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Abstract—The existence of Feller semigroups arising in the theory of multidimensional diffu-
sion processes is studied. An elliptic operator of second order is considered on a plane bounded
region G. Its domain of definition consists of continuous functions satisfying a nonlocal condition
on the boundary of the region. In general, the nonlocal term is an integral of a function over
the closure of the region G with respect to a nonnegative Borel measure u(y,dn), y € 0G. It is
proved that the operator is a generator of a Feller semigroup in the case where the measure is
atomic. The smallness of the measure is not assumed.
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1. INTRODUCTION AND PRELIMINARIES

It was shown in [9, 10] that any one-dimensional diffusion process is related to a strongly
continuous contractive nonnegative semigroup (the Feller semigroup) of operators acting on the
space of continuous functions. Moreover, a general form of the generator of this semigroup was
obtained, and all possible boundary conditions defining its domain were described.

In the multidimensional case, a general form of the generator of a Feller semigroup was obtained
in [1]. It was proved that the generator of a Feller semigroup is an elliptic differential operator
of second order (perhaps, degenerate) whose domain of definition consists of continuous functions
satisfying a nonlocal boundary condition. The nonlocal term is given by the integral of a function
over the closure of a region G with respect to a nonnegative Borel measure u(y,dn), y € 0G.

The following problem is unsolved. Given an elliptic differential operator of second order whose
domain is defined by a general nonlocal condition (see [1]), whether or not its closure is a generator
of a Feller semigroup?

One distinguishes transversal and nontransversal nonlocal conditions. In the transversal case,
the order of nonlocal terms is less than the order of local terms, whereas these orders coincide in
the nontransversal case. The transversal case was considered in [8, 14, 15, 17-19]. A method for
studying the more difficult nontransversal case was developed in [2, 6, 11, 16]. These papers are
devoted to obtaining sufficient conditions on the coefficients and the Borel measure (in the nonlocal
condition) that ensure the existence of a Feller semigroup.

In [2, 11], the authors study the case where the measure u(y, G) (after some normalization) is
less than one. In the present paper, we investigate nontransversal nonlocal conditions given on the
boundary of a plane bounded domain G, admitting the “limit case” in which the measure pu(y, G)
may equal one (it cannot be greater than one [1]). We consider a model case where the measure
w(y,dn) is atomic and different from zero only for y from some e-neighborhood of a set K C 0G
consisting of finitely many points.

By using theorems on the solvability of elliptic equations with nonlocal boundary conditions in
the Kondrat’ev weighted spaces [4], asymptotics of solutions near the conjugation points [3]| (the
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158 P.L. GUREVICH

points of the set K), and the maximum principle, we study the solvability of nonlocal problems in
the spaces of continuous functions (see Sections 2-4). Applying these results and the Hille-Tosida
theorem, we prove in Section 5 that an elliptic operator with the above nonlocal boundary conditions
is a generator of a Feller semigroup.

In the conclusion of this section, we recall the notion of a Feller semigroup and its generator
and formulate a version of the Hille-losida theorem adapted for our purposes.

Let G C R? be a bounded domain with piecewise smooth boundary dG, and let X be a closed
subspace in C(G) containing at least one nontrivial nonnegative function.
A strongly continuous semigroup of operators T;: X — X is called a Feller semigroup on X if

it satisfies the following conditions:
(1) T[] <1, = 0;
(2) Tyju>0forallt > 0and u e X, u > 0.

A linear operator P: D(P) € X — X is called the (infinitesimal) generator of a strongly
continuous semigroup {T;} if

Pu = thI-Iklo(Ttu —u)/t, D(P) = {u € X: the limit exists in X }.

Theorem 1.1 (the Hille-Tosida theorem, see Theorem 9.3.11in [17]). 1. Let P: D(P)C X — X
be a generator of a Feller semigroup on X. Then the following assertions hold:

(a) The domain D(P) is dense in X.

(b) For each q > 0 the operator qI — P has the bounded inverse (g1 — P)~': X — X and
(eI -P) 1| <1/q.

(c) The operator (g1 —P)~1: X — X, ¢ > 0, is nonnegative.

2. Conversely, if P is a linear operator from X to X satisfying condition (a) and there is a

constant q1 > 0 such that conditions (b) and (c) hold for q > qi, then P is the generator of a
certain Feller semigroup on X, which is uniquely determined by P.

2. SETTING OF NONLOCAL PROBLEMS

Let G C R? be a bounded domain with boundary dG. Consider a set K C OG consisting of
finitely many points. Let dG \ K = [JY, T;, where T; are open (in the topology of G) C* curves.
Assume that the domain G is a plane angle in some neighborhood of each point g € K.

For an integer k > 0, denote by W§(G) the Sobolev space. By Wéfloc(G) we denote the set of
functions u such that u € W¥(G') for any G', G’ C G.

If X is a domain in R?, we denote by C§°(X) the set of functions infinitely differentiable on X
and compactly supported on X. If M C X, we denote by C§°(X \ M) the set of functions infinitely
differentiable on X and compactly supported on X \ M.

