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ASYMPTOTICS OF SOLUTIONS
FOR NONLOCAL ELLIPTIC PROBLEMS IN PLANE ANGLES

P. L. Gurevich UDC 517.956.8

In the paper we investigate asymptotics of solutions for nonlocal elliptic problems in plane angles and
in R?\ {0}. These problems arise in studying nonlocal problems in bounded domains in the case
where support of nonlocal terms intersects with a boundary of a domain. We obtain explicit formulas
for the asymptotic coefficients in terms of eigenvectors and associated vectors of both adjoint nonlocal
operators acting in spaces of distributions and formally adjoint (with respect to the Green formula)
nonlocal transmission problems.

1 INTRODUCTION

T. Carleman [1] was one of the first to study nonlocal elliptic problems. Investigation of nonlocal prob-
lems with shifts mapping a boundary on itself are closely associated with paper [1]. In [2], A. V. Bitsadze and
A. A. Samarskii considered the Laplace equation in a domain G C R™ with the boundary condition that connects
the values of an unknown function on a manifold Y7 C dG with its values on some manifold inside G; on G \ T
the Dirichlet condition was set. Such a formulation is associated with further investigating nonlocal problems with
shifts mapping a boundary inside a domain. One can find a detailed bibliography devoted to nonlocal elliptic
problems in [3].

In the theory of nonlocal elliptic problems of this type, the most difficult case deals with the situation where
support of nonlocal terms intersects with a boundary [4-8]. This leads to appearance of power singularities for
solutions near some set K. Therefore, the problem of asymptotics of solutions near this set arises. Asymptotic
formulas for solutions to nonlocal elliptic problems in plane domains were first obtained by A. L. Skubachevskii
in [5]. They allow one to prove a number of principally new properties (in comparison with “local” elliptic problems
both in domains with angular points [9,10] and in domains with smooth boundary). For example, smoothness
of generalized solutions for nonlocal elliptic problems can be violated both near vertexes of small angles and near
a smooth boundary even for arbitrarily small coefficients in nonlocal terms [5,11].

In this paper we investigate the asymptotic behavior of solutions for nonlocal elliptic boundary-value problems
in plane angles and in R? \ {0}. Such problems arise as model ones when studying asymptotics of solutions for
nonlocal elliptic problems in bounded domains near the set . We obtain explicit formulas for the asymptotic
coefficients in terms of eigenvectors and associated vectors of both adjoint nonlocal operators (acting in spaces of
distributions) and formally adjoint (with respect to the Green formula) nonlocal problems. Earlier adjoint nonlocal
problems were studied in [12,13].

Note that a number of statements are proved similarly to results of papers [14,15]. In these cases we shall
just give schemes of proofs.

2 STATEMENT OF NONLOCAL PROBLEMS IN PLANE ANGLES AND PRELIMINARY INFORMATION.
ASYMPTOTICS OF SOLUTIONS

1. Consider the plane angle K = {y € R?: r > 0, by < w < bo} with sides 7, = {y € R?: 7 > 0, w = b, }
(0 =1,2). Here (w,r) are the polar coordinates of a point y; —7 < by < by < 7.

Translated from Trudy Seminara imeni |. G. Petrovskogo, No. 23, pp. 93-126, 2003.

1072-3374/04/1203-1295 (© 2004 Plenum Publishing Corporation 1295



Denote by P(Dy), Bs.(Dy), and Bgﬂ(Dy) homogeneous differential operators with constant complex coef-
ficients of orders 2m, my;, < 2m — 1, and my, < 2m — 1 respectively (o = 1,2; = 1,...,m). We shall suppose
that the operator P(D,) is properly elliptic and the system of operators { B, (Dy)}}_; is normal and covers P(D,)
on 7, (see [16, Chap. 2]). We do not impose any conditions (except the restrictions on orders) on the operators
Bgu (Dy), which play further the role of nonlocal ones.

Consider the following nonlocal elliptic problem in the plane angle K:

P(Dy)u=f(y) (ye<K), (2.1)
Bou(Dy)u = Bou(Dy)u(y)|, + (B3, (Dy)u)(Goy)|, = 9ouly) (Y E€), 0=1,2 pu=1,...,m. (2.2)

The notation (Bgu(Dy)u)(ggy) means that the expression (Bgu(Dy/)u)(y’) is taken for y' = G,y; G, is the operator
of rotation by the angle w, and expansion by [, times in the plane {y} such that by < by + w1 = bs +we = b < ba,
0 < Bs.

For any set G C R™ (n > 1), denote by C5°(G) the set of infinitely differentiable in G' functions with supports

belonging to G. We introduce the space H}(K) as a completion of the set C§°(K \ {0}) in the norm [[wl|g: () =
1/2 _
( > er(a_l+‘o‘|)|DZ‘w(y)|2dy> , where a € R, I > 0 is an integer. By H. /?(y') for I > 1 we denote the
al<t K
space of traces on aray v = {y € R2: 7 > 0, w = b’} (by < b’ < by) with the norm |\1/)||H171/2(,Y,) = inf |w| g (k)
(we HY(K): w = ).
Introduce the bounded operator corresponding to problem (2.1), (2.2):

m
L ={P(Dy), Bou(Dy)}: HP™(K) — Ho(K,v) = Ho(K) x ] [T He>" " 12().
o=1,2 p=1
2. Write the operators P(Dy), Bsu(Dy), and Bgu(Dy) in polar coordinates: P(D,) = r~2"P(w, D, rD,),
Boyu(Dy) = r~"o By (w, Dy, 7Dy, and BY,(D,) = r~™o» BY (w, Dy, rD,), where D,, = —iZ and D, = —i-.
We shall denote by w(A) the Mellin transformation of a function w € C§°(R.):

[o )

w(\) = (2m) /2 / = Yw(r) dr.
0
Put {f,gsu} =01in (2.1) and (2.2) and formally perform the Mellin transformation. Then we get

PN a(w,\) =0 (b <w < b), (2.3)
Bou(N)ii(w, \) = Boy(Ni(w, A)| + B, "o P ABY (Ni(w + wa, M| =0. (2.4)

w=b, w=by,

Here (and further) for short we omit the arguments w and D, in differential operators. This problem is the ordinary
differential equation (2.3) with nonlocal conditions (2.4) that connect the values of a solution @ and its derivatives
at the point w = b, with the values of a solution @ and its derivatives at the internal point w = b of the interval
(b1, b2). The asymptotics of solutions for the nonlocal problem (2.1), (2.2) in the angle K will be described in terms
of eigenvalues and corresponding Jordan chains of problem (2.3), (2.4).

Let us consider the operator-valued function corresponding to nonlocal problem (2.3), (2.4)
L) = {PN\), Bop(N)}: W2 (b1 b)) — Wby, ba] = Wby, by) x C*™.

Here W!(-) = Wi(-) is the Sobolev space of order [ > 0 (if [ = 0, we put W°(-) = La(-)).

