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Abstract.

The paper is devoted to the study of asymptotic behavior of solutions for nonlocal
elliptic problems in weighted spaces. We deal with the most difficult case when the support
of nonlocal terms intersects with boundary of a plane bounded domain. In this situation,
a general form of the asymptotics is investigated, and coefficients in the asymptotics are
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1. Introduction.

I. This work is devoted to the investigation of asymptotic behavior of
solutions for nonlocal elliptic problems. Recently many mathematicians have
been studying nonlocal problems. This interest is explained, on the one hand,
by a significant theoretical progress in the area and, on the other hand, by
a number of important applications arising in plasma theory [3], biophysics,
theory of diffusion processes [7, 30, 26], modern aircraft technology (partic-
ularly, in the theory of sandwich shells and plates [26]), etc.

In the 1-dimensional case the first ones who studied nonlocal prob-
lems were A. Sommerfeld [28], Ya.D. Tamarkin [29], M. Picone [19]. In
the 2-dimensional case the earliest paper devoted to nonlocal problems is
due to T. Carleman [5]. T. Carleman searched for a harmonic function
u in a plane bounded domain G subject to a nonlocal condition connect-
ing the values of the unknown function in different points of boundary:
u(x) + bu(w(z)) = g(z). Here w : G — G is a nondegenerate transforma-
tion subject to the restriction w(w(x)) = x (being referred to as Carleman’s
condition in the present time). Such a statement of nonlocal problems has
originated further research into the area of elliptic problems with nonlocal
transformations mapping a boundary onto itself and with abstract boundary
conditions [31, 4, 2, 1].

In 1969, A.V. Bitsadze and A.A. Samarskii [3] considered the following
nonlocal problem arising in plasma theory: find a harmonic function u(y;, y2)
in the rectangle G = {y € R* : —1 <y < 1, 0 < g, < 1} such that it is
continuous in G and satisfies the conditions

u(yr, 0) = filyr), w(yr, 1) = folyn), =1 <y <1,
u(—1, y2) = f3(y2), u(l, y2) = u(0, y2), 0 <y2 <1,

where f1, fo, f3 are given continuous functions. We notice that this problem
principally differs from the one studied by T. Carleman: now the values of
the unknown function on the part of the boundary 0G are connected with the
values inside the domain G. This problem was solved in [3] by reducing to
an integral Fredholm equation and using the maximum principle. In case of
an arbitrary domain and general nonlocal transformations, it was formulated
as an unsolved one.

The most difficult case turns out to deal with the situation when a part
T, of boundary of a domain G is mapped by some nonlocal transformation €2,

on ©4(Y1) so that ,(1,)NOG # &. Various versions of such problems were
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considerer by S.D. Eidelman and N.V. Zhitarashu [6], K.Yu. Kishkis [14],
A.K. Gushchin and V.P. Mikhailov [13], etc.

Basis of general theory for elliptic equations of order 2m with general
nonlocal conditions was founded by A.L. Skubachevskii and his pupils. In a
series of works a priori estimates were proved, a right regularizer was con-
structed, adjoint problems were studied, and properties of index in appropri-
ate spaces were established; spectral properties of some problems were con-
sidered [21, 22, 23, 24, 25, 20, 16, 9, 10]; asymptotics and smoothness of solu-
tions near some special points were investigated [22, 12]. We remark that the
papers [22, 23, 24] were the first ones to deal with the case Q,(T1)NY; # @,
which had not been previously considered even for the Laplace equation with

nonlocal conditions in plane domains.

II. In this paper we investigate the most difficult situation mentioned
above: the support of nonlocal terms can have a nonempty intersection with
boundary of a domain G. In that case, power singularities for solutions
near some set K C G can appear [22, 27]. Therefore it is quite natural to
study such problems in special weighted spaces that take into consideration
those possible singularities. (The most convenient spaces turned out to be
Kondrat’ev’s ones [15].) Thus we arrive at the question of asymptotics of
solutions near the set IC. In the paper [22], A.L. Skubachevskii obtained a
general form of an asymptotics of solutions to problems with nonlocal trans-
formations coinciding with a rotation operator near the set . These theo-
rems were applied to investigation of smoothness for generalized solutions of
nonlocal elliptic problems (see [22, 27]).

In the present work we generalize the mentioned results of A.L. Skuba-
chevskii and study the case of arbitrary nonlocal transformations, linear near
the set K. Simultaneously, we get a formula connecting the indices of one
and the same nonlocal problem, but being considered in different weighted
spaces.

Moreover, using the results of the paper [12] (which deals with model
nonlocal problems in plane angles and in R? \ {0}), we get explicit formu-
las for calculating the coefficients in the asymptotics of solutions. These
formulas are given both in terms of eigenvectors and associated vectors of
model adjoint problems and in terms of distributions from the kernel of ad-
joint problem in a bounded domain. The latter shows, in particular, that
the values of the coefficients in the asymptotics are the functionals over the
right—hand sides of the nonlocal problem under consideration. These func-
tionals depend on the data of the problem in the whole domain, but not only
in some neighborhood of the set K.
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We remark that the calculation of the coefficients in the asymptotics is
both important itself and has a direct application to the question of smooth-
ness of generalized solutions for nonlocal problems. Roughly speaking, it
allows to show that a generalized solution u € W3 (G) to a nonlocal prob-
lem (for an elliptic 2nd order equation) with a right-hand side f € Lo(G)
is smooth (i.e., u € WZ(G)) if and only if the function f satisfies some or-
thogonality conditions. In a number of cases these conditions can be verified
explicitly.