Along with Sobolev spaces, we will use weighted spaces (the Kondrat’ev spaces). Let either
Q={yeR%:r>0|lw <who@Q={yeR:0<r<d|w <w}, 0<wy<md>0, or
@ = G. We denote by M the set {0} in the first and second cases and the set IC in the third case.
Introduce the space H¥(Q) = HX(Q, M) as the completion of the set C§°(Q \ M) with respect to

the norm
1/2

ey = | 3 [Pty |
la|<k o

where a € R, k > 0 is an integer, and p = p(y) = dist(y, M). For an integer £ > 1, denote by
Hgil/Z(I‘) = H§71/2(1—‘, M) the set of traces on a smooth curve I' C Q (with the infimum norm).
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ON THE EXISTENCE OF A FELLER SEMIGROUP WITH ATOMIC MEASURE 159

Let pjr,p; € C>(R?) be real-valued functions, and let Pjk = Pkj» J,k = 1,2. Consider the
differential operator
2

2
Pu=>" pin(@)ty,y ) + Y 0i)uy, (1) + po(y)u(y). (2.1)
=1 =1

Condition 2.1. 1. There is a constant ¢y > 0 such that E?,k:l pik(¥)E&k > colél? for y € G
and £ = (51,52) € R2.

2. po(y) <0foryed.

Introduce the operators corresponding to nonlocal terms supported near the set K. For any
set M, we denote its e-neighborhood by O (M). Let Q5 (i = 1,...,N, s = 1,...,5;) be C*
diffeomorphisms taking some neighborhood O; of the curve I'; N O-(K) to the set 2;5(O;) in such a
way that Q;s(T; N O:(K)) C G and Q;5(g) € K for g € T; N K. Thus, the transformations §);4 take
the curves I'; N O.(K) inside the domain G and the set of their end points I'; N K to itself.

Denote by Q;;l the transformation Q;s: O; — Q;5(0;) and by Q;Sl: Qis(0;) — O; the inverse
transformation. The set of points inqiq( . (Qiil(g)) L) EK(1<s;<8;;,j=1,...,q) is said to
be an orbit of the point g € K. In other words, the orbit of a point g € K is formed by the points (of
the set K) that can be obtained by consecutively applying the transformations Qiij to the point g.

The set I consists of finitely many disjoint orbits, which we denote by IC,,, v = 1,..., Ny. Fix
an arbitrary orbit I, and assume that it consists of points! 95, 7=1,...,N,.

Take a sufficiently small number ¢ > 0 such that there exist neighborhoods O, (g;), O¢,(g;) D
O.(g;), satisfying the following conditions:

(1) the domain G is a plane angle in the neighborhood O, (g;);
(2) Oc (9) N O, (h) = @ for any g, h € K, g # h;
(3) if g; € T; and Qis(gj) = gr. then O:(g;) C O; and Qi5(O=(g;)) C Oc, (gr)-

For each point g; € I'; N K,, we fix a linear transformation Y;: y — ¢/(g;) (the composition of
—

the shift by the vector —Og; and rotation) mapping the point g; to the origin in such a way that
Y}(OEI (gj)) =0, (O)) Y}(G N0, (gj)) = Kj N Ok, (0)7 and Y}(FZ N O, (gj)) = Yjo N O, (0) (J =1
or 2), where

K; = {y eR?: r >0, lw| < wj}, Vio = {y ER?: r>0, w= (—1)"wj}, (2.2)

and w,r are the polar coordinates, 0 < w; < m. Without loss of generality, we assume that the
principal homogeneous part of the operator P at the point g; is the Laplace operator in the new
variables 7.

Condition 2.2. Let g; € I; N K, and Q;5(g;) = gr € K,; then the transformation Yy o ;s o
1/[1: O:(0) — O (0) is the composition of rotation and homothety.

Introduce the nonlocal operators Bu = 25;1 bis(y)u(Qis(y)) for y € T; N O(K) and Bju =0
for y € T'; \ O-(K), where b;s € C®(R?) are real-valued functions with supp b;s C O.(K).
Condition 2.3. The following relations hold:

S;
bis(y) >0, > bi(y) <1, yeTy (2.3)
s=1
Si Sj
Zbis(g)—i—ijs(g) <2, gEfiﬂfj Cc K, if i# 7 and fiﬂfj #* @, (2.4)
s=1 s=1

IThe points g; and other objects (see below) related to the orbit I, depend on v. To avoid clumsy notation, we
do not explicitly indicate this dependence.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 260 2008



160 P.L. GUREVICH
We will study the nonlocal elliptic problem
Pu—qu=f(y), yeGqG, ulp, -Bju =0, yely i=1,...,N, (2.5)
where ¢ > 0, and the same problem with nonhomogeneous nonlocal conditions. To consider prob-

lem (2.5) in spaces of continuous functions, we preliminarily study it in weighted spaces.
In the sequel, we need norms in weighted spaces depending on the parameter ¢ > 0. Set

1/
ull ey = (ullFre + @ lullioe ) k>0,
5(G) 2(G)

1/2
k—
ol 172y = (02 + 0 lolgy) 0 k21,

where v go(r,) = (fl“z p**|v(y)|* dr) 2 We also consider the following spaces:

1/2
HEH2(9G) HH‘““”/? o ez o = (mezmmm ) o U=

1/2
HA(G.0G) = HEG) x HE20G), 1 0)llsccom = (I Wrsey + 10125 oy ) -
Consider the bounded operator
L( ) H]];?j_—% 6(G) - H£+176(G7 aG)a L(Q)u - {PU - qu, 'LL|1—*Z. - BZU}, q= 0.

