
Izvestiya� Mathematics ���� ����� c����� RAS�DoM	 and LMS

Izvestiya RAN � Ser� Mat� ���� 
����� DOI �����
�
IM����v��
n��ABEH������

Non�local elliptic problems with non�linear argument

transformations near the points of conjugation

P� L� Gurevich

Abstract� We consider elliptic equations of order �m in a domain G � Rn with
non�local conditions that connect the values of the unknown function and its deriva�
tives on �n� ���dimensional submanifolds �i �where

S
i�i � �G� with the values

on �is��i� � G� Non�local elliptic problems in dihedral angles arise as model prob�
lems near the conjugation points g � �i � �j �� �	 i �� j� We study the case when
the transformations �is correspond to non�linear transformations in the model prob�
lems� It is proved that the operator of the problem remains Fredholm and its index
does not change as we pass from linear argument transformations to non�linear ones�

Introduction

The �rst mathematicians who studied ordinary di�erential equations with non�
local conditions were Sommerfeld ���� Tamarkin �	�� Picone �
�� In ��
	� Carle�
man ��� considered the problem of �nding a holomorphic function in a bounded
domain G satisfying the following condition
 the value of the unknown function
at each point x of the boundary is connected with the value at ��x�� where
����x�� � x� ���G� � �G� Such a statement of the problem led to further
investigations of non�local elliptic problems with shifts that map the boundary of
the domain onto itself� In ���� Bitsadze and Samarskii ��� considered an essen�
tially di�erent type of non�local problems� They studied the Laplace equation
in a bounded domain G with a boundary condition connecting the values of the
unknown function on a manifold �� � �G with its values on some manifold lying
inside G� assuming that a Dirichlet condition is imposed on �Gn��� In the general
case� this problem was stated as an unsolved one�
The most di�cult situation appears when the support of non�local terms inter�

sects the boundary of the domain� We consider the following example� Let G � Rn

�n � 	� be a bounded domain with boundary �G � �� � �� � K�� where �i are
connected open �in the topology of �G� �n � ���dimensional C��manifolds� and
K� � ����� is an �n�	��dimensional connected C

� manifold without boundary�
�If n � 	� then K� � fg�� g�g� where g�� g� are the ends of the curves ��� ����
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Suppose that� in a neighbourhood of each point g � K�� the domain G is di�eo�
morphic to an n�dimensional dihedral angle �a planar angle if n � 	�� Consider the
following non�local problem in G


�u � f��y�� y � G� �����

uj�i
� biu��i�y��j�i

� �� i � �� 	� ���	�

Here b�� b� � R� and �i is an in�nitely di�erentiable non�degenerate transformation
that maps a neighbourhood Oi of �i onto the set ��Oi� such that �i��i� � G

and �i��i� � �G �� � �See Fig� ���� a� b��

Figure ���� The domain G with boundary �G � �� � �� for n � �� Here g�
and g� are points of conjugation of non�local conditions�

Problems of type ������ ���	� were considered by many mathematicians �see ����
��� and others�� The most complete theory of such problems is developed by
Skubachevskii and his pupils ��������� In particular� they proved Fredholm solubil�
ity of higher�order elliptic equations with general non�local conditions� determined
asymptotic behaviour of solutions near the points of conjugation of non�local con�
ditions� and studied the smoothness of generalized solutions� It is shown ���� that
the index of a non�local problem is equal to that of the corresponding local problem
if the support of non�local terms contains no points of conjugation �see Fig� ����a��
This is not generally true in the opposite case �see Fig� ���� b��
Properties of non�local problems in bounded domains are essentially determined

by the properties of model non�local problems in dihedral �or planar if n � 	� angles
� � fx � �y� z� � Rn 
 b� � � � b��� z � Rn��g �with ��� r� being the polar coordi�
nates of y� corresponding to the points of conjugation of non�local conditions� The
previous works �������� considered only the case when the transformations �is cor�
respond to linear transformations �that is� compositions of rotations and dilations�
in the y�plane� This restriction is quite unnatural in many applications� Let us
explain this on examples� Problems of type ������ ���	� arise as mathematical mod�
els of some plasma processes in a bounded domain ����� The non�local conditions
connect the plasma temperature on the boundary with the temperature inside the
domain and at other points of the boundary�
Another important application arises in the theory of di�usion processes� Such

processes describe� for example� the Brownian motion of a particle in a membrane
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G � Rn � It is known ��������� that every di�usion process generates some Feller
semigroup� By the Hille�Iosida theorem� investigation of this semigroup is reduced
to the study of an elliptic operator with boundary conditions that contain an inte�
gral over G with respect to a non�negative Borel measure �	��� In the most di�cult
case when the measure is atomic� the non�local conditions take the form ���	��
Their probabilistic meaning is as follows
 once the particle gets to a point y � �i�
it either jumps to the point �i�y� with probability bi� � � bi � �� or �dies� with
probability � � bi �and then the process terminates�� Thus the argument trans�
formations are generally non�linear in both the plasma theory and the theory of
di�usion processes�

Let us mention one more application of non�local problems� As shown in �	��� one
can reduce some boundary�value problems for elliptic di�erential�di�erence equa�
tions �in particular� those arising in the modern aircraft technology as models of
sandwich shells and plates �		�� �	��� to elliptic equations with non�local conditions
on some shifts of the boundary� Thus we again obtain non�linear argument trans�
formations in the non�local terms� �These transformations happen to be linear only
when the boundary of the domain coincides with �n� ���dimensional hyperplanes
on certain sets�� One can consult �	�� for other applications and references to papers
devoted to non�local problems�

In this paper we consider an elliptic equation of order 	m in a domain G � Rn

with non�local conditions that connect the values of the unknown function and its
derivatives on �n� ���dimensional submanifolds �i �where

S
i�i � �G� with the

vales on �is��i� � G� As mentioned before� essential di�culties arise when the

the support
S
i�s �is��i� of non�local terms intersects the boundary of the domain�

Then generalized solutions may have power singularities near some set ���� �For
example� in the case of the problem ������ ���	�� such singularities may appear near
the points g�� g��� Therefore it is natural to consider such problems in weighted
spaces� This enables us to investigate higher�order elliptic equations with general
non�local conditions� We study the case when the transformations �is correspond
to non�linear transformations in the model problems� The problem with non�linear
transformations turns out to be neither small nor compact perturbation of the
corresponding local problem� Nevertheless� we shall show that the operator of the
problem remains Fredholm and its index does not change as we pass from linear
transformations to non�linear ones�

We note that a more general structure of the conjugation point set and non�local
terms was considered in ��� in the case of second�order elliptic equations with non�
local perturbations of the Dirichlet conditions� This also justi�es the importance of
studying non�linear transformations �is� From our viewpoint� the advantage of our
approach is that it enables us to study equations of order 	m with general boundary
conditions� whose non�local perturbations may be arbitrarily large� On the other
hand� this approach also enables us to investigate the asymptotic behaviour of
solutions near the conjugation points ���� �����

The paper is organized as follows� In x � we consider the statement of the prob�
lem and discuss conditions that are imposed on the argument transformations in the
non�local terms� We also introduce the main functional spaces �weighted Sobolev
spaces� and obtain the model problems in dihedral and planar angles� In x 	 we give
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an example of a non�local problem with a non�linear argument transformation and
show that the operator corresponding to this problem is neither small nor compact
perturbation of the operator corresponding to the problem with linearized transfor�
mations� In x 
 we study properties of non�linear transformations near the points of
conjugation of non�linear conditions and prove several lemmas� which are used in x �
to get a priori estimates of solutions� In x � we construct a right regularizer which�
along with a priori estimates� guarantees the Fredholm solubility of the non�local
problem� Finally� in x � we show that the index of the problem with non�linear argu�
ment transformation is equal to that of the problem with transformations linearized
near the points of conjugation of non�local conditions�

x �� Statement of the problem in a bounded domain

�� Let G � Rn �n � 	� be a bounded domain with boundary �G �
SN�

i���i�
where �i are connected open �in the topology of �G� �n � ���dimensional C��
manifolds� We assume that� in a neighbourhood of each point g � �G n

SN�

i���i�
the domain G is di�eomorphic to some n�dimensional dihedral �or planar if n � 	�
angle � � fx � �y� z� � Rn 
 � � b� � � � b�� � 	�� z � Rn��g� where ��� r� are the
polar coordinates of y�
We denote by P�x�D� and Bi�s�x�D� di�erential operators of order 	m and

mi� respectively with complex�valued C
��coe�cients �i � �� � � � � N�� � � �� � � � �m�

s � �� � � � � Si�� Suppose thatP�x�D� and Bi���x�D� satisfy the following conditions
�see� for example� �	
�� Ch� 	� x ���

Condition ���� The operator P�x�D� is properly elliptic for all x � G�

Condition ���� The system fBi���x�D�g
m
��� covers the operator P�x�D� for all

i � �� � � � � N� and x � �i�

Let �is �i � �� � � � � N�� s � �� � � � � Si� be an in�nitely di�erentiable transfor�
mation that maps some neighbourhood Oi of the manifold �i onto the set �is�Oi�
such that �is��i� � G� We assume that the set

K �

��
i

��i n�i�

�
�

��
i�s

�is��i n�i�

�
�

��
j�p

�
i�s

�jp
�
�is��i n�i� ��j

��
can be represented as K �

S�
j��Kj � where

K� �

N��
p��

K�p � �G n

N��
i��

�i� K� �
N��
p��

K�p �
N��
i��

�i� K� �
N��
p��

K�p � G�

�����
HereKjp are disjoint �n�	��dimensional connected C

��manifold without boundary
�points if n � 	��
We consider the non�local boundary�value problem

P�x�D�u � f��x�� x � G� ���	�

Bi��x�D�u �

SiX
s��

�Bi�s�x�D�u���is�x��j�i
� gi��x��

x � �i� i � �� � � � � N�� � � �� � � � �m�

���
�
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where
�
Bi�s�x�D�u

�
��is�x�� � Bi�s�x

�� Dx��u�x
��jx���is�x�� �i��x� � x�

Example ���� Let us consider problem ������ ���	� in the two�dimensional case
with the transformations �i corresponding to Fig� ���� Then we have K� � fg�� g�g�
K� � f���g��g� K� � f���g��� ������g���g�

Figure ���� The domain G with boundary �G � �� ��� for n � �

It is shown in ��� that solutions of the problem ���	�� ���
� may have power
singularities near the points of K�� Therefore it is natural to consider ���	�� ���
� in
weighted spaces� We introduce the space H l

b�Q� as the completion of C
�
� �Q nM�

with respect to the norm

kukHl
b�Q�

�

� X
j�j�l

Z
Q

	��b�l	j�j�jD�uj� dx

����
�

Here Q is either the domain G� the angle �� or Rn � M � K� if Q � G� and
M � fx � �y� z� � Rn 
 y � �� z � Rn��g if Q � � or Q � Rn � C�� �Q nM�
is the set of in�nitely di�erentiable functions with compact supports contained in
Q nM � l � � is an integer� b � R� 	 � 	�x� � C��Rn nK�� is a function