III. The paper is organized as follows. The statement of the problem
and some assumptions concerning nonlocal transformations are given in sec-
tion 2. Most of the assumptions are due to simplify computations throughout
the paper. In section 3 we derive an asymptotics (with yet unknown coef-
ficients) for solutions to nonlocal problems. Using the results of section 3,
in section 4 we establish a connection between the indices of one and the
same problem but being considered in different weighted spaces. In section 5
we obtain an asymptotics of solutions for adjoint nonlocal problems. This
allows to get in section 6 explicit formulas for the coefficients in asymptotics
of solutions to the original nonlocal problem. In section 7 we consider an
example illustrating the results of sections 2—6.

2. Statement of the problem in a bounded domain.

Let G € R? be a bounded domain with a boundary 0G = J T,
o=1,2
where T, are open (in the topology of OG) curves of C* class such that
TiNYTy =2, T1NYTy={g1, h1}. We suppose that in some neighborhoods
of the points g; and h; the domain G coincides with an angle.

We denote by P(y, D,), Bou(y, Dy), T,.(y, D,) differential operators
of orders 2m, mg,, me, respectively with complex-valued coefficients from
C®([R?) (M, <2m—1,0=1, 2, p=1, ..., m). Put also B,(y, D,) =
{Bou(y, Dy)}isys Toy, Dy) ={T5u(y, Dy)}isy.

Let Q, (0 = 1, 2) be an infinitely differentiable nondegenerate trans-
formation mapping some neighborhood O, of T, onto Q,(O,) such that
Q,(T,) C G. For definiteness, we consider the case when Q;(¢1) = ¢2 € G,
Da(g1) = g1, Q(h1) = hy, Qa(hy) = he € G. In this work we also assume
that go & Qa(Y3), he ¢ Q1(Yy). The last assumption is made in order to
simplify further computations!. But, following [22, 24], we demand (and it

LTf, say, g2 € Q2(T2), then either go = hy (in that case, an asymptotics of a solution



NONLOCAL ELLIPTIC PROBLEMS 179

T

F1Gg. 2.1. The domain G.

is on principle) that following condition holds:

CONDITION 2.1. The curves (Y1) and Q2(Y3) are not tangent to the
boundary OG at the “consistent points” hy and g, respectively (see Fig. 2.1).

We also suppose for simplicity that the transformations €2, (y) are linear
near the points g; and h;.

We introduce the set K = {g1, h1, g2, ho} and consider the nonlocal
elliptic problem

P(y, Dy)u= f(y) (y€ G\K), (2.1)

B, (y, Dy)u= B,(y, Dy)ulxr, + (T,(y, Dy)u)(2%))|r, = f+(y)
(ye Ty o=1, 2).

Here (Ta(ya Dy)u) (Qa(y)) = Ta(y/> Dy’)u<y/)|y’=Qg(y); fU = {fa,u}zlzl'

REMARK 2.1. The results of this paper are generalized for the case
when the boundary OG consists of a finite number of smooth curves Y,
oc=1, ..., N, and nonlocal conditions on each Y, contain a finite number
of nonlocal terms with different transformations. Moreover, these transfor-
mations can map “the consistent points” (which are g, and hy in our case)
both to the boundary OG and inside the domain G, forming finite orbits.

We introduce the space H.(G) as a completion of the set C5°(G\K) in
the norm

(2.2)

1/2

ull ) = Z/pQ(alHO‘D\D“ude

el <l ¢y

near the point go will influence not only an asymptotics near g; but near hy as well)
or go € Q(T2) (in that case, one must study an asymptotics at the additional point
Q5" (g2) € Ta).
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Here C3°(G\K) is the set of infinitely differentiable functions with compact
supports contained in G\K; [ > 0 is an integer; a € R; p = p(y) = dist(y, K).

If, instead of the domain G, one considers an angle with a vertex g or
some neighborhood of a point g, then one must put K = {g} in the definition
of the weighted space.

By Hi_lﬂ(T) we denote the space of traces on a smooth curve Y C G
with the norm ||¢||Héfl/2(,r) =inf||ullg e (uve HLUG): ulx =).

Let us introduce the operator

L ={P(y, Dy)7 B, (y, Dy)} :

H™(G) — Hy(G, 1) < Hy(G) < [T T a2 (%),

o=1,2 p=1
which corresponds to nonlocal problem (2.1), (2.2).

Throughout the paper we assume that the operators P(y, D,) and
B,(y, D,) satisfy the following conditions (see, e.g., [17, Chapter 2, sec-
tion 1]).

CONDITION 2.2. For all y € G the operator P(y, D,) is properly ellip-
tic.