We prove the following theorem in Section 3.

Theorem 2.1. Let Conditions 2.1-2.3 hold, and let k > 0 be fized. Then there exists a number
91 > 0 possessing the following property: for any 6 € [0, 1], there is a number q; = q1(5) > 0 such
that the operator L(q) has a bounded inverse for q > q1 and

L@l coe < Il o < Ol cocy 9> (26)
where ¢,C' > 0 do not depend on u and q.

3. NONLOCAL PROBLEMS IN WEIGHTED SPACES

We fix an arbitrary orbit K, and assume that it consists of points g;, j = 1,..., N,. Denote by
u;(y) the function u(y) for y € O, (g;). If gj € Ty, y € O(g;), and Qis(y) € Oc, (gx), then denote
the function u(€;s(y)) by uk(Qis(y)). In this case, the nonlocal problem (2.5) takes the following
form in the e-neighborhood of the orbit £, :

Puj —quj = f(y), y € O(gj) NG,

u;(y) — Zbis(y)uk(gis(y)) =0, y€O(g;)NLy, i€{1<i<N:g;el;}, j=1,...,N,.

Let y — 3/(g;) be the change of variables described in Section 2, and let K; and 7;, be the
sets defined in (2.2). Set K: = K; N O:(0) and v, = 7jo N O:(0). Introduce the functions
Uj(y') = u(y(y')) and Fj(y') = f(y(y')) for y' € K5, where 0 = 1 (0 = 2) if the transformation
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y +— y'(g;) takes I'; to the side ;1 (7;2) of the angle K. Denote 3 by y again. Then, by virtue of
Condition 2.2, problem (2.5) takes the form

Ny ]Uk (3.1)
Z Z B]oks Uk g]oksy) 07 Y€ ’Y]a‘a'

k=1 s=1

Here P;(y, Dy) is a second-order elliptic differential operator with real-valued C*° coefficients such
that the principal homogeneous part of P;(0,D,) is the Laplace operator A; Bj,s(y) are smooth
functions; and Gy, is the operator of rotation by an angle w;s1s and homothety with a coefficient
Xjoks > 0 such that |[(—=1)7w; + wjers| < wp.

Following [4], we freeze the coefficients of problem (3.1) at the point y = 0, replace the operators
P;(0,D,) by their principal homogeneous parts, and set ¢ = 1. Thus, we consider the following
problem:

AU, - Uy = Fyly),  ye K,

Ny JUk (3.2)
BJOU U Z Z b]aksUk g]aksy) Y € Yjo
k=1 s=1

where U = (Ui, ...,Uy,) and bjors = Bjors(0). It follows from Condition 2.3 that

Ny Jffk ]1k ]2k
bjoks Z 07 Z Z b]oks S 1 Z < Z b]lks + Z b]2ks> < 2. (33)

k=1 s=1 k=1

Problem (3.2) should be studied in weighted spaces with nonhomogeneous weight (cf. [4]). De-
note by E¥(K;) the completion of the set C§°(K; \ {0}) with respect to the norm

1/2
Ek(K;) — )
1ol g5 () [y (g1 + 1) | D% (y)* dy
lal<k g,
where £ > 0 is an integer and a € R. Denote by Ek 1/2('yj,,) (k > 1 is an integer) the space of
traces on v, (with the infimum norm). Introduce the spaces of vector-valued functions

N, N,
I | (Ei:(Kn < TI Es+3/2<wjo>).
j=1

7=1 o=1,2

Consider the operator £: E2 s(K) — &Y 4(K,v) given by LU = {AU; — U;,B;,U}.
Our aim is to prove that the operator £ is an isomorphism for all sufficiently small § > 0. To
this end, we consider the analytic operator-valued function

N, Ny
L(A) HW2( w]awj)_’H([Q( wj, w;) X(C2)>
j=1 =1
LNy = {w}’ — Ngj, 0i((—1)7w;) — Z(Xjaks)i)\bjaks¢k((_1)ij + Wioks) }
k,s

Lemma 3.1. Let Conditions 2.1-2.3 hold. Then the line Im A = 0 contains no eigenvalues

of L.
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162 P.L. GUREVICH

Proof. 1. We assume that \g # 0 (the case Ay = 0 is analogous and simpler) is an eigenvalue
of £(\) and X is a real number. Let (w) be the corresponding eigenvector. We represent it in the
form p(w) = ¢} (w) + ip?(w), where p!(w) and p?(w) are real-valued C* functions. It is easy to
see that the function U = r?0p(w) = 0"y (w) is a solution of the following problem:

AU]' =0, ye€ Kj, BjUU =0, ye Yjo- (34)

We represent the function U as U = V + iW, where V = cos(Ag In7)p! (w) — sin(Ag In7)p?(w) and
W = cos(AgIn7)p?(w) + sin(Ag In )t (w). Since the coefficients in (3.4) are real, it follows that V'
(as well as W) is a solution of the problem

A‘/} =0, ye Kj, ngv =0, ye Yjo- (35)
Denote M = max;—1,..n, Supyek, |Vj(y)|. We claim that M = 0. Assume the contrary: M > 0.