Now we shall recall some well-known definitions and facts (see [17]). A holomorphic at a point A¢ vector-
function @(\) with values in W™ (b, by) is called a root function of the operator £(\) at Ao if ¢(X\g) # 0 and
the vector-function £(A)@(\) is equal to zero at \g. If £(\) has at least one root function at a point Ao, then
Ao is called an eigenvalue of £(\). The multiplicity of zero for the vector-function £(\)p()\) at the point g is
called a multiplicity of the root function p(\); the vector p(©) = ¢()g) is called an eigenvector corresponding to the

oo . .

eigenvalue \g. Let ¢(\) be a root function at a point Ao of multiplicity » and (X)) = 3 (A — X\g)?¢¥). Then the
j=0

vectors 1) ... p(*=1) are called associated with the eigenvector oo, and the ordered set p(©), ... =1 is called

a Jordan chain corresponding to the eigenvalue Ag. The rank of the eigenvector (%) (rank cp(o)) is the maximum
of the multiplicities of all root functions such that ¢(\g) = @@,
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Remark 2.1. An eigenvector and associated vectors ¢(@ ... o~ of the operator ﬁ()\) corresponding to
an eigenvalue )\ satisfy the equalities

v 1 5
> F?iﬁ(Ao)@‘”‘q) =0, v=0,...,%2—1. (2.5)
q=0 %’

Here and further, 97 is the derivative of order ¢ with respect to .
~ From equalities (2.5) and Lemma A.1, it follows that eigenvectors and associated vectors of the operator
L(A) are infinitely differentiable functions in the interval [by, ba].

From Lemma 2.1 of [6], it follows that all eigenvalues of the operator £()\) are isolated. Moreover,
dimker £(\g) < oo for any eigenvalue g, and the ranks of all eigenvectors are finite. Suppose J = dimker £(\)
and @O o07) ig a system of eigenvectors such that rank ¢(®1) is the greatest of the ranks of all eigenvectors
corresponding to the eigenvalue g, and rank ¢(©:7) (j =2,...,J) is the greatest of the ranks of eigenvectors from
some orthogonal supplement in ker £(\g) to the linear manifold of the vectors @1 ... ©©7=1)  The numbers
»; = rank ©(09) are called partial multiplicities of the eigenvalue Ao, and the sum s¢; + --- + 2 is called a (full)
multiplicity of Ao. If the vectors ¢(®7) .. (=13 form a Jordan chain for every j = 1,...,.J, then the set of
vectors {ga(ovj), o) g =1 ., J} is called a canonical system of Jordan chains corresponding to the
eigenvalue \g.

Ezample 2.1. Put by = —wy and by = wp. In the plane angle K = {y € R?: |w| < wo} (0 < wy < 7) with
sides 7, = {y € R?: w = (—1)%wp}, 0 = 1,2, we consider the nonlocal problem

Au= f(y) (y€ K), (2.6)

u|l =0, u‘w —|—bu(ggy)‘Vz =0,

7
where b € R, Gs is the operator of rotation by the angle —wy. The following model nonlocal eigenvalue problem
corresponds to problem (2.6), (2.7):
d?p(w
% — Np(w) =0 (|w| < wo), (2.8)
p(—wo) =0, p(wo) +bp(0) = 0. (2.9)

One can immediately check (see also [14, Chap. 2]) that, for b = 0 (that is, if problem (2.6), (2.7) is
“local”), the eigenvalues of problem (2.8), (2.9) have the form A\, = iZ% k € Z\ {0}. The eigenvectors cp,(go) (w) =

2wqp?
ei%w — eiiﬁw correspond to these eigenvalues. Associated vectors are absent, that is, all the eigenvalues are of
multiplicity 1.
Now we shall show that, for b # 0, there may be Jordan chains with a length more than 1 corresponding to
eigenvalues of problem (2.8), (2.9).
(I) First we consider the case A # 0. Substituting the general solution ¢(w) = c1e* + coe™*% for Eq. (2.8)

into nonlocal conditions (2.9), we get

cre7 M0 cpe’ = (),

2.10
(€M 4+ b)ey + (670 4 b)ey = 0. (210

Equate the determinant D(A) of system (2.10) with zero:
(e—)\wo _ e)\wo)(e/\wg 4 e—/\wg 4 b) —=0.

(1) Let us have e~*«0 — ¢A“0 = (. Then we obtain the series of eigenvalues
k
A = i—, keZ\{0}.
wo

The eigenvectors
0 ik _;mk
D () = T ik
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correspond to these eigenvalues. Consider the problem of finding an associated vector gag % (w). According to (2.5),

cpgk)( ) satisfies the equation

d2901k (mk)? (1)7227% 0) _
dw? wg Tk wo Plk

0 (|W| < wo)

sk -k -k
and nonlocal conditions (2.9). Substituting the general solution p(w) = ¢’ 50¢ 4 cpe i 50 +w(e“o” +e "w0®) of
the last equation into nonlocal conditions (2.9), we get

c1 + ¢c2 = 2wy,

2.11
(=" +b)er + (=1)F +b)ex = ~2(~1)"wo. 210
Therefore, an associated vector cp( )( ) exists if and only if
b=2(—1)""
If b= 2(—1)*"! we can put
1) izZkg —iTkw
P () = (w + 2w0)e’ 5 4 we 0,
Analogously, using (2.5), we find the second associated vector
2 s 2 ;T
A0 = (5 + 2+ 2 ) e — e
One can directly check that the third associated vector is absent.
(2) Let us have
M fem A0 1 = (. (2.12)

Then we obtain the following series of eigenvalues:

In(—2 4 vb2—4 2
A;n:MHﬂ for b < —2:
wo wo
+ arctan YA=t2 + 271
A =i § for —2<b<0;
wo
iarctan—“l_w—i— 2n+ 1)
A =i b ( ) for 0 < b < 2;
wo
In(b 4+ 824 o2n + 1
A, = G 2 )+i(n+ ) for b > 2,
wo wo

n € Z. If [b| = 2, then we have eigenvalues from the series {A1x}rez\ {0}, Which is considered above. The eigenvector

+ +
spgzl)i(w) — Mo _ *2)‘27#’0@ Az W

corresponds to the eigenvalue A\f,. Let us show that there are no associated vectors if A\ = A\i,. Substitute the

. 1)+ + _\E + _o)E _\E .
general solution goén) (W) = c1eM2n® + cge™M2n® 4 w(erm® + e 2A2nw0e A2 w) for the equation

d2 (1):|:

()£ 0)+
T — (50 205,08 =0 (jwl < wo)

2nP 2n

into nonlocal conditions (2.9). Then we have

e + e
e MWy 4 oWy = Quge Mo,

(2.13)
(e’\i’in‘”" +b)er + (e)‘itn‘”" +b)ca = fwo(e”\i’in‘”" + 6_3/\;"“}0).
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The rank of the matrix of system (2.13) is equal to 1. Therefore, system (2.13) is compatible if and only if

+ +
e~ M2nwo Quwpe " 2nwo
A w AL w —32E woy|
et 4 —wp(erzmo 4 320 w0)

The last equality is equivalent to the following one:
36X 4 =30 | 9p = 0.

From this, taking into account (2.12), it follows that either Ao — 1,b=—-2or om0 = —1, b = 2. But we now
consider the case |b| # 2. Hence, there are no associated vectors if A = A%,
(IT) The case A = 0 is studied analogously. It turns out that A = 0 is an eigenvalue of problem (2.8), (2.9) if

and only if b = —2. Moreover, if b = —2, then for the eigenvalue A = 0, there exist one eigenvector ga( )( ) =w+wp

and one associated vector ga( )( )=0.
Thus, we have shown that problem (2.8), (2.9) has eigenvalues of multiplicity more than 1 if and only if
|b] = 2.

3. The following result on isomorphism follows from [6, Sect. 2].

Theorem 2.1. Suppose the line Im\ = a + 1 — [ — 2m contains no eigenvalues of the operator [Z()\) Then
the nonlocal boundary-value problem (2.1), (2.2) has a unique solution u € H.*?™(K) for any right-hand side
{f,gou} € HL(K, ~). This solution is represented in the form

+oo+ih
wor) = m [P E O, G )
—oo+ih
Here h=a+1—1—2m, and F(Wa A) and éa’p,()\) are the Mellin transformations of the functions r®™ f(w,r) and
rMon go, (1) respectively.