CONDITION 2.3. For o =1, 2 andy € T, the system B,(y, D,) =
{Bouly, Dy)}iy covers the operator P(y, D).

Remark that we do not impose any restrictions on the nonlocal operators
T5,(y, D,) but the natural restriction on their orders.

3. Asymptotics of solutions for nonlocal problems.

I. In this section we obtain an asymptotics of a given solution u €
H!™(@) for problem (2.1), (2.2) with aright-hand side {f, f,} € H. (G, T),
0<a—a <1

Notice that the violation of the inequality a —a; < 1 means that {f, f,}
is “too regular”’. In that case, exact results should yield more terms in
asymptotics in comparison with our case. This situation can be investigated
in the way similar to [22] (see also [15, 18]). Namely, one should consider
corresponding equations for a residue in the asymptotics formula and apply
to them the results obtained for the case a — a; < 1. We are not going to do
this here since detailed computations would lead to enormous enlargement
of the paper, giving no essentially new results (with respect to the present
work and to the paper [22]). The same remark is valid for the case when

S Hi+2m<G)’ {f7 fa} S Héll(G, T), and ll # l.
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The asymptotics will be found with the help of eigenvalues and cor-
responding Jordan chains of some holomorphic operator—valued functions.
Therefore let us remind some relevant definitions and facts (see [8]).

Suppose [Z(/\) : Hi — H, is a holomorphic operator—valued function,
H,, H, are Hilbert spaces. A holomorphic at a point Ay vector—function p(\)
with the values in H; is called a root function of the operator £()\) at \g if
©(N\o) # 0 and the vector—function £(\)¢(\) is equal to 0 at Ag. If £(\) has
at least one root function at the point Ay, then \q is called an eigenvalue of
L()\). Multiplicity of zero for the vector—function £(A)@(\) at the point A
is called a multiplicity of the root function p(\); the vector ¢(© = ¢()\) is

called an eigenvector corresponding to the eigenvalue \g. Let ¢(A) be a root

function at the point Ay of multiplicity s, and () = > (A —Xg)?p). Then
7=0

the vectors oM, ..., &1 are called associated with the eigenvector gy,

and the ordered set 0@, ..., &=V is called a Jordan chain corresponding

to the eigenvalue \g. Rank of the eigenvector ¢ (rank p(?) is the maximum

of multiplicities of all root functions such that ¢()\g) = ¢©.

Let an eigenvalue \g of the operator £(\) be isolated, dim ker £(\g) < oo,
and rank of )\, finite. Suppose J = dimker £()\g) and @@, ... 0 is
a system of linearly independent eigenvectors such that rank ¢! is the
greatest of ranks of all eigenvectors corresponding to the eigenvalue )y, and
rank o) (j = 2, ..., J) is the greatest of ranks of eigenvectors from
some orthogonal supplement in ker £()\g) to the linear manifold of the vec-
tors OV .. 07D The numbers s; = rank p(*7) are called partial
multiplicities of the eigenvalue \g, and the sum s¢; + - - - + 3¢5 is called a (full)
maultiplicity of Ag. If the vectors ) . . ©&=19) form a Jordan chain
for every j = 1, ..., J, then the set of vectors {©®7) ... o&=19) . j =
1, ..., J} is called a canonical system of Jordan chains corresponding to
the eigenvalue \.

II. At first let us consider an asymptotics of the solution u for prob-
lem (2.1), (2.2) near the point go. In this case we will see that the asymp-
totics is defined by a model “local” problem in R?\ {g.} with a “regular”
right-hand side. Such a problem was studied in [12, section 5]. Thereafter
we will consider the asymptotics near the point g;. In that case, we will
arrive at a model nonlocal problem in some angle K with a right—hand side
being a sum of “regular” and “special” functions. The asymptotics of the
“special” one will be defined by the asymptotics of the solution u near g»,
which is explained by the presence of the nonlocal transformation €2;. Then
the results of [12] will be applied to this model problem.
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Thus we fix a neighborhood V(g,) of g2 such that V(¢g2) N 0G = @ and
V(g2) N {h2} = @. One can see that an asymptotic behavior of u in V(gs)
does not depend on nonlocal conditions (2.2), but is defined only by the

equation

Py, Dyu=f(y) (ye€V(g)). (3.1)

Let P(D,) be the principal homogeneous part of the operator P(g2, D,).
Then equation (3.1) can be written in the form

P(Dy)uly) = f(y) (v € V(g)), (3.2)

where f , by virtue of the condition 0 < a — a; < 1, belongs to the space
H! (V(g2))*. We introduce the bounded operator

Ly =P(D,) : H""(R?) — Hy(R?),

where, defining the weighted spaces, one must put K = {g2}.
We write the operator P(D,) in polar coordinates with the pole at the
point go: P(D,) = r~*"P(w, D, rD,), where D,, = —i%, D, = —i%'

Let us introduce the operator—valued function
Lo(A) = P(w, Doy A): Woh2™(0, 2m) — Wy, (0, 27).

Here W3, (0, 2m) is the closure of the set of infinitely differentiable 27-
periodic functions in W(0, 27).