2. If |V;(y°)| = M for some j and y° € Kj, then V;(y) = M by the maximum principle, and the
nonlocal conditions in (3.5) imply

M= Vi) = Vibyal € MY bjokss 0 =12 (3.6)
k,s

However, 0 < 3} (bjors < 1 for 0 =1 or 2 due to conditions (3.3), which contradicts (3.6).

3. Let |V;(y°)| = M for some j, o = 1 or 2, and y° € 7j,. In this case, taking into account (3.3),
we again deduce from the nonlocal conditions in (3.5) that

M = Vi) <D bioks Vi(Gionst®)| < M (3.7)
k,s
for 0 = 1 or 2. Therefore, the inequalities in (3.7) reduce to equalities, and we see that > ks bjoks =1
and |Vi,(Gjorsy”)| = M for at least one pair (k,s). However, this contradicts what has already been
proved, since gjgksyo € K.

4. Finally, we assume that there is a sequence {y*}52, C Kj such that |V;(y®*)| — M for some j
as |y*| — 0 or |y®| — oo.

We note that the function V; is periodic with respect to Inr; i.e., the function V; is completely
defined by its values on the set I?j =K;N{l <r < e/l

Since the set I?j is compact, there is a sequence {y*}52, C I?j such that |V;(y°)| — M as
7% — 7, where j € K ;. It follows from the continuity of the function Vj(y) on the compact set K j
that |V;(y)| = M. However, this is impossible due to what has been proved above.

5. It follows from items 1-4 that M = 0; hence V =0, i.e., ¢! (w) = p*(w) =0. O

Lemma 3.2. Let Conditions 2.1-2.3 hold. Then the operator L: EX(K) — EY(K,v) is an
isomorphism.

Proof. 1. First, we show that the operator £: £2(K) — E)(K, ) has the Fredholm property
and ind £ = 0. Consider the family of operators L;: EX(K) — &£)(K,~) given by L,U = {AU; —Uj,
Ujly,o — tZk,s bjgksUk(gjgksy)\wa}, 0 <t < 1. Similarly to the operator Z()\), we introduce the
operators ENt()\). By Lemma 3.1, the operators ENt()\) have no eigenvalues on the line ImA = 0.
Therefore, the operators £; have the Fredholm property by Theorem 9.1 in [12]. By using the
homotopy stability of the index of Fredholm operators, we obtain ind £; = const for ¢ € [0, 1]. Since
the local operator Ly is an isomorphism (see, e.g., Section 10.3 in [12]), it follows that ind £ =
ind £0 =0.

2. It remains to prove that dimker £L = 0. Let U € £(K) be a real-valued solution of the
problem

AUj=U;, yeK;,  BjU=0, yeo. (3.8)
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By the interior regularity theorem, the functions U; are infinitely differentiable in K. Let us prove
that U; are continuous on E

Since the line ImA = 0 contains no eigenvalues of L£(\), it follows from [7] that there is a
number ¢ € [0, 1] such that the strip —1 — § < Im A\ < 0 contains finitely many eigenvalues {\r} of
L(\) and —1 — & < Im )\, < 0. Taking into account that U; € E}(K;) C H}(K;) is a solution of
problem (3.8) with the right-hand sides U; € Ef(K;) C H%;(K;) and applying Theorem 2.2 in [3]
(about the asymptotics of solutions for nonlocal problems), we obtain

Jp gk — 1 m

m m m, 7 1 mfl,
U=303 2 AmIW U W) =Y i), (39)
q=1 m=0 =0
where <p(0 q), .. .,(pl(qu_l’q) € Hj C>®([~wj,wj]) is the Jordan chain corresponding to the eigen-

value Ag, clgm’q) are constants, and U ]’ € H? s(K;). Thus, using the Sobolev embedding theorem, we

see that the functions U; are continuous on K; and U;(0) = 0.
Furthermore, we claim that

|U;(y)| — 0 as |y| — oo. (3.10)

Indeed, since U € £3(K), it follows that U € £Y(K). Combining this with the fact that U is a
solution of the homogeneous problem (3.8) and applying Theorem 3.2 in [12], we obtain U € £3(K).
Fixing an arbitrary a > 1 and repeating these arguments finitely many times, we have U € £2(K).
Setting V(w,r) = U(w,r~!) and using the Sobolev embedding theorem and the fact that a can be
arbitrarily large, we see that the functions Vj(y) are continuous at the origin and |V;(y)| — 0 as
ly| — 0. This implies (3.10).

3. Set M = maxj—1__n, SUP g, |Uj(y)|. We claim that M = 0. Assume the contrary; let
M > 0. Due to the above properties of Uj, each of the functions |U;(y)| achieves its maximum at
some point yo € K; \ {0}. If |Uj(yo)| = M for some j and yo € Kj, then Uj(y) = const by the
maximum principle. In this case, using the equation in (3.8), we obtain M = |U;| = |AU;| = 0.