� satisfying
c� dist�x�K�� � 	�x� � c� dist�x�K�� �x � G� c�� c� 
 �� and dist�x�K�� is the
distance from x to K�� if Q � G� and 	�x� � jyj if Q � � or Q � Rn � For l � �� we

denote by H
l����
b ��� the space of traces on a smooth �n� ���dimensional manifold

� � Q with the norm

k�k
H
l����
b

���
� inf kukHl

b�Q�
� u � H l

b�Q� 
 uj� � ��

We assume that l � 	m �mi� � � � � for all i� � and introduce the following
bounded operator corresponding to the non�local problem ���	�� ���
�


L �fP�x�D��Bi��x�D�g 


H l	�m
b �G�� Hl

b�G��� � H l
b�G�	

N�Y
i��

mY
���

H
l	�m�mi�����
b ��i��

�The existence of ��x	 follows from Theorem � in ����� Ch� �� x ��
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From now on we suppose that b 
 l� 	m� � unless otherwise speci�ed�
Let us explain the restriction on the exponent b� Suppose that the transforma�

tion �is takes a point g � �i � K� to the point �is�g� such that �is�g� � K�

or �is�g� � K�� Since the function u belongs to the Sobolev space W l	�m
�

near �is�g�� we see that the function u��is�x�� belongs to W l	�m
� near g� How�

ever� if b � l � 	m � �� then u��is�x�� does not generally belong to the weighted

space H l	�m
b � Therefore the trace �Bi�s�x�D�u���is�x��j�i

may not belong to

H
l	�m�mi�����
b ��i�� so the operator L is not well de�ned� But if b 
 l � 	m � ��

then we have W l	�m
� �G� � H l	�m

b �G� by Lemma ��	 of ��	�� and thus L is well
de�ned�
We note that in the two�dimensional case one can consider ���	�� ���
� in weighted

spaces with arbitrary exponent b �see ����� To do this� one should impose some con�
sistency conditions generated by the transformations �is� Namely� one must assume
that the solution u and the right�hand side ff�� gi�g belong to the corresponding
weighted spaces not only near K� but also near K� and K�� On the one hand� this
situation is thoroughly studied in ��� for transformations that are linear near K��
On the other hand� the changes described have nothing to do with the transforma�
tions �is near K�� Therefore we omit the proofs of the results for arbitrary b in the
two�dimensional case �see the end of x ���

�� We now consider the structure of �is near K� in more detail� We denote the
transformation �is 
 Oi � �is�Oi� by �

	�
is � and let �

��
is 
�is�Oi�� Oi be the inverse

transformation� Consider a point g � K�� The set of all points �
��
ipsp

�� � � ���i�s��g�� �
K� with � � sj � Sij � j � �� � � � � p �that is� all points which are obtained from g

by successive transformations �	�ijsj or �
��
ijsj

taking points of K� to K�� is called the

orbit of g and is denoted by Orb�g��
We introduce the set Si� � f� � s � Si 
 �is��i� � K� �� �g� Clearly� � � Si��

Suppose that the following conditions hold�

Condition ���� For each g � K��
a� the set Orb�g� consists of �nitely many points gj� j � �� � � � � N � N�g��
b� the points gj have neighbourhoods

bV�gj� � V�gj� � Rn n��
i�s

�is��i� �K� �K�

�
� s �� Si�

such that V�gj� � V�gk� � � for j �� k� and if gj � �i and �is�g
j� � gk� then

V�gj� � Oi and �is� bV�gj�� � V�gk��
Condition ���� For each g � K� and each j � �� � � � � N�g� there is a non�

degenerate smooth transformation x 
� x��g� j�mapping V�gj� � bV�gj�� onto a neigh�

bourhood Vj��� � bVj���� of the origin such that the following properties hold�

a� The images of G � V�gj� �G � bV�gj�� and �i � V�g
j� ��i � bV�gj�� are given

respectively by the intersection of the dihedral angle �j � fx � �y� z� � Rn �� � b�j �

� � b��j � 	�� z � Rn��g with Vj��� � bVj���� and the intersection of the side of �j

with Vj��� � bVj�����
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b� For x � bV�gj� the transformation �is�x� with s � Si� n f�g is given in the
new coordinates by �y�� z�� 
� ���is�y

�� z��� z��� where ��is�y
�� z�� � G�isy

� � o�jx�j�
with G�is being the operator of rotation by an angle ��is followed by a dilation with
coe	cient 
�is 
 � in the y��plane� We also assume that ��is��� z� � ��
c� In the new coordinate system� the operator G�is maps the side of the corre�

sponding angle �j �j � j�i�� onto an �n� ���dimensional half�plane lying strictly
inside an angle �k �where k � k�i� s� may be di
erent from j��

Conditions ��
 and ��� are analogous to those in ���� ����� where one studied
transformations that are linear near K� �and arbitrary outside a neighbourhood
of K���
Condition ��
� a� is in a sense equivalent to Carleman�s condition ���� which is

used in the theory of non�local problems with transformations mapping the bound�
ary of the domain onto itself�
Condition ��� means in particular that if g � �is��i n�i� � �j �K� �� �� then

the surfaces �is��i� and �j have di�erent tangent planes at g� The requirement

��is��� z� � � is necessary for ����� to be possible� If �is��i n �i� � G n K��
then �similarly to ���� ����� there are no restrictions on the geometrical structure of
�is��i� near �G�

Remark ���� One can consider the more general case when� for x � bV�gj�� the
transformation �is�x� with s � Si� n f�g is given in the new coordinates by
�y�� z�� 
� ���is�y

�� z��� ���is�y
�� z���� where ��is�y

�� z�� is the same as before while
���is�y

�� z�� � z��o�jx�j� and ���is��� z
�� � z� �the latter condition guarantees that Con�

dition ��
 a� holds�� However� for simplicity we study the transformations described
by Condition ����

�� Let us write model problems corresponding to the points of K��

We �x a point g � K�� Suppose that supp u �
�SN�g�

j��
bV�gj���G� We denote the

function u�x� for x � V�gj��G by uj�x�� If g
j � �i� x � bV�gj�� and �is�x� � V�gk��

then we denote u��is�x�� by uk��is�x��� Clearly� u��i��x�� � u�x� � uj�x�� The
non�local problem ���	�� ���
� takes the form

P�x�D�uj � f��x�� x � bV�gj� �G�X
s�Si�

�Bi�s�x�D�uk���is�x��j�i
� gi��x��

x � bV�gj� ��i� i � f� � i � N� 
 bV�gj� ��i �� �g�

j � �� � � � � N � N�g�� � � �� � � � �m�

By Condition ���� in the new coordinates� the linear part G�is of the transforma�
tion ��is maps one of the sides of �j �where j � j�i�� onto an �n� ���dimensional
half�plane that lies strictly inside �k� where k � k�i� s� may be di�erent from j� We
denote all these �n � ���dimensional half�planes by  k�� � � � � k�Rk

� �k� �If none
of the sides of the angles ��� � � � ��N is mapped inside �k� then we put Rk � ���
We also put bk� � b�k� bk�Rk	� � b��k � Then the sets

 k� � fx � �y� z� � Rn 
 � � bk�� z � R
n��g� � � �� Rk � ��
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are the sides of �k while the half�planes  kq are given by

 kq � fx � �y� z� � Rn 
 � � bkq� z � R
n��g� q � 	� � � � � Rk�

where � � bk� � � � � � bk�Rk	� � 	��
Let us introduce the function Uj�x

�� � uj�x�x
��� and denote x� again by x� By

Conditions ��
 and ���� the problem ���	�� ���
� takes the following �nal form


Pj�x�Dy� Dz�Uj � fj�x�� x � �j � �����

Bj���x�Dy� Dz�U � Bj���x�Dy� Dz�Uj j
j�

�
X
k�q�s

�Bj��kqs�x�Dy� Dz�Uk���
�
j�kqs�y� z�� z�j
j�

� gj���x�� x �  j�� �����

Here and in what follows �unless otherwise stated� we have j� k � �� � � � � N �
� � �� Rj � �� q � 	� � � � � Rk� � � �� � � � �m� s � �� � � � � Sj�kq� Pj�x�Dy� Dz��
Bj���x�Dy� Dz�� and Bj��kqs�x�Dy� Dz� are operators of orders 	m� mj��� and
mj�� respectively with variable C��coe�cients� ��j�kqs�y� z� � Gj�kqsy � o�jxj�
with Gj�kqs being the operator of rotation by an angle �j�kq and dilation by a
number 
j�kqs 
 � in the y�plane� Furthermore� ��j�kqs��� z� � � and bk� �
bj� � �j�kq � bkq � bk�Rk	��
We de�ne the following spaces of vector�valued functions


H l	�m�N
b ��� �

Y
j

H l	�m
b ��j�� H

l�N
b ��� � �

Y
j

Hl
b��j� j��

Hl
b��j� j� � H l

b��j�	
Y
���

H
l	�m�mj������
b � j���

We introduce bounded operators

L� �
�
Pj�Dy� Dz��B

�
j���Dy� Dz�

	

 H l	�m�N

b ���� H
l�N
b ��� ��

LG �
�
Pj�Dy� Dz��B

G
j���Dy� Dz�

	

 H l	�m�N

b ���� H
l�N
b ��� ��

Here�

B�
j���Dy � Dz�U � Bj���Dy� Dz�Uj j
j�

�
X
k�q�s

�Bj��kqs�Dy� Dz�Uk���
�
j�kqs�y� z�� z�j
j� �

B
G
j���Dy � Dz�U � Bj���Dy� Dz�Uj j
j�

�
X
k�q�s

�Bj��kqs�Dy� Dz�Uk��Gj�kqsy� z�j
j� �

�In what follows we consider functions Uk that are compactly supported in a neighbourhood
of the origin and we assume that ���

j�kqs
�y� z	� z	 � �k for x � suppUk� This guarantees that the

operators B�
j���Dy� Dz	 are well de�ned�
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with Pj�Dy� Dz�� Bj���Dy� Dz�� and Bj��kqs�Dy� Dz� being the principal homoge�
neous parts of the operators Pj��� Dy� Dz�� Bj����� Dy� Dz�� and Bj��kqs��� Dy� Dz�
respectively�
In what follows we use Pj � Bj��� Bj��kqs� B

�
j��� and B

G
j�� as a short notation

for Pj�Dy� Dz�� Bj���Dy � Dz�� Bj��kqs�Dy� Dz�� B
�
j���Dy� Dz�� and B

G
j���Dy� Dz�

respectively�
We note that the non�local terms of the operator B�

j�� contain the non�linear

transformations ��j�kqs while the non�local terms of B
G
j�� contain the linear trans�

formations Gj�kqs� Thus L
� and LG correspond to model problems with non�linear

and linearized transformations respectively�
As mentioned above� the problem with transformations linear near K� was stud�

ied in ��������� In particular� its Fredholm solubility was proved� In x 	 of the
present paper we shall show that the operator L� is neither small nor compact
perturbation of LG even if we consider functions U with arbitrarily small supports�
Therefore� to prove the Fredholm solubility of the problem ���	�� ���
� with non�
linear transformations� we shall obtain new a priori estimates and construct a right
regularizer� This will be done in x �� ��

�� The proof of a priori estimates and the construction of the right regularizer is
based on invertibility of the model operator LG � Let us formulate the conditions
under which LG is an isomorphism� Along with the model operator in dihedral
angles for n � 
� we also consider a model operator with a parameter � in planar
angles� For any angle K � fy � R� 
 � � b� � � � b�� � 	�g we de�ne a space
El
b�K� as the completion of C

�
� �K n f�g� with respect to the norm

kukEl
b�K� �

� X
j�j�l

Z
K

jyj�b�jyj��j�j�l� � ��jD�
y u�y�j

� dy

����
�

For l � � we denote by E
l����
b ��� the space of traces on a ray � � K with the norm

k�k
E
l����
b ���

� inf kukEl
b�K�� u � El

b�K� 
 uj� � ��

�Equivalent constructive de�nitions of the trace spaces H
l����
b ��� and E

l����
b ���

are given in �	��� x ���
We introduce the following spaces of vector�valued functions


El	�m�N
b �K� �

Y
j

El	�m
b �Kj�� E

l�N
b �K� �� �

Y
j

Elb�Kj� �j��

Elb�Kj � �j� � El
b�Kj�	

Y
���

E
l	�m�mj������
b ��j���

where Kj � fy � R� 
 bj� � � � bj�Rj	�g and �j� � fy � R� 
 � � bj�g�
We consider the bounded operator

LG��� �
�
Pj�Dy� ���B

G
j���Dy� ��

	

 El	�m�N

b �K�� E
l�N
b �K� ���

where � is an arbitrary point of the unit sphere Sn�� � f� � Rn�� 
 j�j � �g�
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�� Let us write the operators Pj�Dy � ��� Bj���Dy� ��� and Bj��kqs�Dy� �� in the
polar coordinates


Pj�Dy� �� � r��mePj���D�� rDr��

Bj���Dy� �� � r�mj�� eBj�����D�� rDr��

Bj��kqs�Dy� �� � r�mj�� eBj��kqs���D�� rDr��

where D� � �i 	
	� � Dr � �i 		r � We consider an operator�valued functioneL��� 
 W l	�m�N

� �b�� b���W
l�N
� �b�� b�� given by

eLG ���eU �

�ePj���D�� ��eUj � eBj�����D�� ��eUj���j��bj�
�
X
k�q�s

e�i
�mj��� ln�j�kqs eBj��kqs���D�� ��eUk��� �j�kqs�j��bj�

�
�

where

W l	�m�N
� �b�� b�� �

Y
j

W l	�m
� �bj�� bj�Rj	���

W
l�N
� �b�� b�� �

Y
j

Wl
��bj�� bj�Rj	���

Wl
��bj�� bj�Rj	�� �W l

��bj�� bj�Rj	��	 C
�m �

By Lemmas 	��� 	�	 of ����� there is a �nite�meromorphic operator�valued

function �eLG������ such that �eLG������ is inverse to eLG��� if � is not a pole

of �eLG������ and� furthermore� for every pole �� there is � 
 � such that the set

f� � C 
 � � j Im�� Im��j � �g contains no poles of �eLG�������
If n � 	� then Theorem 	�� of ���� shows that LG is an isomorphism if and only

if the line Im� � b� �� l � 	m contains no poles of �eLG�������
Suppose that n � 
 and assume that the system fBj���Dy� Dz�g

m
��� is normal on

 j� and the orders mj�� of the operators Bj���Dy� Dz�� Bj��kqs�Dy� Dz� are less
than or equal to 	m��� Then Theorem ��� of ��
� shows that the operator LG ��� is

Fredholm if and only if the line Im� � b���l�	m contains no poles of �eLG�������
By Theorem 
�
 of ����� if we also have dim ker�LG���� � codimR�LG���� � � for b
replaced by b� l� l replaced by �� and for all � � Sn��� then the operator LG is an
isomorphism for any l �see the corresponding example in ��
�� x ���� We notice that
if LG is not an isomorphism� then LG ��� is not Fredholm �see ��
�� Theorem ��
��

Since the operators L�� LG � LG���� and eLG��� corresponding to the prob�
lem ������ ����� depend on the choice of g � K�� we denote them by L�g � L

G
g �

LGg ���� and
eLGg ��� respectively�

x �� An example of non�local problem

with non�linear argument transformation

In this section we show on a simple example that a problem having a transfor�
mation which is non�linear in a neighbourhood of K� is neither small nor compact
perturbation of the problem with the linearized transformation�
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�� For simplicity we consider the problem ���	�� ���
� in a planar domain� Let the
model problem ������ ����� corresponding to some point of K� have the form

�u � f�y�� y � K�

uj�� � u����y��j�� � g��y�� y � ���

uj�� � g��y�� y � ���

HereK � fy � R� 
 r 
 �� j�j � ��	g is a planar angle �of opening �� with the sides
�i � fy � R� 
 r 
 �� � � ����i��	g� i � �� 	� We suppose that ���y� � ��Gy��
where G is the operator of rotation by ��	 mapping �� onto a ray � � fy � R� 
 r 

�� � � �g� and

� 
 �y�� y�� 
�

�
y�p
� � y��

� y� �
y��p
� � y��

�
is an in�nitely di�erentiable transformation mapping � onto the curve ����� which
is tangent to � at the origin �see Fig� 	����

Figure ���� The angle K of opening �

The operators L�� LG 
 H l	�
b �K�� H l

b�K�	
Q�

i��H
l	���
b ��i� corresponding to

the model problems with non�linear and linearized transformations have the form

L�u �
�
�u� uj�� � u����y��j��� uj��

	
�

LGu �
�
�u� uj�� � u�Gy�j�� � uj��

	
�

Clearly� the non�zero component of the di�erence LGu� L�u is

u�Gy�j�� � u����y��j�� � u�y�j� � u���y��j��

We introduce the operator A� 
 H
l	�
b �K� � H

l	���
b ��� with domain D�A�� ��

u � H l	�
b �K� 
 supp u � fr � �g �K

	
by the formula

A�u�y� � u�y�j� � u���y��j��
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Let us prove that one cannot make the operator A� small or compact by choosing
� su�ciently small� We shall do this in the case when A� acts from H�

b �K� to

H
���
b ���� The general case can be considered in the same way� We shall construct

a sequence u� � D�A��� �� � such that

u�j� � u���� � ��j�



H
���
b ���

� cku�kH�
b �K��

where c 
 � is independent of ��
We write the restriction of � onto � in the polar coordinates ��� r� as

�j� 
 ��� r� 
� �!�r�� r��

where !�r� � arctg r� Clearly� !��� � �� !��� � 

� � and

�p
�
� �

r �
d�
dr � � on ��� ���

Let us consider the transformation

e� 
 ��� r� 
� ���!�r�� r��

We see that u���y��j� � u�e��y��j� since �j� � e�j� � Therefore we may assume
without loss of generality that � is given by

� 
 ��� r� 
� ���!�r�� r��

Notice that the the norm of any function u � H�
b �K� written in the polar coor�

dinates is equivalent to

� X
j�j��

Z �

�

Z 
��

�
��
r�b��

���rDr�
��D��

� u��� r�
��� d� dr�����

Set r � e�t� Then � is given in the new coordinates ��� t� by

� 
 ��� t� 
� ��� !�e�t�� t��

Putting v��� t� � u��� e�t�� we see that the norm kukH�
b �K� is equivalent to the

norm

kvkW �
��b�Q�

�

� X
j�j��

Z �

��

Z 
��

�
��
e��btjD��

t D��
� v��� t�j� d� dt

����
� �	���

where Q � ft � R� j�j � ��	g and W �
��b�Q� is the space with norm �	���� Clearly�

W �
����Q� coincides with the Sobolev space W

�
� �Q��

Since the norms kvkW �
��b�Q�

and ke�btvkW �
�
�Q� are equivalent� it su�ces to study

the case when b � �� In what follows we consider functions v��� t� whose support
is contained in the strip fj�j � ��	g� Putting v � � for j�j � ��	� we obtain
kvkW �

�
�Q� � kvkW �

�
�R���
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Our task is thus reduced to constructing a sequence vs � W �
� �R

�� such that
supp vs � ft 
 	s� j�j � ��	g and

kvs��� t�� vs�!�e
�t�� t�k

W
���
�

�R�
� ckvskW �

�
�R���

where c 
 � is independent of s�
To this end� we pass from the variables ��� t� to ��� ��
 we introduce the sets

Qs �

�
j�j �

�

	
� 	s � � � 	s� �

�
� s � �� �� 	� � � � �

and put
� � F ��� ��� t � �� �	�	�

Here F ��� �� � �e�s!�e�� � for ��� �� � Qs� s � �� �� 	� � � � � and F ��� �� is extended
onto R� n

S�
s��Qs in such a way that the transformation �	�	� remains continuously

di�erentiable and the Jacobian 	F
	� satis�es

� � c� �

�����F��
���� � c� on R� � �	�
�

Such an extension does exist� Indeed�

�F

��
� e�s!�e�� ��

�F

��
� ��e��	�s

d!

dr

����
r�e��

� ��� �� � Qs�

Therefore the properties of ! above show that the function F ��� �� is continuously
di�erentiable on

S�
s��Qs with respect to � and � and inequalities �	�
� hold�

One easily sees that the change of variables �	�	� represents the interval Qs�f� �
�g by an interval of the line f� � �g� Furthermore� the transformation � has the
following form on Qs


� 
 ��� �� 
� �� � e��s� ��� ��� �� � Qs� �	���

We consider functions f� g � C��R� such that supp f � fj�j � 

� g� f��� �� f����

supp g � f� � � � �g� g��� �� � and de�ne a sequence ws��� �� � fs���gs���� where

fs��� � f��e�s�� gs��� � g��� � 	s�e�s�� s � �� �� 	� � � � �

Clearly� suppws � Qs �see Fig� 	�	��

Figure ���� The supports of ws are contained in the hatched domains
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We have

kwsk
�
W �

�
�R�� � kfsk

�
L��R�

kgsk
�
L��R�

�





dfsd�




�
L��R�

kgsk
�
L��R�

� kfsk
�
L��R�





dgsd�




�
L��R�

� e��skfk�L��R�kgk
�
L��R�

�





dfd�




�
L��R�

kgk�L��R� � kfk�L��R�





dgd�




�
L��R�

� �	���

Since the norm is W
���
� �R� is given by

kgk
W

���
�

�R�
�

�
kgk�L��R� �

Z �

��

Z �

��

jg����� g����j
�

j�� � ��j�
d�� d��

����
�see �	��� and � takes the form �	��� in the coordinates ��� ��� we get



wsj��� � ws��� � ��j���


�
W

���
�

�R�
�
��fs���� fs�e

��s�
���kgsk�W ���

�
�R�

� jf���� f���j�
Z �

��

Z �

��

jg����� g����j
�

j�� � ��j�
d�� d��� �	���

It follows from �	��� and �	��� that

wsj��� � ws��� � ��j���


�
W

���
�

�R�
� ckwsk

�
W �

�
�R���

�� Using the sequence ws� one can easily show that� for any �� the operator A�

is not compact� Indeed� the sequence ws is bounded in W �
� �R

��� However the

sequence wsj��� � ws��� � ��j��� contains no subsequences convergent in W
���
� �R�

because �	��� shows that the expression

�wsj��� � ws��� � ��j���


�
�
whj��� � wh��� � ��j���





W

���
�

�R�

�


wsj��� � ws��� � ��j���




W

���
�

�R�
�


whj��� � wh��� � ��j���




W

���
�

�R�

is bounded from below by a positive constant for all positive integers s �� h�

x �� Argument transformations near the set K�

The results of x 	 show that proving the Fredholm solubility of problems with
transformations non�linear near K� requires obtaining new a priori estimates and
constructing the right regularizer� To do this� we start by studying some properties
of the transformations �is near the set K��
We �x a point g � K�� make the changes of variables x 
� x��g� j� for each

j � �� � � � � N � N � N�g�� and consider the transformations ��j�kqs�y� z� for �y� z� �
V����� � fx � Rn 
 jxj � ��g� The number �� is supposed to be small so that