The operator Zg()\) is obtained from the operator L5 by passing to polar
coordinates, followed by the Mellin transformation with respect to r:

o0

a(N) = (27r)_1/2/7’_“‘_1u(7“) dr.

0

From [22, section 1] it follows that there exists a finite-meromorphic
operator—valued function 7~€2()\) such that its poles (except, maybe, a finite
number of them) are located inside a double angle of opening less than
containing the imaginary axis; moreover, if A is not a pole of Ry()), then

2 To show that f H. (V(g2)), one must estimate the expressions of the two types:
1) pa(y)D%u, |a| < 2m—1, and 2) (pa(y) — pa(0)) D¥u, || = 2m, where p, are infinitely
differentiable coefficients of P(y, D,). The 1st one is estimated by direct use of the
condition 0 < a—a; < 1, while the 2nd one needs additional application of Lemma 3.3’ [15].
Further, in analogous situations, we will omit these explanations.
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Ra()) is inverse to the operator £4()). Thus a number X is a pole of Ry())
if and only if \ is an eigenvalue (of finite multiplicity) of £o()).

If the line Im A = a + 1 — [ — 2m contains no eigenvalues of £5(\), then,
by virtue of [22; section 1], the operator L, is an isomorphism.

In order to formulate a theorem concerning an asymptotics near g, let
us introduce some denotation. Suppose A, is an eigenvalue of ﬁg()\),

{¢507C)7 ey Soé{CQil’C) : C = 17 Tt J2} (33)

is a canonical system of Jordan chains of the operator L£5()\) corresponding
to the eigenvalue A,.
Consider the vector uy = {ugk’o}, where

k
. 1 _
uy ey 1) =Py i) ), (3.4)

q=0 *’

(w, r) are polar coordinates with the pole at the point gs.
Notice that (see [12, section 5]) the vector us, the components ugk’o of
which are defined by (3.4), satisfies the relation

£2u2 =0. (35)

THEOREM 3.1. Let the linesIm A = a;+1—1—=2m, ImA = a+1—1-2m
contain no eigenvalues of Lo(N) and the strip a +1—1—-2m <ImA <
a+1—10—2m contain the only eigenvalue Ay of Lo(N). Then

u(y) = coua(y) +a(y) (v € V(g2))® (3.6)

Here uy = {ugk’o}, uék’o are defined by (3.4); co = {cgk’o} is a vector of
some constants; @ € HLF™(V(g2))*.

Proof. Introduce the cut-off function n € C*(R?) equal to 1 in some
neighborhood of the point g» and vanishing outside V(g2). Suppose that the
function nu is defined in the whole of R? being equal to 0 outside V(gs).
Then from (3.2) and Leibnitz’s formula, it follows that

Lo(nu) € HIF™(R?).

3 In formula (3.6) and further the expressions such as cous are calculated in the following

Jy »¢2—1l i
way: Coug = . C(2k,C)u(2k,C).
(=1 k=0
4 The results of this work are evidently generalized for the case when the strip a1 +1 —

I —2m <ImA\ < a+1—1—2m contains a finite number of eigenvalues of Ly()).
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Now it remains only to apply Theorem 5.1 [12], which establishes the asymp-
totics of solutions for nonlocal problems in R?\ {g,}. O

REMARK 3.1. In fact, the assumption that the line Im A = a+1—1—2m
contains no eigenvalues of Eg()\) 1s superfluous. Theorem 3.1 remains valid
even if it is violated (see Remark 5.1 [12]). But this assumption will be
used for studying the adjoint nonlocal problem and for calculating the coef-
ficients cgk’o.
erality. Indeed, one can find an €, 0 < € < a — ay, such that the strip
a—e+1—1-2m <Im\<a+1-—1-2m contains no eigenvalues 0f£~2(/\),
and therefore (see [12, section 5]) u € HY*™(V(gy)). Hence we arrive at the
situation of Theorem 3.1.

REMARK 3.2. From the results of [12], proof of Theorem 3.1, and Re-
mark 3.1, it follows that if the strip ay +1—1—2m <ImA<a+1—1—2m
has no eigenvalues of Eg()\), then u € Hflme (V(gg)) for any right-hand side
{fa fU} S Htlh(G? T)

ITI. Now we consider an asymptotics of the solution u for problem (2.1),
(2.2) near the point g;. Fix a neighborhood V(g;) of ¢g; such that

However, this assumption does not lead to the loss in gen-

V(g) N (T) =@ and V(g) N{hy} =2. (3.7)

Then one can see that an asymptotic behavior of the solution w is defined
by the problem

P(y, Dy)u= f(y) @GV()WQ (3.8)

By (y, Dy)u|V(g1)ﬂT1 = fily) — ( U)( )|v (g1)NYy
(y € V(g1) N Ty), (3.9)

Bs(y, Dy)ulvgnr, + (T2(y, Dy)u) () vgonr, = f2(y)

(y € V(g1) N Ty).

Let P(Dy), By(D,), T»(D,) be the principal homogeneous parts of the
operators P(g1, D,), B,(g1, D), To(q1, D,) respectively®. Let T1(D,) be
the principal homogeneous part of the operator T1(ga, D).