If [Uj(yo)| = M for yo € o, where 0 =1 or 2, then, using the nonlocal conditions in (3.8) and
inequalities (3.3), we obtain

M = |U](y0)| < ijaks|Uk(ngksy0)| <M. (311)
k,s

Thus, the inequalities in (3.11) are equalities, which implies Zk’s bioks = 1 and |Ug(Gjorsyo)| = M
for at least one pair (k,s). However, Gjorsy0 € K}, which is impossible by what has been proved
above. [

Corollary 3.1. Let Conditions 2.1-2.3 hold. Then there exists a number §;1 > 0 such that the
operator L: 5,’5:12 sK) — 5,’;+1 sEK,7), k=0,1,2,..., is an isomorphism for ¢ € [0,01].

Proof. By Lemma 3.2, the operator £: £2(K) — EY(K,~) is an isomorphism. On the other
hand, it follows from Lemma 3.1 and from the discreteness of the spectrum of L(A) (see [7]) that
there exists a number §; > 0 such that the strip —d; < Im A < 0 contains no eigenvalues of L(\).
Similarly to Proposition 2.8 in [5, Ch. 8], one can show that the operator £: £2_4(K) — &Y s(K,~)
is an isomorphism for ¢ € [0,d;]. By Theorems 9.2 and 9.3 in [12], the operator L: 5,’5:12 sK) —
E,’jﬂ_é(K, ) is also an isomorphism. [

Proof of Theorem 2.1. The required assertion follows from Theorem 8.1 in [4] and Corol-
lary 3.1. O
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4. NONLOCAL PROBLEMS IN SPACES OF CONTINUOUS FUNCTIONS

In what follows, we assume that a number § € [0,1] is fixed in such a way that neither the strip
—0 <ImA < 0 nor the line ImA = —1 — 4 contain an eigenvalue of Z()\) The existence of such a
number follows from Lemma 3.1 and from the discreteness of the spectrum of L(A) (see [7]).

Let g1 be the number occurring in Theorem 2.1. First, we construct an analog of the barrier
function for nonlocal problems. Consider the following auxiliary problem:

Pv—qv=0, yeaqG, vlp, -Bw=1, yely, i=1,...,N. (4.1)

Lemma 4.1. Let Conditions 2.1-2.3 hold. Then problem (4.1) admits a bounded solution
v € C®°(G\ K) such that inf, 7 cv(y) > 0.
Proof. 1. We fix an arbitrary orbit K, and consider the model problem
AWJI = 07 ye K;7 le (y) - Z bjokkul (gjcrksy) = 17 ye f)/;;o' (42)
k,s

Let us seek a solution of problem (4.2) in the form

le = p;(w), lw| <wj, j=1,...,N,. (4.3)
Clearly, the functions ¢1(w), ..., N, (w) must satisfy the relations
Plw)=0, |wl<w;  @i((=1)7w) =D bjoks@r((—1)7w; + wjoks) = 1 (4.4)
k,s

or, equivalently, E(O)(p = {f}-,f}-g}, where f’J =0 and f}-g = 1. By Lemma 3.1, the number A =0
is not an eigenvalue of Z()\) Since the operator Z()\) has the Fredholm property and its index
equals zero [7], there exists a unique (real-valued) solution ¢ € [[; C*°([~wj, wj]) of problem (4.4).
Clearly, ¢;j(w) are linear functions. Using the nonlocal conditions in (4.4) and relations (3.3), one
can check that ¢;(w) > 0 for w € [—wj, wj].
2. Consider a function £ € C*°(R?) such that £(y) =1 for y € O, 5(K) and supp¢ C O:(K).
Let us seek the solution v of the original problem (4.1) in the form

o(y) =w'(y) +0'(y), yeG, (4.5)

where w' (y) = E(WW} (' (v)), y € O=(95), g5 € Ko, ¥’ + y(gj) is the transformation inverse to the
transformation y — 3/(g;) from Section 2, and the function w! is extended by zero to G \ O.(K);

the function v! is unknown.

It follows from relations (4.1) and (4.5) that the function v! satisfies the relations
Pvl - QIvl = fl(y)> ye Ga ’01|Fi - Bivl = le(y)a yE Fia (46)
where
fl=—Put+qut, gl =1—w'ly, + By, (47)
Set Vi'(y') = v (y(v)), Fi(v) = f1(y()), and Fjo(y') = fi(y(¥")), ¥’ € K, where y - ¢/(g;)
is the transformation from Section 2, g; € K, NT;. Denote ¥’ by y again. Then, due to (4.2)
and (4.7), we have

Fio(y) = Y (Bjoks() — bjoks) Wi (Gonst), v € K5/,
k,s

(4.8)

where Pj(y, Dy) and Bjsis(y) are the same as in (3.1).
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Using the facts that the principal homogeneous part of the operator P;(0, D) is the Laplace oper-
ator and Bj,15(0) = bjors and applying the Taylor formula, we deduce from representation (4.3) and

relations (4.8) that Fj € Hy, | _ 5(K€/2) and Fj, € H,Ijif/%(’yjc/f), e, {f1 f1} € M} 1 5(G,0G).
Therefore, by Theorem 2.1, there is a unique solution v' € H II:LZ 5(G) of problem (4.6). Since

k > 0 is arbitrary, it follows from the Sobolev embedding theorem that the function v given by (4.5)
belongs to C°°(G \ K). Clearly, it is a solution of the original problem (4.1).