V����� �
bVj���� j � �� � � � � N � Some additional conditions on �� will be imposed

below�
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�� Before we proceed to study the transformations �is� let us establish an auxiliary
result which will be used to prove the lemma on representation of �is in the polar
coordinates �see Lemma 
�	��

Lemma ���� Let h � h�r� z� be a function such that jDk
rD

�
z hj � ck� for r � ��

z � Rn�� � �r� � jzj����� � ��� Set f�r� z� � r�lh�r� z� for some l � N and assume
that jf j � c� Then jDk

r f j � ck for r � �� z � Rn�� � �r� � jzj����� � �� and for
all k � �� 	� � � � �

Proof� �� Consider the case when l � �� that is� f�r� z� � r��h�r� z�� By Leibnitz�
formula�

�kf�r� z�

�rk
�

kX
s��

����sk"

�k � s�"
r�s��

�k�sh�r� z�
�rk�s

�

Expanding 	k�sh
	rk�s

by the Taylor formula near r � � and using the boundedness of
the derivatives of h� we obtain

�kf�r� z�

�rk
�

kX
s��

����sk"

�k � s�"
r�s��

� sX
p��

�

p"

�k�s	ph
�rk�s	p

��� z�rp �
�k	�h

�rk	�
��rzr� z�r

s	�

�

�
kX

s��

sX
p��

����sk"

�k � s�" p"

�k�s	ph
�rk�s	p

��� z�r�s��	p � O����

where �rz � ��� ���
Putting p� � s� p in the last sum and denoting p� again by p� we get

�kf�r� z�

�rk
�

kX
s��

sX
p��

����sk"

�k � s�" �s� p�"

�k�ph
�rk�p

��� z�r�p�� � O����

Consider the coe�cient ap�z� at r
�p�� on the right�hand side of the last identity


ap�z� �
�k�ph
�rk�p

��� z�
kX

s�p

����sk"

�k � s�" �s� p�"

�
�k�ph
�rk�p

��� z�����p
k�pX
s��

k�k � �� � � � �k � �s� p� � ��
�

s"
����s�

p � �� � � � � k�

Since jr��h�r� z�j � c by assumption� we have h��� z� � �� whence ak�z� � �� On
the other hand� notice that� for � � p � k� we have

� �
dp

dtp
�t� ��k

����
t���

�

� k�pX
s��

k�k � �� � � � �k � �s� p� � ��
�

s"
ts
�����

t���

�

k�pX
s��

k�k � �� � � � �k � �s� p� � ��
�

s"
����s�
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Thus ap�z� � � for all p � �� � � � � k� and the lemma is proved for l � ��
	� If l � 	� we use the induction� Let the lemma be true for l � �� � � � � l���� We

claim that it is true for l � l�� Indeed� we have f � r��f�� where f� � r��l����h�
Since jf j � c� it follows that jf�j � c and� therefore� the estimate jDk

rD
�
z f�j �

ck� holds by the inductive assumption �for l � l� � ��� Applying the inductive
assumption once more �now with l � ��� we get the conclusion of the lemma for
r��f�� that is� for f � r�l�h� The lemma is proved�

We now proceed to study the transformations �� The following lemma describes
the structure of ��j�kqs in the cylindrical coordinates� This representation turns out
to be convenient when we study non�local problems in weighted spaces�

Lemma ���� For su	ciently small ��� the transformation

��j�kqs�y� z�j
j��V�� ���

can be represented in the polar coordinates as

�bj�� r� 
�
�
bkq � !j�kqs�r� z�� 
j�kqsr � Rj�kqs�r� z�

�
� �r� � jzj����� � ��� �
���

where !j�kqs�r� z� and Rj�kqs�r� z� are in�nitely di
erentiable functions such that

j!j�kqsj � c��� jRj�kqsj � c��r� �
�	�

jDk
rD

�
z !j�kqsj � ck�� jDk

rD
�
z �Rj�kqs�r�j � ck�� �
�
�

Here k � j�j � �� and c� ck� 
 � are independent of ���

Proof� Write ��j�kqs�y� z� �
�
��j�kqs�y� z�� �

�
j�kqs�y� z�

�
� By Condition ���� we have

�ij�kqs��� z� � �� i � �� 	� Therefore the Taylor formula near r � � implies that

�ij�kqs�r cos bj�� r sin bj�� z�

�

�
��ij�kqs
�y�

��� z� cos bj� �
��ij�kqs
�y�

��� z� sin bj�

�
r � O�r��� �
���

Here O�r�� is a function whose absolute value is majorized by cr�� where c is
independent of r and z� �To verify this� one should write the remainder of the
Taylor formula in Lagrange�s form and use the smoothness of �ij�kqs�� Expanding
	�ij�kqs
	y�

��� z� and
	�ij�kqs
	y�

��� z� by the Taylor formula near z � �� we see from �
���

that

�ij�kqs �

�
��ij�kqs
�y�

��� cos bj� �
��ij�kqs
�y�

��� sin bj�

�
r �O�jzj�r � O�r��� �
���

Notice that

���j�kqs
�y�

��� cos bj��
���j�kqs
�y�

��� sin bj� and
���j�kqs
�y�

��� cos bj��
���j�kqs
�y�

��� sin bj�
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are not simultaneously equal to zero� �This follows from the non�degeneracy of
the Jacobian of the transformation �y� z� 
� ���j�kqs�y� z�� z� at the origin�� To be
de�nite� we assume that

���j�kqs
�y�

��� cos bj� �
���j�kqs
�y�

��� sin bj� �� �� �
���

Hence� by �
���� we have

��j�kqs �� � for �r� � jzj����� � �� �
���

with �� small enough� and the transformation �
�
j�kqsj
j��V����� is given in the polar

coordinates by

�bj�� r� 
�

�
arctg

��j�kqs
��j�kqs

� �l�

vuut �X
i��

��ij�kqs�
�

�
� �
���

where l � � if ��j�kqs 
 � and ��j�kqs � �� l � � if ��j�kqs � �� l � 	 if ��j�kqs 
 �

and ��j�kqs � ��

It follows from �
��� and the Taylor formula that

arctg
��j�kqs
��j�kqs

� arctg

	��j�kqs
	y�

��� cos bj� �
	��j�kqs
	y�

��� sin bj�
	��j�kqs
	y�

��� cos bj� �
	��j�kqs
	y�

��� sin bj�
� O�jzj� � O�r��

vuut �X
i��

��ij�kqs�
� � r

vuut �X
i��

�
��ij�kqs
�y�

��� cos bj� �
��ij�kqs
�y�

��� sin bj�

��
�O�jzj�r �O�r���

Setting

bkq � arctg

	��j�kqs
	y�

��� cos bj� �
	��j�kqs
	y�

��� sin bj�
	��j�kqs
	y�

��� cos bj� �
	��j�kqs
	y�

��� sin bj�
� �l�


j�kqs �

vuut �X
i��

�
��ij�kqs
�y�

��� cos bj� �
��ij�kqs
�y�

��� sin bj�

��
�

we get formula �
��� and inequalities �
�	��
Let us prove the �rst inequality in �
�
�� Using �
���� we have������j�kqs��j�kqs

���� � c for �r� � jzj����� � ���
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Therefore� by �
��� and �
���� it su�ces to prove that the derivatives Dk
rD

�
z
��j�kqs
��j�kqs

are bounded� Clearly� we have

��j�kqs
��j�kqs

�
r����j�kqs
r����j�kqs

�

It follows from �
��� and �
��� that r����j�kqs �� � for �r� � jzj����� � ��� Hence it
su�ces to prove that��Dk

rD
�
z �r

���ij�kqs�
�� � ��Dk

r �r
��D�

z �
i
j�kqs�

�� � ck�� i � �� 	�

But the function D�
z �

i
j�kqs is in�nitely di�erentiable for �r

� � jzj����� � ��� Since

�ij�kqs��� z� � �� we have D�
z �

i
j�kqs � O�r�� Therefore jr��D�

z �
i
j�kqsj � c�� Now

the conclusion of the lemma follows from Lemma 
���
One can similarly prove the second inequality in �
�
�� It follows from �
��� and

�
��� that

Rj�kqs�r� z�

r
�

vuut �X
i��

��ij�kqs�
�

r�
� 
j�kqs�

Using �
��� and �
���� we see that
P�

i����
i
j�kqs�

��r� �� � for �r� � jzj����� � ���
Therefore it su�ces to prove that

����Dk
rD

�
z

�X
i��

��ij�kqs�
�

r�

���� � ck��

But the function D�
z

P�
i����

i
j�kqs�

� is in�nitely di�erentiable for �r� � jzj����� �

��� Since �ij�kqs��� z� � �� we get D�
z

P�
i����

i
j�kqs�

� � O�r��� Hence��D�
z

P�
i����

i
j�kqs�

��r�
�� � c�� and the conclusion of the lemma follows from

Lemma 
��� The lemma is proved�

�� We put � � minfbj�q	� � bjqg�	� j � �� � � � � N � q � �� � � � � Rj� d� �
minf�� 
j�kqsg�	� and d� � 	maxf�� 
j�kqsg� Let �� be small such that

j!j�kqsj � ��	� jRj�kqsj � 
j�kqsr�	 for �r� � jzj����� � ���d�� �
���

The existence of such an �� follows from Lemma 
�	�
We introduce in�nitely di�erentiable functions �j��i���� �kq�i��� such that

�j��i��� � � for jbj� � �j � ��	i	��

�j��i��� � � for jbj� � �j � ��	i�

�kq�i��� � �j��i��� �j�kq�� i � �� � � � � ��

�
����

Clearly� �kq�i��� � � for jbkq � �j � ��	i	�� and �kq�i��� � � for jbkq � �j � ��	i�
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We consider the transformations e��j�kqs�y� z� that are given in the polar coordi�
nates by