Before we formulate a theorem concerning the asymptotic behavior of solutions for problem (2.1), (2.2), let
us prove two lemmas that describe solutions of the homogeneous problem.

Lemma 2.1. The function

p

u(w,r) = rire Z %(z In7r)?pP=9 (W), (2.14)
q=0 *’

where p(®8) € W2 (b by), s = 0,...,7 — 1, is a solution of homogeneous problem (2.1), (2.2) if and only if \o
is an eigenvalue of the operator L(\) and 0O . =1 is a Jordan chain corresponding to the eigenvalue \o;
p<x—1.

Proof. Omitting as above the arguments w and D,, in differential operators, write

p
1
P(Dy)u = 7’72m'P(TD Ju = T*Qm“AUP Xo +7rD;) E —' (ilnr)? p a)
q:
q=0

. 1.~ SN
_—2m4iA =% : q—v ,(p—aq)
r 0 ;:0 V!ak (M) qE:V G (ilnr)i™Vep . (2.15)
Similarly,
P P
—m i 1 125! . —v -
Bou(Dyyu=r w*“Ej;@BWQME:@_wxme PP, (2.16)
v=0 q=v ’
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Finally, consider the expression (Bg# (Dy)u)(Gy):

P

(B, (D,u)(@y) = r oo ment 20 37 0058, (00) 3 =

Applying the binomial formula to (ilnr 4 iln3,)?"* and using the relation

(ilnr+ilnB,) T P~ (W + w,).  (2.17)
s= 0 q=s

v

—-m iAo 1 . v—s 1 vViQ—m A D
60 outir 25'78)\ ()‘0)(111160) :Ea)\(ﬂo' out ABgu(A))h:Aoa

i sl(v—s)!
we obtain from (2.17)
BN | - P 1
(BY,(Dy)u)(Gy) = r~monttro Z_:O Eai(ﬂgm”“mBgu()\))th > m(i )PV (w+w,).  (2.18)
Combining the summands at the same powers of ilnr in (2.15), (2.16), and (2.18), we see that the function u
satisfies homogeneous problem (2.1), (2.2) if and only if

k
1 .
> ﬁé)ﬁﬁ(Ao)@(k‘h) =0, k=0,...,p. O

Any solution of the form (2.14) for homogeneous problem (2.1), (2.2) is called a power solution of order p
corresponding to the eigenvalue \g.

Repeating the proof of Lemma 1.2 of [15], from Lemma 2.1 of the present work, we derive the following
statement.

B Lemma 2.2. Let {(p(o’j), T =1 ,J} be a canonical system of Jordan chains of the operator
L(\) corresponding to an eigenvalue A\g. Then the funcmons
k
. . 1 .
uh9) (w, r) = piho Z — (i Inr)le*=) (W), k=0,...,%¢, -1, j=1,...,J (2.19)
q!
q=0

form a basis for the space of power solutions to homogeneous problem (2.1), (2.2) corresponding to the eigenvalue Xg.

Similarly to Theorem 1.2 of [15], using Theorem 2.1 and Lemma 2.2 of this work, one can prove the following
statement concerning the asymptotic representation of solutions for nonlocal problem (2.1), (2.2).

Theorem 2.2. Let us have {f,gou} € HL(K,v) N Hf“(K, v), where a > ay. Suppose the lines Im A =

a1 +1—1—2m and Im A = a+ 1 — [ — 2m contain no eigenvalues of the operator L(\). If u is a solution for problem
(2.1), (2.2) from the space H*2™(K), then

n %jn—1

N J
u(w,r) = Z Z Z BNy ED (W, 1) + uy (w, 7). (2.20)

1 j=1 k=0

Here A1, ..., \n are eigenvalues ofﬁ()\) located in the strip ap+1—I0-2m<ImA<a+1-—1-—2m;
(k,J) (w,r) pirn Z (ilnr)? (k q,J)( ) (2.21)

are power solutions (of order k) for homogeneous problem (2.1), (2.2);

{0, @lam ™D =1, T}
is a canonical system of Jordan chains of the operator £()\) corresponding to the eigenvalue Ap,, n =1,..., N; ch’j )
are some constants; uy is a solution for problem (2.1), (2.2) from the space H,P*™(K).

Remark 2.2. One can show that the formula (2.20) is valid even if the line ImA = a + 1 — [ — 2m contains
eigenvalues of the operator £(A). We demand that the line Im A = a + 1 — I — 2m have no eigenvalues, since this
condition will also be used for studying asymptotics of solutions for the adjoint problem (Theorem 4.2).

Remark 2.3. If the conditions of '_l:heorem 2.2 are fulfilled and the stripa; +1—1—2m <ImA <a+1—-1-2m
contains no eigenvalues of the operator £()), then the solution u from Theorem 2.2 belongs to the space H,F*™(K).
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3 ADJOINT NONLOCAL PROBLEMS IN ANGLES

1. In order to calculate the coefficients c,(, ) in asymptotic formula (2.20), we shall need operators that are
adjoint to the operators of nonlocal problems.

Denote Wby, bo]* = W(b1,bs)* x C¥™. Consider the operator £*(\): Wby, bo]* — W27 (b1 by)*, which
is adjoint to the operator £()\) with regard to the extension of the inner product in Ly (b1,b2) x C*™. The operator
L*(\) takes {1, Xon} € Wb, ba]* to L*(A\){t, Xou} by the rule

(@ L5 Xou}) = Z Z N Xop for all o € W2 (by, by).

Here and further (-, ) is a sesquilinear form on the corresponding couple of adjoint spaces.
First of all we give a remark analogous to Remark 2.1.

Remark 3.1. An eigenvector and associated vectors {w(o), Xo } e, Xf,’; 1)} of the operator £*(\)
corresponding to an eigenvalue \g satisfy the equalities

Z aqﬁ )W D X8 D=0, v=0,...,x—1 (3.1)

From equalities (3.1) and Lemma A.2, it follows that the components PO =D of an eigenvector and
associated vectors of the operator £*()) are infinitely differentiable functions in the intervals [b1, b] and [b, ba].

m
Denote H.(K,v)* = HL.(K)* x [] T[] H:™" ™2 (1,)*. Let £*: HL(K,v)* — H*+2™(K)* be the
o=1,2 p=1

m
operator adjoint to the operator £ with regard to the extension of the inner product in La(K) x [[ ] L2(vo)-
The operator £* takes {v,w,,} € HL(K,v)* to L*{v,w,,} by the rule o=1,2p=1

m
(u, L{v, Wy, }) = (P(Dy)u,v) + Z Z(Bau(Dy)“awau> for all u € HF?™(K). (3.2)
=1, /U‘:l

Consider the homogeneous equation
L{v, wepu} = 0. (3.3)

Lemma 3.1. The function
{v,wop } = { iXot+2m— 22 (i nr)7qP=9) pirotmon—1 Z (ilnr)ix P~ q)}, (3.4)

where {1)*), x()} € Wby, bol*, s =0,...,2 — 1, is a solution for homogeneous equation (3.3) if and only if \g is

an eigenvalue of the operator L*(\) and {9, Xa } {w(”_l),xgjﬁfl)} is a Jordan chain corresponding to the

eigenvalue \g; p < » — 1.