From now on we shall suppose that the origin coincides with the point
g1 g1 =0, and

V() NG =V(0)NK, (3.10)

® Notice that earlier, in this section, we denoted by P(D,) the principal homogeneous
part of the operator P (g2, D,). To be strict we had to denote these operators by different
symbols. But we do not do it since throughout the paper it will always be clear from the
context whether we consider the principal homogeneous part of P(y, D,) at g1 or at gs.



NONLOCAL ELLIPTIC PROBLEMS 185

where K is the plane angle: K = {y € R*: r > 0, b; < w < by} with the
arms 7, = {y € R? . r >0, w = b,}, 0 =1, 2. Here (w, r) are polar
coordinates with the pole at the point g3 =0, 0 < by < by < 27.

According to the assumptions of section 2, the transformations 2, (y) are
linear in V(g1) = V(0). Let ©Q4(y) (v € V(g1)) be a composition of a rotation
and an expansion with respect to ¢;, and the shift by the vector gigs. Let
Qa(y) (y € V(g1)) coincide with the linear operator G, of a rotation by an
angle wy (by < by + wy < be) and an expansion with a coefficient 35 > 0.

Let the neighborhood V(g;) = V(0) be so small that {Q(y) : y €
V(g1)} C V(g2) and relations (3.7), (3.10) are fulfilled with the set {Q2(y) :
y € V(g1)} substituted for V(g;) (which is related to (3.9)). (Mention that
this requirement is automatically fulfilled whenever the expansion coefficients
for the transformations €2, (y) near the point g; are less or equal to 1.)

Now, using asymptotics formula (3.6) for the solution uw near g and
Leibnitz’s formula, we get that problem (3.8), (3.9) in V(g1) NG is equivalent
to the following one in V(0) N K:

P(Dyu=fly) (yeV(0)nK), (3.11)
Bi(Dy)ulvoym = fi(y) — eafia(y)  (y € V(0) Ny), (312)
Ba(Dy)ulyoym, + (To(Dy)w)(Goy) voyme = fo(y)

(y € V(0) N ).
Here f = f — (P(y, Dy) —P(D,))u,

fiz = (Ta(Dy)uz) (U ) v©yrm: (3.13)

fi=fi = (Bi(y, Dy) — Bi(D,)) vy, —
(Ty(y, Dy) — Ti(Dy))u) () vy — (T1(Dy)a) (1) vy

fQ - f2 - (BQ(ya Dy) - BQ(DZ/>)U|V(0)Q’YQ_
((To(y, Dy) — To(Dy))u) (Goy) v

Since T4, (D,) is a homogeneous operator of order my,,, from (3.13) and (3.4)
it follows that the components ff’;,;O of the vector fio = { fl(sl’f)
combinations of the functions 72~ (iIn7r)?, 0 < ¢ < k.
Moreover, by virtue of the condition 0 < a — a; < 1, we have f €
HL,(V(0) N K), fou € Ha ™" 2(0(0) N).
Thus we see that (3.11), (3.12) is a model nonlocal problem in V(0) N K
with the right-hand side being the sum of the “regular” function {f, fi, fo}

} are linear
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and the “special” function {0, —cyfi2, 0}. The asymptotics of the vector fio
is defined by the asymptotics of the solution u near the point go, i.e., by the
vector uy (see (3.4)).

Now we are to apply the results of [12]. Put

B, (Dy)u =B (Dy)u|71

3.14
Ba(D,)u = Ba(D,Jul, + (To(Dy)u) (o) (314
and introduce the bounded operator
Ly ={P(Dy), B,(D,)} :
HE 1) — HK, )" L)« [T T A0,

o=1,2 p=1

which corresponds to the model nonlocal problem in the angle K.

Write the operators involved into £; in polar coordinates: P(D,) =
r=2"P(w, D,, rD,), Bs(D,) = {r~"e«B,,(w, D,, rD,)}Y",, T,(D,) =
{T*mf’“ﬁw(w, D, rD;)},

Consider the operator-valued function

p=1

L1(N) s WE™ (b, by) — Wilbr, bo] = Wh(by, by) x €

given by

Li(N) = {P(w, Dy, N, Biu(w, Doy Np(w)]omtys
BQu(w7 Dw? )‘) ( )‘w b +62)\ mQMTQM(w_Fw?? Dwv )‘) (w+w2)‘aJ=b2}'

The operator £~1(>\) is obtained from the operator £; by passing to polar
coordinates, followed by the Mellin transformation with respect to r.

From Lemmas 2.1, 2.2 [23] it follows that there exists a finite-meromor-
phic operator—valued function R4()) such that its poles (except, maybe, a
finite number of them) are located inside a double angle of opening less than
7 containing the imaginary axis; moreover, if A is not a pole of 7%1()\), then
R1()) is inverse to the operator £1()). Thus a number \ is a pole of Ry ()
if and only if A is an eigenvalue (of finite multiplicity) of £1(\).

If the line Im A = a + 1 — [ — 2m contains no eigenvalues of £;(\), then,
by virtue of Theorem 2.1 [23], the operator £; is an isomorphism.