��� r� 
�
�
�� �j�kq �!j�kqs�r� z�� 
j�kqsr �Rj�kqs�r� z�

�
� �
����

Lemma 
�	 implies that

e��j�kqs�y� z�j
j��V�� ��� � ��j�kqs�y� z�j
j��V����� �

Hence we can assume in what follows that the transformation ��j�kqs�y� z� is given
by �
����� We notice that ��j�kqs�y� z� may now have a singularity at the origin

since the new transformation ��j�kqs�y� z� coincides with the old one ��j�kqs�y� z�
only on  j� � V������

For any function W �y� z� we put cW �y� z� � W ���j�kqs�G
��
j�kqsy� z�� z�� By

Lemma 
�	� the transformation ��j�kqs�G
��
j�kqsy� z� is given in the polar coordinates

by

��� r� 
�
�
�� !�j�kqs�r� z�� r � R�j�kqs�r� z�

�
� �
��	�

where !�j�kqs�r� z� � !j�kqs�

��
j�kqsr� z� and R�j�kqs�r� z� � Rj�kqs�


��
j�kqsr� z�� It is

easy to see that !�j�kqs and R�j�kqs also satisfy �
�	�� �
�
��

Lemma ���� For all su	ciently small �� and any W � H l
b��k� with suppW �

�k � V����� we have �kq��cW � H l
b��k� and

k�kq��cWkHl
b�
k�

� ckWkHl
b�
k�

�

where q � 	� � � � � Rk� Here c 
 � is independent of W and ���

Proof� We shall use the following obvious assertion


W � H l
b��k� �
 D�W � H�

b	j�j�l��k�� j�j � l� �
��
�

We see from formula �
��	� and inequalities �
��� that the transformation �
��	�

maps V����� � fx 
 j� � bkqj � �g � �k into �k for q � 	� � � � � Rk� Furthermore�
inequalities �
�	� and �
�
� imply that� for small ��� the absolute value of the Jaco�

bian of �
��	� is bounded and does not vanish in V����� � fx 
 j�� bkqj � �g � �k�
This proves the lemma for l � � and with �kq�� replaced by �kq���

Let us consider functions �pkq�� � C�� �R� �p � �� � � � � l� such that ��kq�� � �kq���

�lkq�� � �kq��� and �p��kq����� � � for � � supp �pkq��� p � �� � � � � l� We assume that the

lemma holds for l � p� � with �kq�� replaced by �
p��
kq��� We claim that it holds for

l � p with �kq�� replaced by �
p
kq��� p � ��
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Indeed� suppose that W � Hp
b ��k�� Then

�

r

�W

��
�
�W

�r
�
�W

�z�
� Hp��

b ��k�� � � �� � � � � n� 	�

Hence the induction assumption yields that

�p��kq��

�
��

r

�W

��

�
� �p��kq��

d�W
�r

� �p��kq��

d�W
�z�

� Hp��
b ��k��

Combining this with the formulas

�

r

�cWk

��
�

�
��

r

�W

��

��
� �

R�j�qks
r

�
�

�cWk

�r
�

�
��

r

�W

��

��
� �

R�j�kqs
r

�
r
�!�j�kqs

�r
�
d�W
�r

�
� �

�R�j�kqs
�r

�
�

�cWk

�z�
�

�
��

r

�W

��

��
� �

R�j�kqs
r

�
r
�!�j�kqs
�z�

�
d�W
�r

�R�j�kqs
�z�

�
d�W
�z�

�

�
����

inequalities �
�	�� �
�
� and Lemma 	�� of �	�� � we get�

�p��kq��

�

r

�cW
��

� �p��kq��

�cW
�r

� �p��kq��

�cW
�z�

� Hp��
b ��k�� �
����

Using the inclusion W � Hp
b ��k�� the embedding Hp

b ��k� � H�
b�p��k�� and the

conclusion of the lemma for l � �� we see that �pkq��
cW � H�

b�p��k�� Together

with �
��
� and �
����� this implies that D���pkq��
cW � � H�

b	j�j�p��k�� j�j � p�

Using �
��
� again� we prove the lemma�

Thus we have proved that the operator W 
� �kq��cW is bounded in H l
b��k��

Lemma ���� The following inequality holds for any W � H l
b��k� with suppW �

�k � V����� and all multi�indices � with � � j�j � l�



�kq��D�cW � �kq���D�W



H
l�j�j
b �
k�

� c��kWkHl
b
�
k�� �
����

where q � 	� � � � � Rk� and c 
 � is independent of W and ���

Proof� We introduce functions �pkq�� � C�� �R� �p � �� � � � � l� such that ��kq�� � �kq���

�lkq�� � �kq��� and �
p��
kq����� � � for � � supp �pkq��� p � 	� � � � � l�

�Lemma ��� of ��
� and Lemmas ���� ���� ��� of ��
�� which are used below� are proved by
Kondrat�ev for domains with angular or conical points� However� it is easy to see that they
remain valid for domains with edges that are considered here�
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Suppose that j�j � �� Then it su�ces to prove �
���� with D� replaced by any
of the operators �

r
	
	�
� 	
	r
� 	
	z�

� We consider the operator �
r
	
	�
� �The other choices

are treated in the same way�� Combining the �rst formula �
���� with Leibnitz�
formula� we get



��kq�� �r �cW�� � ��kq��

�
��

r

�W

��

�



�
Hl��
b �
k�

�





��kq�����r �W��
�
R�j�qks

r





�
Hl��
b �
k�

� k�
X

j�j�l��

X
j�j�j�j

Z

k

r��b	j�j��l����
����D���R

�
j�qks

r

�����

	

����D�

�
��kq��

�
��

r

�W

��

������� dx�
Using this along with the last inequalities of �
�	� and �
�
�� we obtain





��kq���r �cW�� � ��kq��

�
��

r

�W

��

�



�
Hl��
b �
k�

� k��
�
�





��kq�����r �W��
�



�

Hl��
b �
k�

� �
����

Then �
���� and Lemma 
�
 prove the lemma for j�j � � with �kq�� replaced by �
�
kq���

Assume that the lemma holds for � � j�j � p � � with �kq�� replaced by �p��kq���

We claim that it holds for j�j � p with �kq�� replaced by �pkq��� p � 	� Indeed� we
have

�pkq��D�cW � �pkq��

�D�W



H
l�j�j
b �
k�

�


�pkq��Dj�j���D�cW �� �pkq��D

j�j���D�W



H
l�j�j
b �
k�

�


�pkq��Dj�j���D�W � �pkq��

h
h
h

�
�
�

Dj�j���D�W �



H
l�j�j
b �
k�

� k�
�

�p��kq��D

�cW � �p��kq��
�D�W




Hl��
b �
k�

�


�pkq��Dj�j���D�W � �pkq��

h
h
h

�
�
�

Dj�j���D�W �



H
l�j�j
b �
k�

�
� �
����

where Dj�j�� and D� are some derivatives of order j�j � � and � respectively� By
the inductive assumption� the following estimate holds for each of the two norms
in the right�hand side of �
����


�p��kq��D

�cW � �p��kq��
�D�W




Hl��
b

�
k�
� k���kWkHl

b�
k�
�

�pkq��Dj�j���D�W � �pkq��

h
h
h

�
�
�

Dj�j���D�W �



H
l�j�j
b �
k�

� k���kD
�WkHl��

b �
k�

� k���kWkHl
b�
k�

�

This and �
���� yield the conclusion of the lemma�
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We note that �� appears in �
���� because both terms in the left�hand side contain
the same transformation ��j�kqs�G

��
j�kqsy� z�� but the �rst term is the derivative D�

of the transformed function cW while the second term is the transformation of the
derivative D�W �

Lemma ���� The following inequality holds for any function Uk � H l	�m
b ��k�

with suppUk � �k � V������

�Bj��kqsUk��Gj�kqsy� z�j
j�

� �Bj��kqsUk���
�
j�kqs�y� z�� z�j
j�




H
l��m�mj������

b �
j��

� c
�
��kUkkHl��m

b �
k�
� k�kq��Uk � �kq�� bUkkHl��m

b �
k�

�
� �
����

where c 
 � is independent of U and ���

Proof� Since the trace operator is bounded in weighted spaces� we get



�Bj��kqsUk��Gj�kqsy� z�j
j�

� �Bj��kqsUk���
�
j�kqs�y� z�� z�j
j�




H
l��m�mj������

b �
j��

� k�k�kq��Bj��kqsUk � �kq��
h
hh

�
��

Bj��kqsUkk
H
l��m�mj��
b �
k�

� k�
�
k�kq��Bj��kqsUk � �kq��Bj��kqs

bUkk
H
l��m�mj��
b �
k�

� k�kq��Bj��kqs
bUk � �kq��

h
hh

�
��

Bj��kqsUkk
H
l��m�mj��
b �
k�

�
� �
�	��

We estimate the �rst norm in the right�hand side of �
�	�� as

k�kq��Bj��kqsUk � �kq��Bj��kqs
bUkk

H
l��m�mj��
b �
k�

� k�k�kq��Uk � �kq�� bUkkHl��m
b �
k�

� �
�	��

The second norm in the right�hand side of �
�	�� is estimated with the help of
Lemma 
��


k�kq��Bj��kqs
bUk � �kq��

h
hh

�
��

Bj��kqsUkk
H
l��m�mj��
b

�
k�
� k���kUkkHl��m

b �
k�
� �
�		�

The lemma follows from �
�	����
�		��

We note that the right�hand side of �
���� contains the norm of the di�erence
between a function and its transform� We use the following result to estimate such
di�erences�

Lemma ���� The following inequality holds for all W � H�
b	���k� with suppW �

�k � V������

k�kq��W � �kq��cWkH�
b �
k�

� c��kWkH�
b���
k�

� �
�	
�
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where c 
 � is independent of W and ���

Proof� Writing the arguments of W and cW in the cylindrical coordinates� we get

k�kq��W � �kq��cWkH�
b
�
k�

�


�kq��W ��� r� z�� �kq��W ��� !�j�kqs�r� z�� r� z�




H�
b �
k�

�


�kq��W ��� !�j�kqs�r� z�� r� z�

� �kq��W ���!�j�kqs�r� z�� r � R�j�kqs�r� z�� z�



H�
b �
k�

� �
�	��

Using the Schwartz inequality� we estimate the square of the �rst norm in the
right�hand side of �
�	��


�kq��W ��� r� z�� �kq��W ��� !�j�kqs�r� z�� r� z�



�
H�
b �
k�

�

Z
Rn��

dz

Z �

�

r�br dr

Z bk�

bk�

�����kq�� Z �	��
j�kqs�r�z�

�

�W

���
d��
����� d�

�

Z
Rn��

dz

Z �

�

r�br dr

Z bk�

bk�

j�kq��j
�j!�j�kqs�r� z�j

	

����Z �	��
j�kqs�r�z�

�

�����W���
����� d������ d��

Taking the conditions on the supports of W � �kq�� into account and using �
���� we
can change the order of integration with respect to � and ��� As a result� using
�
�	�� we get