_ Proof. By Remark 3.1 the functions ) s =0,...,c— 1, belong to Lo(b1,b2). Therefore, for any u €
C§°(K \ {0}), the following identity holds:

b2 o] D
(u, L0, wepu}) = //Tﬁlﬁ(rDr)u - 7iXo Z %(z In r)24)(P=9) dr dw
by 0

q=0
I |
/Z Zrile (rD,) | b ~7’MOZ (zlnr)‘lx(p D dr
o=1,2 p=1 7 q= Oq
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) m D
L 1

+/ > e BY, (rDyul e g T a(ilnﬂglJrilnr)‘lefL ) dr (3.5)

0

o=1,2 p=1 q=0

if we put ' = r{_ " in the last integral, then we obtain exactly formula (3.2)).
if ! B,1 in the last i 1, th btai ly f la (3.2 ~ ~
Denote by 0y = Oy (w) the delta-function with support at the point b" (b1 <V < ba). Let P*(N), Bj,(A),

and (Bgu)*()\) be the operators formally adjoint to P(A), By, ()), and Bgu(j\) respectively.
Note that identities of the form

/Dw@ . w(p_Q) dw = <<107 wa(p_Q)>7 Dw‘P|w:b/ . X(p_Q) = (905 Dw(X(p_Q) & 6b’)>

(for o € W(by,by)) generate the distributions D,y ®~9 and D, (x?~9 @4y ) from the space W (b1, by)*. Therefore,
integrating in (3.5) by parts (for fixed w) and using the relations

I _ P
P*(rD,) (7’“0 l'(z lnr)qw(pq)) = it Z KP*(No) Z
oy~ L (p—a) ~1, ~_ 1 (p—a)
* iAo ; - _ ; —v -
BolrDr )(r Z—'(zlnr)qxai ' ®6b“) = Z: _' (Z (q— l/)!(“nr)q Xou ®6b")7

p
i . . 1
(Bg#)*(rD,.)(r“‘J By men—iA § —q (iln B, +ilnr)?x P 9 ®5b)

(i ln7)a~ VP~

P p
3 1 I I v (p—
=0 Y S0 N B )y, (X g ) )
q=v

v=0

(which are proved similarly to equalities (2.15), (2.16), and (2.18)), we conclude that the function {v, w,,} satisfies
homogeneous equation (3.3) if and only if

Zh'aAE* {'ll)k h)7Xg'k/il,h}:07 k:()?"'7p

(cf. the proof of Lemma 2.1). O

Any solution of the form (3.4) for homogeneous equation (3.3) is called a power solution of order p corre-
sponding to the eigenvalue .

2. Further we need a special choice of Jordan chains satisfying the conditions of biorthogonality and nor-
malization. Such chains are described in the following lemma.

Lemma 3.2. Suppose a canonical system of Jordan chains
{()O(O,j)7 s (p(%j—l,j) cj=1,...,J}
corresponds to an eigenvalue \g of the operator E()\) Then there exists a canonical system of Jordan chains

{OD XGNP Gy =1 T

of the operator f*()\) corresponding to the eigenvalue Ao such that the following relations hold:

v k
Z Z V+k+ 1-p—q) {(ai\/+k+1_p_q7)(>\0)90(q’§),¢(p’o)L2(b1,b2)

p=0 q:O m
+ > Z(3K+k+1_p_ql§au(>\o)<ﬁ("’§)7XS%O)C} = 0¢,¢0c—k—10- (3.6)

o=1,2 p=1

Here (,£=1,...,J;v=0,...,5¢¢ = 1; k=0,...,5¢¢ — 1; , 4 is the Kronecker symbol.

Proof. By Lemma 2.1 of [6], Ao is a normal eigenvalue of the operator E()\), that is, dimker E()\O) < o0,
codim R(L(\g)) < oo, and all points of the deleted neighborhood 0 < |A — Ag| < p (for sufficiently small p) are
regular ones for £(A). Thus, the necessary result follows from Lemma 2.1 of [15]. O
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4 CALCULATION OF THE COEFFICIENTS IN THE ASYMPTOTICS OF SOLUTIONS
FOR NONLOCAL PROBLEMS IN ANGLES

1. In this section, we obtain explicit formulas for the coefficients csl ) in asymptotic formula (2.20). First

we shall calculate the coefficients with the help of power solutions {v, ws,} for homogeneous equation (3.3), and
then we shall obtain a representation of the coefficients in terms of the Green formula.
Let A, be an eigenvalue of the operator £*()\), and let

{0, X8y, L {pGon D yCan=tiy: =1, Jn}

be Jordan chains of £* (\) corresponding to the eigenvalue A, and forming a canonical system. Consider the power
solutions (of order v) for Eq. (3.3)

{U'Sl’/’]) S-;szjy)z} { iAp+2m— 22 Zhl?" (V q,]) 1)\ +Tnau—lz ZIHT’ (l/ qd)}’ (4]_)

where v =0,...,5, — 1.

Theorem 4.1. Let the conditions of Theorem 2.2 hold; then the coefficients e from (2.20) are calculated
by the formulas

m
D = (f, il N L+ Y Y (o iwSE T ) L), (4.2)
o=1,2 p=1

where {vn 9) wgfr)l} is the vector defined by equality (4.1), and the Jordan chains

{SD(OJ) ) .’w(%j,n_laj). j=1,...,J.}
{00 xS0y, STy G ’”} j=1 o du ),
appearing in (2.21) and (4.1), satisfy conditions (3.6) of biorthogonality and normalization.
Theorem 4.1 is proved similarly to Theorem 3.1 of [15].

Remark 4.1. By Remark 3.1, the functions wﬁly’j ) belong to the space La(b1,b2). From this and from equalities
(4.1) and (4.2), it follows that

e < L Fs otz e ) + IFs oLt ()

if {f,90u} € HL(K,v)NH, (K,y)and a1 +1—1—2m <Im\, <a+1—1-2m.

From Theorems 2.2, 4.1, and the duality conception, one can obtain the following result concerning the
asymptotics of solutions for the adjoint problem:

L{v,we,} = V. (4.3)

Theorem 4.2. Suppose U € H.P?™(K)* N HLP*™(K)*, where a > a1, and the lines InXA = a; +1—1—2m
and Im\ = a + 1 — | — 2m contain no eigenvalues of the operator L(\). If {v,w,,} is a solution for problem (4.3)
from the space Hf“ (K,~)*, then

N J, #jn—1
{v, wop } = Z I LoD wl )} + {V, W) (4.4)
n=1 j=1 k=0

Here A1,..., AN are eigenvalues of the operator E()\) located in the strip ay +1 —1—2m < ImA < a+ 1 —

[ —2m; {vﬁlk’j),wgﬁ;fz} are the vectors defined by formula (4.1); dif?) are some constants; {V,Ws,} is a solution
for problem (4.3) from the space H.(K,~)*.
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2. Consider the Green formula for nonlocal elliptic problems. For this, we introduce the set v = {y: ¢ = b},
which is the support of nonlocal data in problem (2.1), (2.2). Denote K1 = {y: b1 < ¢ < b} and Ko =
{y: b < < ba}. For functions v(y) given in K we denote by v,(y) their restrictions on K,, 0 = 1,2. We say
that v belongs to C*°(K \ {0}) if v, belongs to C*(K, \ {0}), 0 = 1,2.

When considering the Green formula in the angle K, for short we shall omit the argument D, in differential
operators. Denote by P* the operator formally adjoint to 77. By virtue of Theorem 4.1 of [12] (see also Theorem 1
of [13]), there exist (not unique) (1) a system {B; ,}7"; of normal on ~, operators of order 2m — 1 —m,, , with
constant coefficients such that the system {B,,, B, }}/_; is a Dirichlet system on 751 of order 2m; (2) a Dirichlet
system { By, B;, }}'; on ~y of order 2m such that the operators B, and By, are of order 2m — p and m —  respectively.