3. Let us prove that v! € C(G) and v'(y) = 0 for y € K. Due to (4.6), the functions le(y)
satisfy the following relations:

2
AV!=Fly) + Fi(y), ye K/

4.9
- Z bjaksvkl (gjaksy) = Fjla(y) + F’J'U(y% ye 7;142’ ( )

k,s
where 17]1 = (A B P](y7Dy))‘/jl + Q1‘/}1 and le Zk s( JUkS( ) bjaks)vkl (gjoksy)'
Using the facts that the principal homogeneous part of the operator P;(0,D,) is the Laplace

operator and Bjgks(0) = bjoks and applying the Taylor formula once more, we represent the right-
hand sides of problem (4.9) as follows:

Fl+Fy= Ff+ F24r(w),  Fl+ Fip = Fly+ B2+ or, (4.10)

where ¥ € C([~wj,wj]), F} + F? € HO5(K/?) and v, € R, Fl + F2, € HZ (1),
To obtain the asymptotlcs of the functions le, we denote by {)\k} the (finite) set of eigenvalues

of £()\) lying in the strip —1 — 8 < ImA < —4. Then Theorem 2.2 in [3] and Lemma 4.3 in [3]
applied to problem (4.9) with the right-hand side (4.10) imply that

p2a Jk Hak — 1
L (mq (m,q) 2 5/2
Z%l—zlnr +§k:q211;0 w4V Y e K; (4.11)

where u¥) ¢ [; C*°([~wj,w;]), the functions W( ™4 are of the same form as in (3.9), ¢ (m 9 are
some constants, and Vf € H%; (K e/ 2) The asymptotic formula (4 11) and the Sobolev embeddmg
theorem imply that le € C’(K;/Z) and le( ) = 0. Therefore, v* € C(G) and v*(0) =0 for y € K.
In particular, this means that the function v = v' + w' is bounded.

4. It remains to show that m > 0, where m = infyeé\lc v(y). Assume the contrary; let m < 0.

Let a sequence {y*} € G\ K be such that v(y*) — m as k — oo. Since the sequence {y*} is
bounded, it contains a convergent subsequence (which we also denote by {y*}). Let y* — 3° as
k — oo, where 30 € G.

Using the maximum principle, the nonlocal conditions in (4.1), and relations (2.3), one can
verify that y° ¢ G\ K. Assume that y° € K, for some v. It follows from what has been proved in
item 1 that there is a constant A > 0 such that w'(y) > A in some neighborhood of »° (excluding
the point ¢ itself, at which the function w' need not be defined). On the other hand, we have
proved in item 3 that v!(y°) = 0. Therefore, v(y) > A/2 in some neighborhood of 3° (excluding the
point ¢ itself). Thus, the sequence {v(3*)} cannot converge to the nonpositive number m. O

For any closed set Q C G such that Q@ N K # @, we introduce the space
Cx(@) ={ueC(Q): uly) =0, y e QNK} (4.12)
with the maximum norm.
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Consider the space of vector-valued functions Ci(dG) = [[X., Cx(T;) with the norm

1 llex ey =, max, max H¢z||c(r

yel
where ¥ = {¢;} and ¢; € Cx(T;).
We study the solvability of the problem
Pu—qu=0, yeQG, ulp, —Biu=1v(y), yely, i=1,...,N, (4.13)

in the space of continuous functions.

Lemma 4.2. Let Conditions 2.1-2.3 be fulfilled, and let q > q1. Then, for any ¢ = {i;} €
Cic(0G), there exists a unique solution u € Ci(G) N C®(G) of problem (4.13). Furthermore, the
following estimate holds:

lullo@) < alldllecoa) (4.14)

where c¢1 > 0 does not depend on 1 and q.

Proof. 1. We prove the lemma for functions 1; that are infinitely differentiable and vanish in
a neighborhood of the sets I'; N IC. The general case will follow by the limit passage. Given v; with
the above properties, we have v; € H %2(1“1) Therefore, by Theorem 2.1, there exists a unique
solution u € H? (&) of problem (4.13). By Lemma 5.1 in [13], u € C°°(G \ K). Let {\x} be the
(finite) set of eigenvalues of EN()\) lying in the strip —1 — § < Im A < —§. Then, by Theorem 2.2
in [3] (about the asymptotics of solutions for nonlocal problems), the function w has the following
asymptotics near an arbitrary point g; € K, (j=1,...,N,,v=1,...,Np):

Jk Mgk — 1
=353 AW i),y e GOy,
k g=1 m=0
where cgf ™9 are constants, the functions Wé;ﬂ’q) (w,r) are of the same form as the components

of the vector W]gm’q) (w,r) in (3.9) (w,r are the polar coordinates centered at the point g;), and
W e H? 5(G). Therefore, applying the Sobolev embedding theorem, we see that u € C (@) and

u(y) =0, y e K. (4.15)

2. Let us prove estimate (4.14). Set M = ||¢[|¢, 9y and assume that M > 0.
Set wi(y) = Mwv(y) £ u(y), where v(y) is the function from Lemma 4.1. Equalities (4.1)
and (4.13) imply that the functions wy satisfy the relations