�kq��W ��� r� z�� �kq��W ���!�j�kqs�r� z�� r� z�



�
H�
b �
k�

� k�

Z
Rn��

dz

Z �

�

r�brj!�j�kqs�r� z�j
� dr

Z bk�

bk�

�����W��
����� d�

� k��
�
�

Z
Rn��

dz

Z �

�

r��b	��r dr

Z bk�

bk�

�����r �W��
����� d�

� k��
�
�kWk�H�

b���
k�
�

One can similarly estimate the square of the second norm in the right�hand side
of �
�	��� The lemma is proved�

Thus the factor �� appears in �
�	
� when the order of di�erentiation is increased
by �� �There is an H�

b ��k��norm in the left�hand side of �
�	
� and an H�
b	���k��

norm in the right�hand side�� This can be explained as follows� In contrast to �
�����
we now estimate the di�erence of functions one of which does not contain a trans�
formation while the second does�

x �� A priori estimates of solutions

In this section we prove an a priori estimate for the operator L� which implies
that its kernel is �nite�dimensional and its range is closed�
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�� We �rst prove an a priori estimate for functions supported in a neighbourhood
of K�� To do this� we use the invertibility of the model operators L

G
g �g � K�� with

linear transformations as well as Lemmas 
�
�
��� In subsection 	 we use the results
of ���� and Lemma ��	 of ��	� to obtain a priori estimates for functions supported
in the closure of G�
We put O��K�� � fx � Rn 
 dist�x�K�� � �g�

Lemma ���� Suppose that Conditions ������� hold� and the operators LGg are iso�

morphisms� for all g � K� Then there is � with � � � � dist�K��K� �K���	 such

that the following estimate holds for all u � fu � H l	�m
b �G� 
 suppu � G�O��K��g�

kukHl��m
b �G� � c

�
kLukHl

b�G���
� kukH�

b���l��m�G�

�
�

where c 
 � is independent of u�

Using partitions of unity� Leibnitz� formula� Lemma 	�� of �	�� and Lemma ��	
of ���� we reduce the proof of Lemma ��� to the proof of the following result�

Lemma ���� Suppose that the hypotheses of Lemma ��� hold� Then for each g �
K� there is �� � ���g� 
 � such that the following inequality holds for all U � fU �

H l	�m�N
b ���
 suppUj � �j � V������ j � �� � � � � N � N � N�g�g�

kUkHl��m�N
b �
� � ckL�gUkHl�N

b �
��

where V����� � fx � Rn 
 jxj � ��g� and c 
 � is independent of U �

Proof� Using the invertibility of LGg and Lemma 
��� we get the following inequality

for all U � H l	�m�N
b ��� with suppUj � �j � V�����


kUkHl��m�N
b �
� � k�kL

G
gUkHl�N

b �
�

� k�

�
kL�gUkHl�N

b �
� � ��kUkHl��m�N
b �
�

�
NX
k��

RkX
q��

k�qk��Uk � �qk�� bUkkHl��m
b �
k�

�
� �����

Let us estimate the last norm in ������ By Theorem ��� of �	��� we have

k�qk��Uk � �qk�� bUkkHl��m
b

�
k�
� k�

�
kPk��kq��Uk � �kq�� bUk�kHl

b�
k�

� k�kq��Uk � �kq�� bUkkH�
b�l��m

�
k�

�
� ���	�

Using Lemma 
�� and the continuity of the embedding H l	�m
b ��k��H

�
b�l��m	���k��

we get

k�kq��Uk � �kq�� bUkkH�
b�l��m�
k� � k���kUkkHl��m

b �
k�
� ���
�

�Subsection � of x � contains a necessary and su�cient condition for LGg to be an isomorphism�
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To estimate the �rst norm in the right�hand side of ���	�� we apply Leibnitz� formula
and Lemmas 
�
� 
��


kPk��kq��Uk � �kq�� bUk�kHl
b
�
k�

� k�

�
k�kq��PkUkkHl

b�
k�
� k�kq��Pk bUkkHl

b�
k�

�
X

j�j��m��

X
j�j��m�j�j

kD��kq��D
�Uk �D��kq��D

� bUkkHl
b�
k�

�

� k�

�
kPkUkkHl

b�
k�
� ��kUkkHl��m

b �
k�

�
X

j�j��m��

X
j�j��m�j�j

kD��kq��D
�Uk �D��kq��D

� bUkkHl
b�
k�

�
� �����

Since jD��kq��j � k�r
�j�jj�kq��j� it follows that

X
j�j��m��

X
j�j��m�j�j

kD��kq��D
�Uk �D��kq��D

� bUkkHl
b�
k�

� k�
X

j�j�l	�m��
k�kq��D

�Uk � �kq��D
� bUkkH�

b�j	j�l��m
�
k�

� k�
X

j�j�l	�m��

�
k�kq��D

�Uk � �kq���D�UkkH�
b�j	j�l��m

�
k�

� k�kq���D�Uk � �kq��D
� bUkkH�

b�j	j�l��m
�
k�

	
� �����

Using Lemma 
�� and the continuity of the embedding

H l	�m
b ��k� � H

�	j�j
b	�	j�j�l��m��k�

for j�j � l � 	m� �� we obtain

k�kq��D
�Uk � �kq���D�UkkH�

b�j	j�l��m
�
k� � k����kD

�UkkH�
b���j	j�l��m

�
k�

� k����kUkkHl��m
b

�
k�
� �����

Lemma 
�� similarly yields that

k�kq���D�Uk � �kq��D
� bUkkH�

b�j	j�l��m
�
k� � k����kUkkHl��m

b �
k�
� �����

Now the lemma follows from ����������� if �� is su�ciently small�

�� Repeating the proof of Theorem 	�� of ���� and using Lemma ��	 of ��	��
we deduce the following result from Lemma ��� of the present paper and Lem�
mas 	��� 	�� of �����
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Theorem ���� Suppose that the hypotheses of Lemma ��� hold and b 
 l�	m���
Then the following estimate holds for all u � H l	�m

b �G��

kukHl��m
b

�G� � c
�
kLukHl

b�G���
� kukH�

b���l��m�G�

�
� �����

where c 
 � is independent of u�

Since the embedding H l	�m
b �G� � H�

b	��l��m�G� is compact �see �	���
Lemma 
���� Theorem ��� implies that the operator L has �nite�dimensional kernel
and closed range�

x �� Construction of the right regularizer

In this section we construct a right regularizer for L� Along with Theorem ����
this enables us to prove the Fredholm solubility of ���	�� ���
��

�� To begin with� we consider the case of functions supported in a neighbourhood
of K�� We shall use the invertibility of the operators LGg �g � K�� with linear
transformations as well as some special constructions that �compensate� the non�
linearity of the argument transformations� In subsection 	 we use the results of ����
and Lemma ��	 of ��	� to construct the right regularizer on the whole of G�
We �rst prove the following auxiliary result�

Lemma ���� Let H� H�� H� be Hilbert spaces� A 
 H � H� a bounded linear
operator� and T� 
 H � H� a compact linear operator� Suppose that the following
inequality holds for some �� c 
 � and for all f � H�

kAfkH�
� �kfkH � ckT�fkH�

� �����

Then there are bounded operators M� F 
 H � H� such that

A �M� F�

where kMk � 	� and the operator F is �nite�dimensional�

Proof� It is well known that each compact operator is the limit of a uniformly
convergent sequence of �nite�dimensional operators �see� for example� �	��� Ch� ��
x ���� Hence there are bounded operatorsM�� F� 
 H � H� such that T� �M��F��
kM�k � c���� and F� is �nite�dimensional� Using this and ������ we see that

kAfkH�
� 	�kfkH � ckF�fkH�

for all f � H� ���	�

We denote by ker�F��
� the orthogonal complement in H to the kernel of F��

Since the �nite�dimensional operator F� maps ker�F��
� onto its range in a one�to�

one manner� it follows that the subspace ker�F��
� is �nite�dimensional� Let I be

the identity operator in H� and let P� be the orthogonal projection onto ker�F��
��

The operator AP�
H � H� is clearly �nite�dimensional� Furthermore� since I�P�
is the orthogonal projection onto ker�F��� it follows that F��I�P�� � �� Replacing
f by �I� P��f in ���	�� we get

kA�I� P��fkH�
� 	�k�I� P��fkH � 	�kfkH for all f � H�

Putting M � A�I� P�� and F � AP�� we prove the lemma�

We now proceed to construct the right regularizer�



Non�local elliptic problems �


Lemma ���� Suppose that the hypotheses of Lemma ��� hold� Then� for all su	�
ciently small � with � � � � dist�K��K� �K���	� there are bounded operators R��
M� and a compact operator T� acting from ff � Hl

b�G���� supp f � G �O��K��g

to H l	�m
b �G�� Hl

b�G���� and H
l
b�G��� respectively such that

LR�f � f �M�f �T�f�

where kM�fkHl
b�G���

� c�kfkHl
b�G���

and c 
 � is independent of � and f �

Using partitions of unity� Leibnitz� formula� and Lemma 	�� of �	��� we reduce
the proof of Lemma ��	 to the proof of the following result�

Lemma ���� Suppose that the hypotheses of Lemma ��� hold� Then� for each
g � K� and all su	ciently small �� � ���g� 
 � there are bounded operators Rg�

Mg and a compact operator Tg acting from ff � Hl�N
b ��� �
 supp f � V�����g to

H l	�m�N
b ���� Hl�N

b ��� �� and Hl�N
b ��� � respectively such that

L�gRgf � f �Mgf � Tgf� ���
�

where kMgfkHl
b�G�
�

� c��kfkHl
b�G�
�

and c 
 � is independent of �� and f �

Proof� �� As above� we put

d� �
�

	
minf�� 
j�kqsg� d� � 	maxf�� 
j�kqsg�

We choose �� � d������ where �� is de�ned in Lemma ��	� We introduce a function
����x� � ��x����� where � � C��Rn�� ��x� � � for jxj � �� and ��x� � � for
jxj � 	� It is obvious that ��� � C��Rn�� ����x� � � for jxj � ��� and ����x� � �
for jxj � 	��� Since jD

���� j � c�r
�j�j� we see from Lemma 	�� of �	�� that

k���vkHl��m
b �
k�

� ckvkHl��m
b �
k�

for all v � H l	�m
b ��k�� �����

where c 
 � is independent of ��� Moreover� we assume that ��� � being written in
the cylindrical coordinates� is independent of ��
Put f� � ffjg� g � fgj��g� ff�� gg � ffj � gj��g�

By assumption� the operator LGg 
 H
l	�m�N
b ��� � H

l�N
b ��� � has a bounded

inverse �LGg �
�� 
 Hl�N

b ��� �� H l	�m�N
b ���� Therefore we can introduce the oper�

ators

R� 
 H
l�N
b ���� H l	�m�N

b ����

R� 
 H
l�N
b � �� H l	�m�N

b ���

given by

R�f� � ����L
G
g �
��ff�� �g�

R�g � ����L
G
g �
��f�� gg�
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where Hl�N
b � � �

Q
j����H

l	�m�mj������
b � j��� Thus the supports of R�f� and

R�g are contained in the ball of radius 	�� centered at the origin�
Let us introduce the operators