Whenever the choice has been made, there exist differential operators Cy,, Cc'm, v, and TY (0 = 1,2
p=1,...,m;v=1,...,2m) with constant coefficients such that (I) the operators Cy, Caw T,, and TY, are of
order mau, 2m — 1 — mw, — 1, and v — 1 respectively; (II) the system {Cy,}i"; covers the operator P* on v,
and supplements {C7,, }/"; to a Dlrlchlet system on v, of order 2m; the system {7, }?™, is a Dirichlet system on =y

of order 2m; (IIT) for all u € CF(K \ {0}), v e C®(K, \ {0}), the following Green formula is valid:

(PU U)L2(K + Z Z ouls CO'M,U0'|70)L2(70) +Z B U’| y L )Lz(’y)

o=1,2 p=1

— Z u, P vy )k, + Z Z Copvo| . L2(% Z B'U‘W,Tmev)L?(w). (4.5)
p=1

o=1,2 o=1,2 p=1

Here

T,v= Tyvl‘w - Tl,v2|7 + Z (Tkgyvk)(ggly)‘,y,

k=1,2
where G, !is the operator of rotation by the angle —wy and expansion by 1/, times in the plane {y} (k = 1,2;
v=1,...,2m).
Formula (4.5) generates the problem formally adjoint to problem (2.1), (2.2):

P*(Dy)vs = foly) (y € Ko3 0=1,2), (4.6)
Con(Dy)v = CUM(Dy)U0|% =9ou(y) WEYV; 0=1,2; p=1,...,m),

T,(Dy)v = T,(Dy)oi| = T (Dy)vs| + D (T (D)) (G 'w)|, = huly) (er v=1,....2m).  (48)
k=1,2

Problem (4.6)—(4.8) is called a nonlocal transmission problem in the angle K [12,13].

For functions ¥(w) given in the interval (b1,b2), we denote by ¥1(w) and ¥2(w) their restrictions on the
intervals (b1,b) and (b,b2) respectively. We say that © belongs to C>°([by, b2]) if 01 belongs to C*°([b1,b]) and
U2 belongs to C°([b, ba)).

Write all the differential operators appearing in (4.5) in polar coordinates (omitting w and D,,): P(D,) =
7“_2mﬁ(rD7-), B,.(Dy) = T_m““BUM(TDT), etc. By Theorem 4.3 of [12], the following Green formula with the
parameter A is valid for any functions @ € C*°([b1,b2]) and ¢ € C*([by, b2]):

(73()‘)&76)112(171,52) + Z Z u CZIT;L( I)/th‘w:bg + Z Bu()‘)a|w:b ’ ,jru()‘,)ﬁ = (a’ﬁ*()‘l)ﬁl)Lﬂbhb)
o=1 2 =1 /_1,:1
+ (@ P N)02) Looon) + D, D BouWN|_y - CouW)To| _y + D> BN _y - Tnpu(V)5. (4.9)
o=1,2 p=1 p=1

Here N = \ — 2i(m — 1);

T,(\)0 = T,(V)or(w)| ,_, — ToN)o2(@)|_y + S B TEITE (W) T(w — o),
k=1,2

(1DSee [16, Chap. 2, Sect. 2.2] for the definition of a Dirichlet system.
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Formula (4.9) generates a problem formally adjoint to problem (2.3), (2.4):
PN (w) =0 (w € (by,b), P*Nia(w) =0 (we (bb)), (4.10)
Cou(ND(w) = Cop(Nis (W) =0 (6=1,2; p=1,...,m), (4.11)

T,(No(w) = T,(N01 ()] ,_, = TN o2w)| _, + Y B MV Won(w —wr)|,_, =0 (v=1,...,2m).
k=1,2 (4.12)

[SX

W=we

Problem (4.10)—(4.12) is called a nonlocal transmission problem on the arc (b1,bs2) [12,13].

Note that problem (4.10)—(4.12) can also be derived from problem (4.6)—(4.8) if in the latter we put f, =0,
gop = 0, and h,, = 0 and formally perform the Mellin transformation.

The operator

M) : W2 (b by @ W2 (b, by) — (WH(b1,b) @ W(b, b)) x C™ x C?™,

acting by the formula . . .
M(A U= {2acau(>‘)6a7:/(>‘)6}a

>*(A)01 (w) for w € (by,b) and Z(w) = P*(\) b2 (w) for w € (b, by).
Note that we cannot define 2 by the formula #(w) = P*(\)3(w) for w € (by, ba), since the function & € W+2m (by, b)®
WH2m (b by) may be discontinuous at the point w = b.

)
corresponds to problem (4.10)(4.12). Here z(w) = P
P

3. Now we shall establish a connection between Jordan chains of the operators £*(\) and M()). Put
CopNT = Co (V)7 (@) o=y,

Repeating the proof of Proposition 2.5 [14, Chap. 1] and using Green formula (4.9) and Remark 3.1, we obtain the
following result.

Lemma 4.1. The vectors {1(%, XS A=) G2 DY form a Jordan chain of the operator L*(\) cor-
responding to an eigenvalue g if and only if the vectors (9 ... (=1 form a Jordan chain of the operator M(N)

corresponding to the eigenvalue g — 2i(m — 1) and the vectors »*) and X((,IL) are connected by the relation
Eoy
X&) =3 ﬁagc;M(Ao — 2i(m — 1)),
r=0

Combining Lemmas 3.2 and 4.1, we get the following condition of biorthogonality and normalization of
Jordan chains in terms of the Green formula.

Lemma 4.2. Suppose a canonical system
{0, U =1L )
corresponds to an eigenvalue \g of the operator L (X). Then there exist a canonical system of Jordan chains
(O T g =1 T}
of the operator M()) corresponding to the eigenvalue \g — 2i(m — 1) such that the following relations are valid:

v

k
1 y L
Z Z (l/ +k+1 —p— q)| {(8)\+k+1 P qP()\O)(‘D(q’E)aw(pyg))Lg(bl,bQ)
p=0 ¢=0 :

. LN I ‘ .
+ Z(aAJrkH ? qBau()\o)SD(q’g),Zﬁagcclm()\oQZ(ml)W(p_T’O)
r=0 '

o=1,2 p=1

} = 5E,<6%§7k271,l/' (413)
C
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Put
C:m(Dy)U = C’C',#(Dy)vg(yﬂ%.
(k

Let us formulate the main result on a representation of the coefficients ¢, ) from asymptotic formula (2.20) in
terms of the Green formula.

Theorem 4.3. Let conditions of Theorem 2.2 be fulfilled. Then the coefficients c%k’j) from (2.20) are
calculated by the formulas

P = (v TN e+ Y0 D (Gaus i (Dy oo ) . (4.14)

o=1,2 p=1

Here ’uﬁl 9) s a power solution for the homogeneous nonlocal transmission problem (4.6)—(4.8) given by

Ugl/,j) — piAnt2m— QZ (ilnr q¢(l/ qJ)

where {wy(LO’j), .. ,1/)(%’ n=Ld), :j =1,...,J,} is a canonical system of Jordan chains of the operator M()\) cor-
responding to the eigenvalue \, — 21( — 1), and the chains {cp(o’]), .. ,cpsfj L), :73 =1,...,J,} (appearing

n (2.21)) and {1/) (© ]), w(ﬂj ), 1 j=1,...,Jn} satisfy conditions (4.13) of biorthogonahty and normalization.