Pwy — quy = M(q1 — q)v(y), y € G,
wi|p, — Biws = M £;(y), yel,, i=1,...,N.
Since ¢1 < ¢, v(y) > 0 for y € G (by Lemma 4.1), and M > +1);, it follows that
Pwy —quws <0, ye€QG, wilr, —Bjws >0, yely, i=1,...,N. (4.16)

We claim that my = infyeé\,C wx(y) > 0. Assume the contrary; let my < 0. As in item 4 of

the proof of Lemma 4.1, we consider a sequence {y*} € G\ K such that y* — % and w (yx) — m4
as k — oo, where y° € G. The following three cases are possible: 3 € G, y° € T; for some i,
and 30 € K.
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Let y° € G. Since w4 (y) is continuous in G, it achieves its negative minimum m inside the
domain. It follows from the first inequality in (4.16) and the maximum principle that wy(y) = my
for y € G. Combining this relation with Condition 2.1, we find that Pw(y°) — quw+(y°) =
po(y")m+ — gmy > —gma > 0, which contradicts the first inequality in (4.16).

Let y° € T; for some i. In this case, it follows from (4.16) and (2.3) that

m4e = wi(yo) > Z bis(yo)wjE ) > my wa ) > my. (4.17)

Therefore, the inequalities in (4.17) are in fact equalities. This means that Zf;l bis(y°) = 1 and
w4 (Qis(y°)) = mx for some s; i.e., the function w (y) achieves its negative minimum at the interior
point Q;5(y°) € G. This contradicts what has been proved above.

Finally, assume that 4" € IC, for some v. By Lemma 4.1 we have m = inf y,eé\,cv(y/ ) > 0,
which yields

Mu(y) > Mm >0, yeG\K.
It follows from the latter inequality and from (4.15) that
wx(y) = Mu(y) £ u(y) = Mm/2 >0

in some neighborhood of y° (excluding the point y° itself, where w(y) need not be defined).
Therefore, the sequence {w(y*)} cannot converge to the negative number m..
Thus, we have proved that inf JEB\K wy (y) > 0, which yields

lu(y)] < Mu(y) <M sup o(y), yeG\K.
y'eG\K
Since the function u(y) is continuous in G, the last inequality implies estimate (4.14), where ¢; =
SUP, i\ v(y"). Clearly, the constant ¢; > 0 does not depend on ¢ and ¢. O
Now we consider the problem

Theorem 4.1. Let Conditions 2.1-2.3 be fulfilled, and let ¢ > q1. Then, for any f € C(G)

and 1 = {1;} € Cxc(0G), there erists a unique solution u € Ci(G) N W22710C(G) of problem (4.18).
Furthermore, if f =0, then u € Cic(G) N C*®(G) and the following estimate holds:

lullo@) < alldllecoa)
where ¢1 > 0 does not depend on ¢ and q.

Proof. Due to Lemma 4.2, it suffices to prove the existence of a solution u € Cic(G) N W227IOC(G)
for problem (4.18) with f € C(G) and ¢; = 0. Since f € C(G) C H%(G), it follows from
Theorem 2.1 that there is a unique solution u € H? 4(G) of problem (4.18) with the right-hand
sides 9; = 0. By Lemma 5.1 in [13] u € W2(G \ O,(K)) for all o > 0.

Let {A\r} be the (finite) set of eigenvalues of £(A) lying in the strip —1 — 0 < Im A < —4. Then,
by Theorem 2.2 in [3]| (about the asymptotics of solutions for nonlocal problems), the function u
has the following asymptotics near an arbitrary point g; € £, (j =1,...,N,, v =1,...,Np):

Jk Mgk — 1
=353 W i),y e GOy,
k gq=1 m=0
where c,i ™) are constants, the functions W,g?’q) (w,r) are of the same form as the components

of the vector W,gm’q) (w,7) in (3.9) (w,r are the polar coordinates centered at the point g;), and
u' € H? 4(G). Therefore, applying the Sobolev embedding theorem, we see that u € Ci(G). O
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5. EXISTENCE OF FELLER SEMIGROUPS

We introduce the space
Cp(G) ={ueCx(G): ulr, -Bju=0, yeTy, i=1,...,N}.
We prove in this section that the unbounded operator Pg: D(Pg) C Cg(G) — Cp(G) given by
Ppu=Pu, D(Pp)={u€ Cp(G)NW3,.(G): Pue Cp(G)}, (5.1)

is a generator of a Feller semigroup.

Remark 5.1. Consider a nontransversal nonlocal condition of the form (cf. [1, 2, 6, 11, 16])

bwuly) + [ lule) = ulm]miy.dn) =0,y € 3G, 5:2)

G

where b(y) > 0, m(y, -) is a nonnegative Borel measure, and b(y) + m(y,G) > 0, y € 0G.

Introduce a nonnegative Borel measure p(y, ) = m(y,-)/[b(y) + m(y,G)]. Then the nonlocal
condition (5.2) can be written as follows:

uty) ~ [ty dn) =0,y 5:3)
G
Assume that pu(y,-) = 0 for y € K and u(y, -) is a linear combination of delta functions supported

at the points Q;s(y) with the coefficients b;s(y) for y € I';. Then the nonlocal conditions (5.3)
and (5.2) assume the form

ulp, -Bju =0, yely i=1,...,N, u(ly) =0, yeKk.