In order to formulate a theorem concerning an asymptotics near g, let
us introduce some denotation. Suppose A; is an eigenvalue of the operator
L1(\) located inside the strip a; +1 —1 —2m <Im\ <a+ 1 —1— 2m,

{¢507C)7 e SOZ(L{CJ*LC) : C — 17 ey Jl} (315)
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is a canonical system of Jordan chains of the operator £1(\) corresponding
to the eigenvalue A;.
Consider the vector u; = {ugk’o}, where

k
. 1 _
) =™y (i)l ) (3.16)

q=0 *’

(w, r) are polar coordinates with the pole at the point g; = 0.
Notice that (see Lemma 2.2 [12]) the vector u;, the elements ugk’o of
which are defined by (3.16), satisfies the relation

If )\, is an eigenvalue of £1(\) (i.e., Ay = A1), then denote by »(\y) the
greatest of partial multiplicities of Ag. If Ay is not an eigenvalue of £~1(/\)
(i.e., /\2 7é /\1), put %()\2) = 0.

THEOREM 3.2. Let the linesIm A =a;+1—1—2m, Im A =a+1—1—2m
contain no eigenvalues of Li(\) and the strip a; + 1 —1 —2m < Im\ <
a+1—1—2m contain the only eigenvalue \y of L1()\). Then

u(y) = crur(y) + coura(y) +a(y) (y € V(g1) NG). (3.18)

Here uy = {ugk’o}, where ugk’o is defined by (3.16); w2 = {uﬁ’;’o}, where
ug’o is a linear combination (which will be strictly defined in the proof below)
of the functions 2 (i In 1) Yppeq (W), g € WETP (b1, ba), 0 < ¢ < k+3¢(N2),
(w, 1) are polar coordinates with the pole at gi; ¢; = {cgk’Q} is a vector
of some constants; cy is the vector of constants appearing in (3.6); U €
Hi2m(V(g1) NG)°.

Proof. Let ujy = {u%o} be a particular solution (which is defined by
Lemma 4.3 [12]) for the problem

P(Dy)u1a =0 (y € K), (3.19)
Bi(Dy)uiz = = fi2, Ba(Dy)uiz =0, (3.20)

Here f1o =1 fl(l;l’f)} is defined by (3.13). We remind that each element fl(l;/f)
is the linear combination of the functions 7#2=™u (i In7)?, 0 < ¢ < k. There-

fore, by Lemma 4.3 [12], the particular solution ;2 has the form described in
the formulation of the theorem. Moreover, each element ugg’o of the vector

6 See footnote 4 on page 183.
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w19 is uniquely defined if Ay is not an eigenvalue of £~1()\) (i.e., Ay # A\p).
Otherwise (i.e., if Ay = A1) it is defined accurate to an arbitrary linear com-
bination of power solutions (3.16) corresponding to the eigenvalue Ay = A;.
Later on we shall suppose the particular solution uqy = {u§’;<)} being fixed.

Introduce the cut-off function n € C*(R?) equal to 1 in some neigh-
borhood of the origin and vanishing outside V(0). Put w = n(u — caus2).
Since u is a solution for problem (3.11), (3.12) and w2 is a solution for
problem (3.19), (3.20), one can easily check (using Leibnitz’s formula) that
Liw € Hél(K , 7). Therefore, to conclude the proof, it remains to apply
Theorem 2.2 [12], which establishes the asymptotics of solutions for nonlocal
problems in angles. [

REMARK 3.3. In fact, the assumption that the lineIm A =a+1—1—2m
contains no eigenvalues of [11()\) 18 superfluous. But, using the results of the
paper [12], one can show (similarly to Remark 3.1) that this assumption does
not lead to the loss in generality. Therefore we remain it since it will be
used for studying the adjoint nonlocal problem and for calculating the coeffi-
cients cgk’o.

REMARK 3.4. Ifthe stripa;+1—1—-2m <ImA<a+1—1—2m has
no eigenvalues of L1()\), but still has one (say, Xs) of La(N), then (3.18) will
assume the form u(y) = coui2(y) + a(y) (y € V(g1) N G). And only if the
mentioned strip has neither eigenvalues of L1(\) nor Ly(N), the solution u
will be “regular” near the point gi: w € HE*™(V(g1) NG) for any right-hand
side {f, f,} € H. (G, T). (Cf. Remark 3.2.)

Theorem 3.2 shows that the asymptotic behavior of solutions for prob-
lem (2.1), (2.2) near the point g; depends on the data of the problem both
near the point gy itself and near the point g, € G, which is connected with

g1t g2 = 91(91)‘

IV. Quite similarly to the above one can study an asymptotics of so-
lutions for problem (2.1), (2.2) near the points h, in terms of the spectral
properties of the operators Zf/()\) corresponding to the points h,, v =1, 2.
The operators £, (\) are introduced similarly to the operators £, ().

In order not to repeat the analogous computations, we suppose that
the solution w is “regular” in some neighborhoods V(h,) of the points h,:
uwe HPP(V(h)), v =1, 2.

Now we shall formulate the condition that summarize all our assumptions
concerning the spectral properties of the operators £, (\) and £/ ()).