Proof. Similarly to the proof of Lemma 2.1, one can show that v('/’] ) is a solution of the homogeneous

problem (4.6)-(4.8) if and only if wno ]), . ,dz,(;” n L) | is a Jordan chain of the operator M()) corresponding to
the eigenvalue \,, — 2i(m — 1).
Further, we have
Clu (D)ol = prntmen=1¢l (X, —2i(m —1) +rDy) Yy
q=0

1 )
—(i In T)qwﬁlu—qu)

2

v

- Mn+morlz FO3C0 (A — 2i(m — 1)) Z
q=s

Changing the order of summation and applying Lemma 4.1, we get

(i ln )T pr=a9),

v,j i Moy — - 1 sA N - 1 Y—a—s
C{yu(Dy)’U,(I 9) :TA"+ TH 12;8}\C{7u()\n7 Zq— Zh’l”” qul) q— J)
s=0 q=0
Now the necessary result follows from Theorem 4.1 and Lemma 4.2. 0O

3. Concluding this section, we consider the asymptotics of solutions for nonlocal problems in the angle with
a special right-hand side. Put
M M

1. 1
F(w,r) = a(z Inr)?fD(W),  Gou( Z E (ilnr) 91(732 {f(Q),g((,‘it)} € Wby, by) x C*™,
q:O ’ q:O

Let A be some complex number. If A is an eigenvalue of the operator £()), then denote by »(A) the greatest of
partial multiplicities of this eigenvalue; otherwise put s(A) = 0.
Lemma 4.3. For problem (2.1), (2.2) with right-hand side {r*A=2mF,piA=meuG, }, there exists a solution

MH-2( A)
u(w,r) = rt Z —(ilnr )7ulD (w), (4.15)

where u(? € W™ (by,by). A solution of such a form is unique if 3(A) = 0 (that is, if A is not an eigenvalue
of L(N)). If 52(A) > 0, solution (4.15) is defined accurate to an arbitrary linear combination of power solutions (2.19)
corresponding to the eigenvalue A.

The proof is analogous to the proof of Lemma 3.1 [14, Chap. 3].

Remark 4.2. The results of Sects. 2-4 are generalized for the case of a system of equations as well as for the
case of an arbitrary number of nonlocal terms with supports on different rays.
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5 ASYMPTOTICS OF SOLUTIONS FOR LOCAL PROBLEMS IN R?\ {0}

1. In investigating nonlocal elliptic problems in plane domains, one should consider solutions not in a whole
domain G but in G\ K, where K is a finite set of points (see [5,7]). And solutions may have power singularities near
the set K which corresponds to some conditions of coherence. To study asymptotics of solutions for such problems,
we need the results of Sects. 2-4 and of this section as well.

Let P(D,) be a homogeneous properly elliptic differential operator of order 2m with constant coefficients.

Introduce the bounded operator P = P(D,): H{F?™(R?) — H!(R?). We shall study the asymptotics of
solutions u € H.T2™(R2) for the equation

Pu = f, (5.1)

supposing that f € H.(R?) N H. (R?).

Write the operator P(D,) in polar coordinates: P(D,) = r~2"P(w, Dy,,rD,). The coefficients of the
operator P(w, D, rD,) as functions of w belong to the set C53 [0, 27] of 27-periodic infinitely differentiable functions.

Introduce the bounded operator P(\) = P(w, Dy, \) : Wat?™(0,2r) — Wi _(0,2n), where W (0,27) is
a completion of the set C52[0, 27] in W(0, 27).

From [5, Sect. 1], it follows that there exists a finite-meromorphic operator-valued function P~ ()) such that
its poles coinciding with eigenvalues of 75( ) are located (except, perhaps for a finite number) inside a double angle
less than 7 containing the imaginary axis. If A is not a pole, then 77 L(X) is a bounded inverse operator for P( ).
If the line ImA = a + 1 — [ — 2m contains no poles of the operator P~ L(X) (or no eigenvalues of the operator 73()\),
which is the same), then by [5, Sect. 1] the operator P is an isomorphism.

Using the formulated results and repeating the considerations of [14, Chap. 3], we shall obtain most of the
statements of this section.

Theorem 5.1. Suppose f € H.(R?) N H. (R?), where a > a1, and the lines In A\ = a; + 1 — [ — 2m and

ImA = a+1—1[— 2m contain no eigenvalues of the operator P()\). If u is a solution of problem (5.1) from the
space H:F2™(R?), then

N »jn—1

u(w,r) = Z B Dy ED () 1) + uy (w, 7). (5.2)

n=1 j=1 k=0
Here M\1,...,\y are eigenvalues of’ﬁ()\) located in the strip a1 +1 -1 —-2m <ImA<a-+1-—1—2m;

k

1 .
u(m)(w r) = ritn Z a(z lnr)qgogffq’j)(w) (5.3)
q=0 %

are power (of order k) solutions for homogeneous problem (5.1);

(0,9) (5¢5,n
{0, ¢

L) =1, J,)
is a canonical system of Jordan chains of the operator 75()\) corresponding to the eigenvalue \,,, n =1,..., N; c%k’j)
are some constants; u; is a solution of problem (5.1) from the space H,F*™(R?).

Remark 5.1. Similarly to the case of plane angles, one can show that formula (5.2) is valid even if the line
Im A = a+1—1—2m contains eigenvalues of the operator P(\). We demand that the line Im A = a+1—1—2m have
no eigenvalues, since this condition will also be used for studying asymptotics of solutions for the adjoint problem
(Theorem 5.3).

2. Further we shall obtain explicit formulas for the coefficients c; ) in asymptotic formula (5.2). First we
shall calculate the coefficients with the help of power solutions for a homogeneous adjoint equation and then we
shall obtain a representation of the coefficients in terms of the Green formula.

Consider the operator P*: H.(R?)* — H!T2m(R2)* adjoint to P with respect to the extension of the inner
product in Ly(R?) and the operator P*(\): Wi _(0,2r)* — Witr?™(0,27)* adjoint to P(\) with respect to the
extension of the inner product in Ly(0, 27).
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Let \, be an eigenvalue of the operator P*()). Let

(D, gD =1, T}

be Jordan chains of ’ﬁ*()\) corresponding to the eigenvalue \,, and forming a canonical system. Using the ellipticity

v.j) -

of the operator ’ﬁ*(w, D, \), the method of “frozen” coefficients, expansion of the functions wn in the Fourier

series by the functions e*** /\/27, ) and equalities of the type (3.1), one can show that 1/)” “9) are 2m-periodic
infinitely differentiable functions in the interval [0, 27].
Consider the power solution (of order v)

vﬁl”’j) pint2m—2 Z (ilnr qw(” > 3) v=0,...,%,—1, (5.4)

for the equation P*v = 0 corresponding to the eigenvalue A, of the operator 75*()\)

Theorem 5.2. Let the conditions of Theorem 5.1 be fulfilled. Then the coefficients c%k’j) from (5.2) are
calculated by the formulas

) = (f, v TR ey, (5.5)
where v are defined by equalities (5.4); the Jordan chains {cpn ’]),.. ,cp(% " 1’j):j = 1,...,J,} and

{1/)(0’]) .,wﬁlﬂj’"_l’j): j=1,...,J,} appearing in (5.3) and (5.4) satisfy conditions of biorthogonality and nor-
malization analogous to (3.6).

Remark 5.2. Since the functions ng’j ) are infinitely differentiable, from Egs. (5.4) and (5.5) it follows that
et < el f @2y + 1F |l g2))

if fe H/(R*)NH. (R*) anda;+1—1—-2m<ImA, <a+1-1-2m.