P 
 H l	�m�N
b ���� H l�N

b ����

BG �B� 
 H l	�m�N
b ���� H

l�N
b � ��

given by

PU � fPjUjg� BGU � fBGj��Ug� B�U � fB�
j��Ug�

We now establish a relation between the operators P� BG � B� and R�� R�� We
use the following well�known property of weighted spaces �see �	��� Lemma 
���


��� the embedding operator from fv � H l	�
b ��j� 
 supp v � Vd���� d 
 �g to

H l
b��j� is compact�

Using Leibnitz� formula� the boundedness of supp��� � and property ���� we get

PR�f� � ���f� � T�f�� PR�g � T�g� �����

Here T� 
 H
l�N
b ���� H l�N

b ��� and T� 
 H
l�N
b � �� H l�N

b ��� are compact operators�
We similarly have

BGR�g � ���g �

�X
k�q�s

�
����
j�kqsx�� ����x�

�
	 �Bj��kqs��L

G
g �
��f�� gg�k��Gj�kqsy� z�j
j�

�
� T�g� �����

where T� is a compact operator in H
l�N
b � �� Here and in what follows we denote by

� � �k the k�th component of an N �dimensional vector� and by f � � �g a vector whose
components are de�ned by the indices j� �� ��
Let us show that each term of the sum in ����� is a compact operator� Let �kq�i be

the functions de�ned by �
����� We also introduce the functions b��� b�� � C�� �Rn�
such that

b���x� � � for 	d��� � jxj � d���� b���x� � � outside d��� � jxj � 	d����b���x� � � for d��� � jxj � 	d���� b���x� � � outside d����	 � jxj � �d����

Since the trace operator is bounded in weighted spaces� we have

�����
j�kqsx�� ����x��

	 �Bj��kqs��L
G
g �
��f�� gg�k��Gj�kqsy� z�j
j�




H
l��m�mj������

b �
j��

� k�


�kq�������x�� ����


��
j�kqsx��Bj��kqs��L

G
g �
��f�� gg�k




H
l��m�mj��
b �
k�

� k�


�kq�� b����LGg ���f�� gg�k

Hl��m

b �
k�
� �����
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The support of b�� is bounded and disjoint from the origin� and �kq�� vanishes near
the sides of the angle �k� Hence we can apply Theorem ��� of Ch� 	 in �	
�� Using
the relation Pk��L

G
g �
��f�� gg�k � �� we see from ����� that

�����
j�kqsx�� ����x��

	 �Bj��kqs��L
G
g �
��f�� gg�k��Gj�kqsy� z�j
j�




H
l��m�mj������

b �
j��

� k�


 b����LGg ���f�� gg�k

Hl��m��

b �
k�
�

Since the support of b�� is bounded� this inequality and property ��� imply that�X
k�q�s

�����
j�kqsx�� ����x���Bj��kqs��L
G
g �
��f�� gg�k��Gj�kqsy� z�j
j�

�

is a compact operator in Hl�N
b � �� Combining this with ����� yields that

BGR�g � ���g � T�g� �����

where T� is a compact operator in H
l�N
b � ��

Finally� we use ����� to get the following formula for the composition B�R�


B�R�g � ���g � T�g �

�X
k�q�s

�
�Bj��kqs�R�g�k���

�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R�g�k��Gj�kqsy� z�j
j�
��

� �����

	� We introduce an operator Rg 
 H
l�N
b ��� �� H l	�m�N

b ��� by

Rgff�� gg � R�f� � R
�
�B

�R�f� � R�g�

Here R�� 
 H
l�N
b � �� H l	�m�N

b ��� is a bounded operator given by

R��g � ����d�x�	��L
G
g �
��f�� gg�

Similarly to ����� and ������ we see that

PR��g � T��g� ������

B�R��g � ����d�x�	�g � T
�
�g �

�X
k�q�s

�
�Bj��kqs�R

�
�g�k���

�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R
�
�g�k��Gj�kqsy� z�j
j�

��
� ������

where T��� T
�
� are compact operators acting in the same spaces as T�� T� do�
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Let us show that the operator Rg satis�es ���
�� It follows from ����� and ������
that

PRgff�� gg � ���f� � T�ff�� gg� ����	�

where T� 
 H
l�N
b ��� �� H l�N

b ��� is a compact operator�
Taking into account that ����d�x�	�B

�R�f� � B�R�f� and using ������� we
derive that

B�Rgff�� gg � B�R�f� �B
�R��B

�R�f� � B
�R�g

� �T��B
�R�f� �

�X
k�q�s

�
�Bj��kqs�R

�
�B

�R�f��k���
�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R
�
�B

�R�f��k��Gj�kqsy� z�j
j�
��

�B�R�g�

Using this and ������ we get

B�Rgg � ���g � T�ff�� gg�

�X
k�q�s

�
�Bj��kqs�R�g�k���

�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R�g�k��Gj�kqsy� z�j
j�
��

�

�X
k�q�s

�
�Bj��kqs�R

�
�B

�R�f��k���
�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R
�
�B

�R�f��k��Gj�kqsy� z�j
j�
��

� ����
�

where T� 
 H
l�N
b ��� �� H

l�N
b � � is a compact operator�

Consider the terms of the �rst sum in the right�hand side of ����
�� By
Lemma 
��� we have



�Bj��kqs�R�g�k���
�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R�g�k��Gj�kqsy� z�j
j�



H
l��m�mj������

b �
j��

� k�
�
��k�R�g�kkHl��m

b �
k�
� k�kq���R�g�k � �kq����R�g�kkHl��m

b �
k�

�
� ������

Using inequalities ���	������� for the function Uk � �R�g�k� inequality �������
and the second formula in ������ we get

�Bj��kqs�R�g�k���

�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R�g�k��Gj�kqsy� z�j
j�



H
l��m�mj������

b �
j��

� k�
�
��k�R�g�kkHl��m

b �
k�
� kPk�R�g�kkHl

b�
k�

�
� k�

�
��k��� ��L

G
g �
��f�� gg�kkHl��m

b �
k�
� k�T�g�kkHl

b�
k�

�
�
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Combining this with inequality ����� and using the boundedness of the operator

�LGg �
�� 
 Hl�N

b ��� �� H l	�m�N
b ���� we �nally obtain

�Bj��kqs�R�g�k���

�
j�kqs�y� z�� z�j
j�

� �Bj��kqs�R�g�k��Gj�kqsy� z�j
j�



H
l��m�mj������

b �
j��

� k�
�
��kgkHl�N

b �
� � k�T�g�kkHl
b�
k�

�
� ������

Therefore� by Lemma ���� we have

�Bj��kqs�R�g�k���
�
j�kqs�y� z�� z�j
j� � �Bj��kqs�R�g�k��Gj�kqsy� z�j
j�

�Mj��kqsg � Fj��kqsg

with operators

Mj��kqs� Fj��kqs 
 H
l�N
b � �� H

l	�m�mj������
b � j��

such that kMj��kqsk � 	k��� and Fj��kqs is �nite�dimensional�
One can similarly prove that each term of the second sum in the right�hand side of

����
� can be represented as the sum of an operator with small norm and a compact
operator� Combining this with ����
�� ����	� and choosing suppff�� gg � V������
we prove the lemma�

�� Let us prove that the operator L 
 H l	�m
b �G� � Hl

b�G��� is Fredholm under
certain conditions�

Theorem ���� Suppose that the hypotheses of Lemma ��� hold and b 
 l�	m���
Then the operator L 
 H l	�m

b �G�� Hl
b�G��� is Fredholm�

Proof� By Theorem ��� above and Theorems ���� ���	 of �	��� it su�ces to construct
a right regularizer R for L�
Repeating the argument of x 
 in ���� and taking Lemma ��	 of ��	� into account�

we deduce from Lemma ��	 of the present paper that there are bounded operators

R� 
 Hl
b�G���� H l	�m

b �G��

M�T 
 Hl
b�G���� Hl

b�G���

such that
LR� � I�M�T�

where kMk � � and T is compact� Since kMk � �� it follows that the operator
I�M has a bounded inverse� Clearly� R � R��I�M��� is a right regularizer for
L� The theorem is proved�

�� Until now� we assumed that b 
 l�	m��� In this subsection we use the results
of ��� to study the case when b is arbitrary but n � 	� As mentioned before� we
have to consider solutions and right�hand sides of the non�local problem as functions
with power singularities not only near the set K� but also near K� and K�� This
corresponds to the consistency conditions �see x ���
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Thus� let n � 	� We introduce the space eH l
b�G� as the completion of C

�
� �G nK�

with respect to the norm

kukHl
b
�G� �

� X
j�j�l

Z
G

#	��b�l	j�j�jD�uj� dy

����
�

where #	 � #	�y� � dist�y�K� �compare with x ��� For l � �� we denote by eH l����
b ���

the space of traces on a smooth curve � � G with the norm

k�k
eH
l����
b ���

� inf kuk
eHl
b
�G�� u � eH l

b�G� 
 uj� � ��

We assume that the following condition holds�

Condition ���� If g � K� � �is��i� �� �� then ���is �g� � K�

This condition guarantees that the set of points where the consistency condition
must be imposed is �nite� If Condition ��� fails� then consecutive shifts of the set
K� �under the transformations �is and their inverses� may form an in�nite set�
which should be used instead of K in the de�nition of weighted spaces�

In this subsection we consider the following bounded operator corresponding to
problem� ���	�� ���
�


L �
�
P�y�D��Bi��y�D�

	

 eH l	�m

b �G�� eH l
b�G�	

N�Y
i��

mY
���

eH l	�m�mi�����
b ��i��

b � R�

Since solutions and right�hand sides of the non�local problem may now have
power singularities near the points of K� and K�� we have to consider the model
problems corresponding to these points in weighted spaces but not in the Sobolev
spaces�
We �x a point g � K� � K�� Let y 
� y��g� be a non�degenerate in�nitely

di�erentiable argument transformation that maps some neighbourhood V�g� of the
point g onto a neighbourhood Vg��� of the origin such that g is mapped to the
origin� We denote by P�Dy�� Bi���Dy� the principal homogeneous parts of the
operators P�g�D�� Bi���g�D� written in the new coordinates y� � y��g� �with y�

subsequently redenoted by y�� Now we write the operators P�Dy�� Bi���Dy� in the
polar coordinates


P�Dy� � r��meP���D�� rDr�� Bi���Dy� � r�mi� eBi�����D�� rDr��

If g � K�� then g � �i for some i � i�g�� Since �i is smooth� any su�ciently
small neighbourhood V�g� of g admits a non�degenerate in�nitely di�erentiable
argument transformation y 
� y� � y��g� that maps V�g� �G onto the intersection

�Notice that equation ����	 is now considered in G nK� but not on the whole of G�
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of the half�plane R�	 � fy 
 j�j � ��	g and a neighbourhood of Vg���� We introduce
a bounded operator

Lg 
 H
l	�m
b �K
���� H l

b�K
���	
�Y

j��

mY
���

H
l	�m�mi�����
b ��j�

given by
LgU �

�
P�Dy�U� Bi���Dy�U j�j

	
�

where K
�� � fy 
 j�j � ��	g� �j � fy 
 � � ����j��	g� j � �� 	� We also
introduce a bounded operatoreLg��� 
 W l	�m