CoONDITION 3.1. Let the lines ImA = a1 +1—1—2m and Im\ =
a+1—1—2m contain no eigenvalues of the operator—valued functions fy(A),
L (N\); let the strip ay +1—1—2m <Im\ < a+1—1—2m contain the only
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eigenvalue \, of L£,(\) and no eigenvalues of L, (\), v =1, 2.

We notice that the assumption concerning the absence of eigenvalues of
LN, v =12 inthestripay+1—1—2m <ImA<a+1-1—2m
guarantees the regularity of solutions in the above sense (see Remarks 3.2
and 3.4).

From now on we suppose Condition 3.1 being fulfilled.

In the sequel it will be convenient to have an asymptotics formula for
the solution v € H!™™(G) to problem (2.1), (2.2) in the whole domain G.
To write this formula, we introduce infinitely smooth functions 7, with the
supports in V(g,) such that 7,(y) = 1 in some neighborhoods of the points
gy, v =1, 2. Consider the vector—functions

Ur =mur; Uz = maus + 11tae. (3.21)

The functions U, are supposed to be defined in the whole domain G, vanish-
ing outside V(g,), ¥ = 1, 2. Then Theorems 3.1 and 3.2 yield the following
asymptotics of u € H.™™(G):

u = <01U1 + 02U2> (mod HﬁQm(G)) (3.22)

Let us remark for the sequel that the components U9 of the vector
U, = {U,Ek’o} are such that

LU} € H: (G, 7). (3.23)
To prove it, we firstly put {F, F,} = ( <) Since the support of
UF = nulf is contained in V(ig) = (0), we have
P(y, Dyymui"™ = F(y) (y € K),
Bi(y. Dy)muy % =Fi(y) (y€mn),

Bs(y, Dﬁnwﬁ’“’“% + (T2(y, 7]1“1 )(g2y)|72 =y (y€n).

But the vector u; = {ugk’o} satisfies (3.17). Therefore, using Leibnitz’s
formula, we obtain {F, F,} € H. (G, T).
Now put {F, F,} = LUQ(k’C). Similarly to the above we get
P(y, Dy)musy + Ply, Dynauy™® = Fly) (y € K),
Bi(y, Dynuls®l, + (Ti(y, Do) (@) = Fily) (v € m),
By, Dyymuis” |y + (Tely, Dy)muiy®) (Goy) b = Foly)  (y € 72).
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But the vector uy = {ugk’o} satisfies (3.5), and the vector ujy = {u%o}
satisfies (3.19), (3.20). Therefore, using Leibnitz’s formula, we again obtain
{F, F,} € H. (G, T).

4. Index of nonlocal problems.

I. In this section we study some properties of the kernel, cokernel, and
index of the operator L corresponding to nonlocal problem (2.1), (2.2). In
particular, using the asymptotics formula (3.22), we shall obtain a formula
connecting the indices of one and the same problem (2.1), (2.2), but being
considered in different weighted spaces.

Let s, be a full multiplicity of the eigenvalue A\, of the operator—valued
~ Ju
function £,(\): 26, = > s, Put 2c = 30 + 500
c=1

LEMMA 4.1. Homogeneous problem (2.1), (2.2) can have no more than
» linearly independent modulo HLP*™(G) solutions from the space HI™(G).

Proof. Put the functions U< v =1 2¢C=1, ..., J,; k =
0, ..., s, — 1) in arbitrary order and denote the elements of the obtained
ordered set by U, ..., Ug.

Suppose Z; € HLP?™(G), t = 1, ...d, are linearly independent modulo
HLP™(G) solutions to homogeneous problem (2.1), (2.2), and d > ». Then
by (3.22) we have

Z = (ictkuk> (mod Hf;{Qm(G)), t=1, ..., d, (4.1)
k=1

where ¢, are some constants. Consider the equation for unknown constants

hl, cvey hdi
d
S hz = o(mod Hf;{Qm(G))
t=1

By virtue of (4.1) it is equivalent to

i (i ctkht)uk - o(mod Hf;?m(G)).

k=1 t=1
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Since Uy, ..., Ug are linearly independent modulo HF?™(G), the last equa-
tion is equivalent to the system
d
thkhtzo, k:]_,...,%.
t=1

By virtue of the inequality d > s, this system necessarily has a nontrivial

solution (hy, ..., hg) # 0, while we supposed that 2, ..., Z; were linearly
independent modulo H,™™(G). This contradiction proves the lemma. D
Consider the vector U = (U, ..., UpT. Let Z = (21, ..., Zy)7,

0 < d < x, be a vector, components of which form a maximal set of solu-
tions to homogeneous problem (2.1), (2.2) from the space H:2™(G), linearly
independent modulo the space H.™™(G) (i.e., a basis modulo H.F*™(G)).

By virtue of (4.1), we have Z = CU (mod Hflfzm(G)), where C is a ma-

trix of order d x . Rank of C equals d. Without loss in generality we
assume that C = (C;, Cs), where C is a nonsingular (d x d)-matrix. Hence

C'Zz =(1, c;/'Cyu (mod HClLTQm(G)>, where I is the identity (d x d)-

matrix. Therefore we can suppose that

Z, = (Zx[t + z{: Ctkb{k> (mod Héme(G)), t=1, ..., d. (4.2)

k=d+1

We shall say that basis (4.2) is canonical. From now on we fix some canonical
basis.