From Theorems 5.1, 5.2, and the duality conception, one can get the following result concerning the asymp-
totics of solutions for the adjoint problem:
Pro=10. (5.6)

Theorem 5.3. Suppose ¥ € H.™2™(R?)* N H.?™(R?)*, where a > a1, and the lines ImA = a1 +1—1—2m

and Im A\ = a + 1 — [ — 2m contain no eigenvalues of the operator P(\). If v is a solution of problem (4.3) from the
space H\ (R?)*, then

N
v=> Ay k3) 1y, (5.7)

(k.J)

Here M\, ..., N are eigenvalues of75()\) located in the stripa; +1—1—2m <ImA <a+1—1—2m; v, "’ are the

d( 2J)

vectors given by (5.4); are some constants; V is a solution for problem (5.6) from the space H!(R?)*.

3. Consider the Green formula for local elliptic problems in R?\ {0}. It is easy to see that, for any functions
u € C§°(R%\ {0}), v € C(R?\ {0}), the following Green formula is valid:

(P(Dy)u, v)Lyw2) = (u, P*(Dy)v) £y (r2)- (5.8)
Formula (5.8) generates a problem formally adjoint to problem (5.1):

P*(Dy)v = f(y) (y € R*\{0}). (5.9)

(2)The possibility of expansion of a distribution 1 € Wi _(0,27)* in the Fourier series by the functions ey(w) = e***/v/27 is
justified by the following equalities: (u, ) = <Z(u, ek)L2(O72W)ek,w> = (u,zwkek)
k k

L(0,27)’ where u € W}_(0,27) and vy = (e, v).
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Further, it is not hard to prove that, for any functions @ € C$2[0, 27] and © € C52[0, 2], the following Green
formula with the parameter \ is valid:

(P(w, Deoy N, D) 15 0,20) = (s P* (@, Doy N')0) L5 (0,20 (5.10)

where N = X — 2i(m — 1).
Formula (5.10) generates the operator

Q(\) = P*(w, Dy, A): WEF2™(0,27) — Wi _(0,27).

Using Green formula (5.10) and relations of the type (3.1), one can establish a connection between Jordan
chains of the operators P*(\) and Q(\).

Lemma 5.1. The vectors ¢(°), ... 4*~1) form a Jordan chain of the operator ’P*()\) corresponding to
an eigenvalue \q if and only if they form a Jordan chain of the operator Q( ) corresponding to the eigenvalue
)\0 — 22( 1).

Finally, using Lemma 5.1, we shall formulate the main result concerning a representation of the coeffi-
(k

cients ¢y ) from asymptotic formula (5.2) in terms of the Green formula.

Theorem 5.4. Let the conditions of Theorem 5.1 be fulfilled. Then the coefficients c'\*? from (5.2) are
calculated by the formula ' _

o) = (f,ivFan R L)) ey (5.11)

Here v is a power solution for homogeneous problem (5.9) given by formula (5.4); {wéo’j), e ,1/)7(£%j'”_1’j); j =
1,...,Jn} is a canonical system of Jordan chains of the operator Q(\) corresponding to the eigenvalue A, —2i(m—1);
the chains {gp ’J), cee ga(%’ b, j=1,...,Jn} (appearing in (5.3)) and {1/17(10’]), e ,wﬁl”f*”‘l’” i =1,...,Jn}
satisty the conditions of biorthogonality and normalization analogous to (4.13).

4. In investigating asymptotics of solutions for nonlocal problems in bounded domains, we need a result on
the asymptotics of solutions for adjoint local problems in R?\ {0} with a special right-hand side. We focus our
attention on the distinct from the model problem in the angle, where we needed a result on the asymptotics of
solutions for the original (but not adjoint) problem with a special right-hand side.

Let A be some complex number. If A is an eigenvalue of the operator P*(\), then we denote by s(A) the
greatest of partial multiplicities of this eigenvalue. Otherwise we put s(A) = 0.

Lemma 5.2. For problem (5.9) with right-hand side ¥ = ril~ 22 (i) 0@ w@) e Wm0, 2m)%,

there exists a solution
M+32(A)

— piA+2m—2 ; ay(@)
v=r —(ilnr)%'?] (5.12)

Where_v(‘n e W_(0,2n)*. A solution of such a form is unique if 2(A) = 0 (that is, if A is not an eigenvalue of P*(\)).
If 5(A) > 0, then solution (5.12) is defined accurate to an arbitrary linear combination of power solutions (5.4)
corresponding to the eigenvalue A.

Proof. The idea of the proof is analogous to that of the proof of Lemma 3.1 of [14, Chap. 3]. To complete
the picture we shall give a plan of the proof. One should substitute formula (5.12) of the solution into the equation

Pry = pih= 22 (ilnr) i )

reduce the factor 7**~2, and gather the coefficients of the same powers of ilnr. As a result, one obtains a system
of M + 5(A) equations, from which one finds unknown v(?). The statement that a solution of the form (5.12) is
unique (for »(A) = 0) or defined accurate to an arbitrary linear combination of power solutions (5.4) corresponding
to the eigenvalue A (for s(A) > 0) follows from the result analogous to Lemma 1.3 [14, Chap. 3], which restricts

the freedom in choosing power solutions for the equation P*v = 0. O
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A SMOOTHNESS OF SOLUTIONS TO NONLOCAL PROBLEMS
FOR ORDINARY DIFFERENTIAL EQUATIONS

In this Appendix, we establish two auxiliary lemmas concerning the smoothness of the above-mentioned
problems. These lemmas are necessary to prove the smoothness of eigenvectors and associated vectors of nonlocal
elliptic problems. R R

Let P(X), Bou(A), BS,(A), and By, ()) be the differential operators defined in Sect. 2.

Consider the operator

Lay(N) = {PN), Bopu(A)}: W2 (b1, bo) — Wby, bo] = W (b1, ba) x C*™.
We study the smoothness of solutions for the nonlocal problem
Lay(Nu = {f, gou}- (A.1)
Lemma A.l. Let u € W'2™(by by) be a solution for problem (A.1) with right-hand side {f,g,.} €

WH_k (bl, bg) Then u € Wl+2m+k(b1, bg)

Proof. The function u(w) is a solution of the problem

PMNuw) = f(w) (v € (b1,b2)),

B"“()‘)“(w)‘w=ba = Gop — ﬁ;m““"'i/\égu()\)u(w + we, )\)‘ c=1,2; pu=1,....,m,

w=b,"’

Therefore, applying Theorem 5.1 [16, Chap. 2], we obtain u € W!*+2m+k (b, py). O
Consider the operator [3’&)()\): Wby, ba]* — WH2m(by by)*, adjoint to the operator E(l)(j\) with regard to
extension of the inner product in La (b1, bs) x C*™ (see Sect. 3).
We shall investigate the smoothness of solutions for the adjoint nonlocal problem

Ezl)()‘){vvwau} =V (A.2)
Lemma A.2. Let {v,wy,} € W![b1,bs]* be a solution of problem (A.2) with right-hand side

W2m=F(by by)*, if0 < k < 2m,
v € —2m+k —2m+k .
%4 (bi,b) @ W (b,b2), ifk >2m

Then v € Wk(bl, b) ©® Wk(b, bg)

Proof. R . R .

(1) First, let us have [ = 0. Denote L(A) = L(g)(A) and L*(X) = L{;)(A).

Introduce the auxiliary operator 55()\) Lo(by,by) x C?>™ x C*™ — W?2™(by,be)*, taking {v,ws,, w,
ﬁa()\){v, Wop, Wy, + by the Tule

} to

O';L

m

(u, LN {0, wop, Wi, }) = (PN, 0) L (61,00) Z u Nl Ton
o=1,2 p

3

op

Z Z ”L“”Wégu()‘)“‘w cw! | for all w € W™ (b, by).