� ����	� ��	��Wl
�����	� ��	� �W l

�����	� ��	�	 C
�m

given byeLg���eU �
�eP���D�� ��eU���� eBi�����D�� ��eU���j������j
��g� j � �� 	�

If g � K�� we introduce the bounded operators

Lg � P�Dy� 
 H
l	�m
b �R��� H l

b�R
���eLg��� � eP���D�� ��
 W

l	�m
���
 ��� 	���W l

���
��� 	���

where W l
���
��� 	�� is the closure of the set of in�nitely di�erentiable 	��periodic

functions in W l
���� 	���

By x � of �	�� and x � of ���� it follows that for each g � K� � K� there is a

�nite�meromorphic operator�valued function eL��g ��� with the following properties

�i� its poles� possibly expect �nitely many of them� belong to a double angle of

opening � � containing the imaginary axis� and �ii� eL��g ��� is the bounded inverse

to eLg��� for all � which are not poles of eL��g ����
Using Theorem ��� of �	�� and the results of x � of ���� we see that Lg is an

isomorphism if and only if the line Im� � b � � � l � 	m contains no poles ofeL��g ����

Theorem ���� Assume that Conditions �������� 
�� hold� Let b � R be such that
LGg is an isomorphism for all g � K� and Lg is an isomorphism for all g � K��K��

Then the operator L 
 eH l	�m
b �G�� eHl

b�G��� is Fredholm�

Proof� Note that Lemmas ���� ��	 are true for all b � R such that LGg are isomor�
phisms for all g � K�� Hence� using Lemmas ��� and ��	� we can obtain an a priori

estimate ����� �in spaces eH l
b� � �� and construct the right regularizer similarly to the

proof of Theorem 
�� in ����

x �� Stability of the index of non�local elliptic problems

In this section we study the in$uence of the transformations �is upon the index
of non�local elliptic problems� We show that the index of the problem is determined
by the linear part of �is in a neighbourhood of K�� We note that the stability of the
index was established in ���� in the case when the support

S
i�s �is��i� of non�local

terms is disjoint from the set K� consisting of all points of conjugation of non�local
conditions�
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�� Along with ���	�� ���
�� we consider the following problem


P�x�D�u � f��x�� x � G� �����

bBi��x�D�u �

bSiX
s��

� bBi�s�x�D�u��b�is�x��j�i
� gi��x��

x � �i� i � �� � � � � N�� � � �� � � � �m�

���	�

Here P�x�D� and bBi���x�D� � Bi���x�D� are the same di�erential operators
� as

in x �� bBi�s�x�D�� s � �� � � � � bSi are some di�erential operators of orders mi� with

complex�valued C��coe�cients� and b�is �i � �� � � � � N�� s � �� � � � � bSi� are in�n�
itely di�erentiable non�degenerate transformations that map some neighbourhood
Oi of the manifold �i onto b�is�Oi� such that b�is��i� � G� �i��x� � x� We assume
that the set

bK �

��
i

��i n�i�

�
�

��
i�s

b�is��i n�i�

�
�

��
j�p

�
i�s

b�jp�b�is��i n�i� ��j

��

can be represented as bK �
S�
j��

S bNj

p��
bKjp� where

bK� �

bN��
p��

bK�p � �G n

N��
i��

�i� bK� �

bN��
p��

bK�p �

N��
i��

�i� bK� �

bN��
p��

bK�p � G

�compare with ������� Here bKjp are disjoint �n � 	��dimensional C��manifolds
without boundary �points if n � 	�� Moreover� bN� � N� and bK�p � K�p� p �
�� � � � � N��
Let the transformations b�is satisfy Conditions ��
� ���� We also assume the

operators bBi�s�x�D� and the transformations b�is �s � �� � � � � bSi� to be such that�

for each point g � bK� � K�� the operator L
b�
g �which is de�ned similarly to L�g

of x �� is equal to the operator LGg de�ned in x ��
Thus b�is is the linear part of �is in a neighbourhood of K��
We introduce the bounded operator corresponding to the non�local problem

������ ���	��

bL �
�
P�x�D�� bBi��x�D�

	

 H l	�m

b �G�� Hl
b�G����

Theorem ���� Suppose that the hypotheses of Lemma ��� hold and b 
 l�	m���

Then the operators L� bL 
 H l	�m
b �G�� Hl

b�G��� are Fredholm and indL � ind bL�
Proof� We de�ne an operator Lt 
 H

l	�m
b �G�� Hl

b�G��� by

Ltu �
�
P�x�D�u� Bi��x�D� � t�bBi��x�D��Bi��x�D��

	
�

�It su�ces to require that the principal homogeneous parts of the operators P�x�D	 and
bBi���x�D	 coincide with those in x �� We assume for simplicity that the non�leading terms coincide
as well�
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Clearly� L� � L and L� � bL�
In a neighbourhood of K�� the transformations �is and b�is coincide up to

in�nitesimals� Therefore the operators Lt are Fredholm for all t by Theorem ����
Furthermore� for all t� and t� we have

kLtu� Lt�ukHl
b�G���

� kt� jt� t�j kukHl��m
b �G��

where kt� 
 � is independent of t � ��� ��� Hence Theorem ���	 of �	�� yields that
indLt � indLt� for all t in some small neighbourhood of t�� These neighbourhoods
cover the interval ��� ��� Choosing a �nite subcovering� we get indL � indL� �

indL� � ind bL� The theorem is proved�

An analogous argument� which uses Theorem ��	 instead of Theorem ���� proves
the index stability for non�local problem ���	�� ���
� in the case when n � 	� b � R�

Let us suppose that bNj � Nj � bKjp � Kjp� j � �� 	� 
� p � �� � � � � Nj�

Theorem ���� Suppose that the hypotheses of Theorem 
�� hold� Then the opera�

tors L� bL 
 eH l	�m
b �G�� eHl

b�G��� are Fredholm and indL � ind bL�
�� In this subsection we give another proof of Theorem ��	� based upon ideas of
����� �Using Lemma ��	 of ��	�� one can similarly prove Theorem ����� Although this
proof is more complicated� it makes the situation clear by answering why is the index
of the operator completely determined by the linear part of the transformations �is
in a neighbourhood of K�� We show that if the operators L and bL are Fredholm�

then the restriction of their di�erence to the kernel ker�P� � eH l	�m
b �G� of the

operator P � P�y�D� �we recall that x � y if n � 	� can be �reduced� to the sum
of an operator with arbitrarily small norm and an operator whose square is compact�
The �rst operator accounts for the non�linear part of the transformations �is near
K�� and the second operator accounts for the transformations that generate the
sets K� and K� �see x ��� This �reduction� does not contradict the example in x 	
because the reduction procedure involves projections onto the subspace ker�P� of
in�nite codimension� By the same reason� this argument does not prove that the

operator bL is Fredholm whenever L is Fredholm �or vice versa�� It only proves that

indL � ind bL provided that both operators are Fredholm�

�� We introduce the operators

B� bB 
 eH l	�m
b �G�� eHl

b��G� �
N�Y
i��

mY
���

eH l	�m�mi�����
b ��i�

given by B � fBi��y�D�g� bB � fbBi��y�D�g� We denote by C� bC the restrictions

of B� bB to the subspace ker�P� � eH l	�m
b �G�� The operators L� bL are Fredholm by

Theorem ���� Hence Lemma ��� of ���� implies that C� bC are also Fredholm� Now�

to prove Theorem ��	� it su�ces to show that indC � ind bC�
	� We denote by C�� bC� the restrictions of C� bC to the subspace ker�C�� �

ker�P�� It is obvious that C� � CI� and bC� � bCI�� where I� 
 ker�C�� � ker�P�
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is the embedding of ker�C�� to ker�P�� Clearly� dim ker�I�� � � and codimR�I�� �
dim ker�C� � m� ��� Therefore Theorem �	�	 of �	�� yields that

indC� � indC� ind I� � indC�m��

ind bC� � ind bC� ind I� � ind bC�m��

Thus it su�ces to prove that indC� � ind bC��


� We denote by P� the operator that orthogonally projects eHl
b��G� onto

R�C���� Since codimR�C�� ��� it follows that P� is �nite�dimensional� Hence�

ind bC� � ind
�
C� � �I�P���bC� �C��

�
�

Therefore it su�ces to prove that

indC� � ind
�
C� � �I�P���bC� �C��

�
�

Since C�u� C�u � �I � P���bC� �C��u � R�C�� for u � ker�C��� we may regard
C�� C� � �I�P���bC� �C�� as operators from ker�C�� to R�C��� This increases
the indices of these operators by the same number m� � codimR�C���
It is clear that the operator C� 
 ker�C�� � R�C�� has a bounded inverse

R� � �C���� 
 R�C�� � ker�C�� and indC� � �� By Theorem �	�	 of �	��� we
have

ind
�
C� � �I�P���bC� �C��

�
� ind

�
I�R��I�P���bC� �C��

�
�

It remains to show that ind
�
I�R��I�P���bC� �C��

�
� ��

�� We introduce a function �� � C�� �R�� such that ���y� � � for y � O����K��
���y� � � for y �� O��K�� and

jD����y�j � k��#	�y��
�j�j� y � O��K�� ���
�

where k� 
 � is independent of �� We consider the operators A�� A� 
 ker�C�
� �

ker�C�� given by

A�u � R��I�P���bB�B���u�

A�u � R��I�P���bB�B���� ���u�

Clearly� I�A� �A� � I�R��I�P���bC� �C��� Since the support of ��� ���u
is disjoint from K�� the proof of Theorem 
�� in ���� shows that �A��

� is compact�
Let us study A�� Since the operator R��I�P�� is bounded� we have

kA�uk eHl��m
b �G� � ck�bB�B���uk eHl

b �	G�
�

Using partitions of unity and estimates ���	������� and ���
�� we obtain

kA�uk eHl��m
b �G� � c�

�
�k��uk eHl��m

b �G�

� kP��uk eHl
b�G�

�
� k����kuk eHl��m��

b �G�

� c�
�
�kuk

eHl��m
b �G�

� kP��uk eHl
b�G�

�
� k����kuk eHl��m��

b �G�� �����
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Since u � ker�P�� we see from ����� and Leibnitz� formula that

kA�uk eHl��m
b �G� � c��kuk eHl��m

b �G� � k����kuk eHl��m��
b �G�� �����

where c� is independent of �� Using ������ the compactness of the embeddingeH l	�m
b �G� � eH l	�m��

b �G�� and Lemma ���� we conclude that A� � M� � F��
where kM�k � 	c�� and F� is �nite�dimensional�

Thus� we have R��I � P���bC� � C�� � M� � F� � A�� Choosing � to be
su�ciently small� we see from Theorems ���� and ���	 of �	�� that

ind
�
I�R��I�P���bC� �C��

�
� ��

Theorem ��	 is proved�

The author is very grateful to Professor A� L� Skubachevskii for posing the
problem and for his constant attention to this work�
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