJUIITHUYECKOH

3agauu, 132, 134

Onepatop
BBIPOXKIEHHBIA PA3HOCTHbIH, 42
KBa3u-1m-aKKpeTUBHbIH, 186
HEeBBIPOXKIEHHBIH pasHoCT-

HBIH, 42

HeperyJasipHbld pa3HOCTHBIN, 44



MPaBUJAbHO JJIUNTHYECKUH, 214
pa3HOCTHBIH, 36
peryJasipHbld pa3HOCTHBIN, 44
CeKTopHasbHblH, 186
CUJIBHO 3JIJIMNITHYECKUH U de-
peHuua bHbIH, 209
¢dpenronbmos, 175
m-aKKpeTUBHBIH, 185
m-ceKTopranbHbId, 186
Onepatop-pyHKLIUSA
aHaJuTHYecKas, 179
KOHeuHO-MepomopdHasi, 179
MepomopdHas, 179

¢penrosabmona, 179

[lonyropanuueiinas gopma
cuMMeTpuueckas, 186
comnpsizkeHHasi, 186

[lostoc oneparop-yukuuu, 179

[Topsimok ~ moJioca  omeparop-

¢yHkuuu, 179

[Tpeo6pazoBanue Pypre, 197

[IpoctpancTBo
[enbnepa, 193

Cob6oJsieBa, 199, 200, 202

Pas6uenue equnuubl, 194

PaHr co6cTBeHHOrO BekTopa, 181
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Pacnpenenenue, 195

Peryasipusarop
JeBblH, 176
npasbid, 176

PesonbBenTa, 183

PesosbBeHTHOE MHOXKeECTBO, 183

CuJsbHOE pellleHHe
3alaud TepMOKOHTpoJisi, 144

HaqaﬂbHO-KpaeBOﬁ 3agadyu  aJid

ypaBHeHHS TEeMJONPOBOJHO-
cty, 146
HEeJIOKAJbHOU  SJJUIITHUYECKOH

KpaeBoH 3agauu, 98
OOBIKHOBEHHOr0  AU(p(epeHLIH-
aJIbHOT'O YPaBHEHUS C HeJIOKaJlb-
HBIMH KpaeBbIMH yCJIOBUAMH, 29
neproanyeckoe, 151, 152
nepuoinyecKoe B cpenHeMm, 153
cucteMbl AU pepeHUHaNbHBIX
ypPaBHEHUH C HeJIOKaJbHBIMU

KpaeBbIMHU YCJIOBUAMH, 77

3JIJIMIITUYECKOH 3amauu, 124
Caen dyukuuu, 203
CobcTBeHHOe 3HaueHue, 183
Cnexrp, 183

IUCKpeTHbIH, 184



HempepbiBHbIH, 184 dopma
oCTaTOuHbIH, 184 cekTopuaJsbHasi, 186
ToyeuHbIH, 184 cuMMmeTpuueckas, 186

Teopema conpsikeHHasi, 186

Bioxenns CoGosena, 204 DpuapuxcoBo paciirpenue, 188

0 mpono/keHuu GyHkuui, 200 DyHKius

o caenax, 203 npucoenrHernHasi, 181

Mnanwepens, 198 cooctBeHHas, 180, 183
BHEHHU
YpaBHeHue DNnunTUUeckKas 3ajmada ¢ Tapa-

nddepeHiIMaJdbHO-DA3HOCTHOE, b4
AH(deperLt p ’ MeTpPOM B CMbicjie ArpaHoBnya H

CHJIBbHO 3Juuntuyeckoe, 208

Bumuka, 218
YcnoBue
JlonmatuHckoro, 214 Anpo
NpaBUJIbHON 3JUJIANITUYHO- onepatopa, 181
ctH, 214 ¢dopmel, 187
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