Lemma 5.1. Let Conditions 2.1-2.3 hold. Let a function u € Cg(G) achieve its positive
mazimum at a point y° € G, and let Pu € C(G). Then there is a point y' € G such that
u(y') = u(y’) and Pu(y') <0.

Proof. If y° € G, then the conclusion of the lemma follows from the maximum principle. Let
y" € OG. Assume that the lemma is not true, i.e., u(y°) > u(y) for all y € G.

Since u(y?) > 0, it follows that y° € T'; N O.(K) for some i and b;s(y") > 0 for some s. Taking
into account that €;5(y°) € G and u(y®) > u(y) for all y € G, we have u(y®) — u(Qis(y°)) > 0.
Therefore, using (2.3), we obtain

S;
0=u(y®) =D bis(y”)u(Qis(4°) = > bis(y”) (u(y”) — u(Qis(y°))) > 0.
s=1

The contradiction proves the lemma. [

Corollary 5.1. Let Conditions 2.1-2.3 hold. Let u € Cg(G) be a solution of the equation

quly) — Puly) = f(y),  yeG,
where ¢ > 0 and f € C(G). Then

1
lulle@) < gﬂfﬂc@- (5.4)
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Proof. Let max, g |u(y)| = u(y?) > 0 for some ¢ € G. Then, by Lemma 5.1, there is a point
y! € G such that u(y') = u(y®) and Pu(y') < 0. Hence,

Jullo@ = 1) = uls!) = £ (Puls) + F6N) < (1l O

Lemma 5.2. Let Conditions 2.1-2.3 hold. Then D(Pp) is dense in Cp(G).
Proof. We will follow the scheme proposed in [11].

1. Let u € Cp(G). Since Cp(G) C Cx(G), it follows that, for any € > 0 and ¢ > ¢i, there is a

function u; € C*°(G) N Cx(G) such that

u — wnll o < min(e,e/(2e1)), (5.5)
where ¢; is the number from Lemma 4.2.
Set
f(y) = qui — Puy, y € G, (56)
m(y)zul(y)—Biul(y), yely,, i=1,...,N.
Since u1 € Cx(G), it follows that {1;} € Cxc(0G). Using the relation
inequality (5.5), and relations (2.3), we obtain
{Yitleeoe) < llu —wllo@ + I{Bi(u — ui)Hiee e < €/cr- (5.7)
Consider the auxiliary nonlocal problem
qu2_Pu2:f(y)a yEGa
(5.8)

ug(y) — Byua(y) =0, yeTly, ug(y) =0, yek.

Since f € C*°(G), it follows from Theorem 4.1 that problem (5.8) has a unique solution us € Cp(G).
Using (5.6), (5.8), and the relations u;(y) = wua(y) = 0, y € K, we see that the function
w1 = Uy — ug satisfies the relations

qui; — Pwy =0, y € G,
(5.9)
wi(y) — Biwi(y) = vi(y), yeTli, wi(y)=0 yek.

By Lemma 4.2, problem (5.9) has a unique solution w; € Cg(G) and (taking (5.7) into account)

lwillo@) < al{vitllec@a) < cg/ar =e. (5.10)
2. Finally, we consider the problem

Aug — Pug = Auo, y € G,
(5.11)
U3(y) - Blu3(y) = 0) Yy e Fia U3(y) = Oa ye K.

Since ug € Cp(G), it follows from Theorem 4.1 that problem (5.11) has a unique solution ug €
D(Pp) for all sufficiently large A > 0.
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Denote ws = us — ug € C(G). It follows from (5.11) that
Awg — Pws = —Pug = f — qus.

Applying Corollary 5.1, we have

If - QU2HC(§)-

>

HwZHC(@) <

Choosing sufficiently large A yields
[walle@) < e (5.12)

Inequalities (5.5), (5.10), and (5.12) imply

lu—usllog) < llu—wllo@ + lvi —uzllog) + lluz — usllog < 3e. O

Now we can prove the main result about the existence of a Feller semigroup.
Theorem 5.1. Let Conditions 2.1-2.3 hold. Then the operator Pp: D(Pg) C Cp(G) —

Cp(G) is a generator of a Feller semigroup.

Proof. 1. By Lemma 5.2, the domain of the operator Pp is dense in Cp(G).
2. By Theorem 4.1 and Corollary 5.1, there exists a bounded operator (¢I — Pg)~!: Cp(G) —

Cp(G) for all sufficiently large ¢ > 0 and

(@I —Pp)~"| <1/q.

3. Let us prove that the operator (¢I — Pg)~! is nonnegative. Assume the contrary. Then
there is a function f > 0 such that the solution u € D(Pp) of the equation qu — Ppu = f achieves
its negative minimum at some point y € G. Therefore, the function v = —u achieves its positive
maximum at the point y°. By Lemma 5.1, there exists a point y' € G such that v(y') = v(y") and
Ppu(y') < 0. Hence, 0 < v(y") = v(y') = (Prv(y') — f(y'))/q < 0. This contradiction shows
that u > 0.

Thus all the hypotheses of the Hille-Tosida theorem (Theorem 1.1) hold, and the operator

Pp: D(Pp) C Cp(G) — Cp(G) is a generator of a Feller semigroup. [
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