Clearly, i ]
Eé()\){’l], Wop, wo;t}' =L ()\){'U, ’UJUM}.

Introduce infinitely differentiable functions ¢, (w) (o = 1,2), {(w),

by — b
4 )

by —b]

(o(w) =1 for |by —w| < (o(w) =0 for |by — w| > 5

(W) =1-G(w) = GW).
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(2) Consider the expression EE (M) (¢i{v, wopu, Wopu}). Then we have

<U,[:5()\)(<1{U,'LUUM, wﬂu}» = (75()‘)11'7 CIU)L2(b1,b2) + Z BIM(A)uL:bl “Wip for all u e WQm(bla b2)

p=1
Moreover, from Leibniz’s formula, it follows that EE (N (G {v, Wop, wou}) € WHM1(by, bo)*, since

Cléé()\){va We wU;t} = Cli* ()\){'U; wa;t} S W2m_1(b17 b2)*

and v € La(by, by). Therefore we can use Theorem 5.1 [16, Chap. 2], which yields ;v € W (b1, ba).
Similarly, we get Gav € W'(by, b).
(3) Consider the expression L (\)(C{v, Woy, Wey}). Then we have

(1, L5 (N (L0 Wy wo})) = (PO, C0) 1y ey for all w € C5(—o0,b),

where v(w) is extended by zero for w < b;. Analogously to the above, we have EE(A)(({v,ww,ww}) €

W—2m+1(—00,b).(3) From this, the ellipticity of the operator P()), and the relation v € Ly(—o00,b), it follows that
2m

the generalized derivative d " (cv) belongs to the space W~=2m+1(—o0o, b). Therefore, by Lemma 12.3 [16, Chap. 1],

dw2m,
we have (v € W!(—o0,b). Similarly, one can prove that (v € W(bh, +00). Combining this with item (2) of the
proof, we obtain v € W(by,b) & W(b,bs).
Repeating the described procedure, after a finite number of steps we shall get v € W¥(by,b) @ WF(b, by).

(4) Finally, consider the case of an arbitrary [ > 0. From Lemma A.1, it follows that

R(L( (V) = R(L (o) (V) N Wb, ba]. (A3)

Moreover, by Lemma 2.1 of [6], R(ﬁ(l)()\)) is closed and codimR(i(l)()\)) is finite. From this and from (A.3),
it follows that the embedding Wl[bl,bg] into WO[by,bs] induces the isomorphism between the coset spaces
Wby, ba) /R(£y(N) and WOy, bal/R(Ly (V). ] )
Thus, we have codimR(L;)(A)) = codimR(L()(A)), and hence dimker(Lf; (X)) = dimker(Lf; (). From
this and from the obvious embedding ker(ﬁ’(o)()\)) C ker([:’{l)()\)), we obtain ker(ﬁfl)()\)) = ker([ﬁ?o)()\)).
Further, since ¥ € R(L¥,(\)), we have

@

(u, Ty =0 for all ue ker(ﬁ(l)()\)).
But from Lemma A.1, it follows that ker(f(l)()\)) = ker(f(o)()\)). Therefore,
(u, T) =0 for all u € ker(Lp)(N)).

Hence, we have ¥ € R(ﬁ’{o)()\)) since ¥ € W2™ (b1, bs)* by assumption. Let {f, gopn} € WOlb1, bo]* = WO[by, bo] be
some solution of the problem E’("O) (M{f, gop} = . By what has been proved, we have f € W¥(by,b) & W¥(b, by).

Clearly, {f, go.} is also a solution of the problem E’("Z)()\){f, gop} = VU; therefore,

{v.wou} = {f, gou} € ker(Lfy) (N)) = ker(L{g) (V).

Hence, v also belongs to W¥(by,b) © W(b, by). O
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B)W—5(—00,b), s > 0, is the space adjoint to I/i/s(foo7 b), where Vch(foo,b) is a completion of the set C§°(—o0,b) in the norm

s b . 1/2
= (%, S |8 aw)

1311



REFERENCES

1.

10.

11.

12.

13.

14.

15.

16.

17.

T. Carleman, “Sur la théorie des equations integrales et ses applications,” Verhandlungen des Internat. Math.
Kongr. Zirich, 1, 132-151 (1932).

A. V. Bitsadze and A. A. Samarskii, “On some simple generalizations of linear elliptic boundary value problems,”
Dokl. Akad. Nauk SSSR, 185, 739-740 (1969); English transl. in Sov. Math. Dokl., 10 (1969).

A. L. Skubachevskii, Elliptic Functional Differential Equations and Applications, Birkhduser, Basel-Boston—
Berlin (1997).

A. V. Bitsadze, “On some class of conditionally solvable nonlocal boundary value problems for harmonic func-
tions,” Dokl. Akad. Nauk SSSR, 280, 521-524 (1985); English transl. in Sov. Math. Dokl., 31 (1985).

A. L. Skubachevskii, “Elliptic problems with nonlocal conditions near the boundary,” Mat. Sb., 129 (171),
279-302 (1986); English transl. in Math. USSR Sb., 57 (1987).

A. L. Skubachevskii, “Model nonlocal problems for elliptic equations in dihedral angles,” Differents. Uravn.,
26, 119-131 (1990); English transl. in Differential Equations, 26 (1990).

A. L. Skubachevskii, “Truncation-function method in the theory of nonlocal problems,” Differents. Uravn., 27,
128-139 (1991); English transl. in Differential Equations, 27 (1991).

A. K. Gushchin and V. P. Mikhailov, “On solvability of nonlocal problems for elliptic equations of second
order,” Mat. Sb., 185, 121-160 (1994); English transl. in Math. Sb. (1994).

V. A. Kondrat’ev, “Boundary value problems for elliptic equations in domains with conical or angular points,”
Trudy Mos. Mat. Ob-va, 16, 209-292 (1967); English transl. in Trans. Moscow Math. Soc., 16 (1967).

V. A. Kondrat’ev and O. A. Oleinik, “Boundary value problems for partial differential equations in non-smooth
domains,” Uspekhi Mat. Nauk, 38, 3-75 (1983); English transl. in Russian Math. Surveys 38 (1964).

A. L. Skubachevskii, “Regularity of solutions for some nonlocal elliptic problem,” Russian J. Math. Phys., 8,
365-374 (2001).

P. L. Gurevich, “Nonlocal problems for elliptic equations in dihedral angles and the Green formula,” Mitteilungen
aus dem Mathem. Seminar Giessen, Math. Inst. Univ. Giessen, Germany, 247, 1-74 (2001).

P. L. Gurevich, “Nonlocal elliptic problems in dihedral angles and the Green formula,” Dokl. Ros. Akad. Nauk,
379, 735-738 (2001); English transl. in Russian Acad. Sci. Dokl. Math. (2001).

S. A. Nazarov and B. A. Plamenevskii, Elliptic Problems in Domains with Piecewise Smooth Boundary [in
Russian], Nauka, Moscow (1991).

V. G. Maz’ya and B. A. Plamenevskii, “On coefficients in the asymptotics of solutions for elliptic boundary
value problems in a cone,” Zapiski Nauchn. Seminara Leningr. Otdel. Mat. Inst. Akad. Nauk SSSR, 58, 110-128
(1975).

J. L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, Vol. 1, Springer,
New York—Heidelberg—Berlin (1972).

S. G. Krein and V. P. Trofimov, “On holomorphic operator-functions of several variables,” Func. Anal. Appl.,
3, 85-86 (1969).

1312