IT. Along with the operator L = {P(y, D,), B,(y, D,)} : H.P*"(G) —
H! (G, T), we consider the adjoint operator L* : H. (G, T)* — HLP?™(G)*
given by

<u, L{v, w,} >=<P(y, D,)u, v>+ Z Z < B,.(y, Dy)u, w,, >
o=1,2 p=1
' (4.3)
for all u € H?™(G), {v, w,} € H. (G, T)*. Here and below < -, - >
stands for the sesquilinear form on a pair of corresponding adjoint spaces.
LEMMA 4.2. Let d be a number of elements in basis (4.2). Then the
equation L*{v, w,} = 0 has 3 — d solutions from H. (G, T)*, linearly
independent modulo HL(G, T)*.
Proof. 1) Let {¢4, ¥io}, t =1,..., g, be some basis modulo H.(G, T)*
in the space of solutions from H! (G, Y)* for the equation L*{v, w,} = 0.
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Suppose q¢ < » —d. Put U = cqp1ildayr + - - - + cgldg, where the vector
(Cat1, --., cg) is a nontrivial solution for the ¢ linear algebraic equations

< LZ/{7 {th, wt7a} >= 0, t = 1, ey g (44)

(notice that, by virtue of (3.23), L € H. (G, T) and therefore the forms
< LU, {¢:, s} > are well-defined). This system does have a nontrivial
solution since q < s — d.

From (4.4) it follows that there exists a solution U € H rr2m (@) for the
equation LU = LU. Clearly the function Z =U — U # 0 is a solution from
H2m(@G) for homogeneous problem (2.1), (2.2), which has the asymptotics

{
ZE( Z ckuk> (modHéme(G)). (4.5)
k=d+1
We claim that the function Z is linearly independent of Z;, ..., Z;, the

elements of basis (4.2) modulo H.t*"(G). Indeed, suppose that

Z = (ihtzt) <mod Héﬁm(G));

then, by virtue of (4.2), we have

Z= <i hid, + i (i hicu)Uy ) (mod HLF2"(G) ).

k=d+1 t=1

From this, from (4.5), and from the linear independence of the functions
Ui, ..., Ug modulo HP*™(G), it follows that hy = --- = hy = 0. However,
we assumed Zy, ..., Z4 were the elements of basis (4.2) modulo H:™(G).
This contradiction proves that ¢ > » — d.

2) Suppose ¢ > » — d. Denote by {®y, Vp,}, h =1, ... ¢, a system
of elements from H} (G, T) being biorthogonal to the system {¢;, Vi, },
t=1, ...,q, and orthogonal to all solutions for the equation L*{v, w,} =0
from HL(G, T)*. Then there exist solutions uj, € H:?™(G) for the problems
Lup, = {®y, Yo}, h =1, ..., ¢. Subtracting from u;, (if needed) a linear
combination of the elements Z, ..., Z; forming basis (4.2), one can make
the relations

up = < i dhkuk) <m0dHflT2m(G)>, h=1, ..., q. (4.6)

k=d+1
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hold.

The functions w;, ..., u, are linearly independent modulo H, fj{zm(G)
Indeed, in the opposite case some linear combination of the functions wuy,
h=1, ..., q, would belong to the space H(I;{Qm(G). Then the corresponding
linear combination of the functions Luy, = {®y,, Vy,}, h=1, ..., ¢, would
be orthogonal to all the vectors {¢;, ¥}, t =1, ...,q. This would contra-
dict the choice of the functions {®,, V,,}, h =1, ...,¢. From (4.6) and
from the linear independence of the functions uy, it follows that ¢ < s — d.
Thus, we necessarily have ¢ = > —d. O

II1. Consider the operators
L, = {P(yv Dy)’ BU(yv Dy)} : H(l;+2m(G) - H}z(Ga T)a
Lal = {P(yv Dy)’ Ba(y’ Dy>} : H(lzj—Qm(G) - H¢l11 (Gv T)

The operators L, and L,, correspond to one and the same nonlocal prob-
lem (2.1), (2.2), but they act in the spaces with the different weight constants
(a and a; respectively).

THEOREM 4.1. The operators L, and L,, are Fredholm, and the follow-
ing index formula is valid:

indL, =ind L,, + ».

Proof. By Theorem 3.4 [22], the operators L, and L,, are Fredholm”.
By Lemma 4.1, we have dim ker L, = dimker L,, + d. Then by Lemma 4.2,
we have dimker L} = dimker L} — (5 — d). Hence indL, = dimker L, —
dim ker L = dimker L,; — dimker L} + ¢ = ind Ly, + 5. [

REMARK 4.1. Theorem 4.1 remains true without the assumption a —
a1 < 1, too. Indeed, one can always choose numbers a = a® > a* > --- >
aM = a; such that 0 < a*—a'™' < 1 and the lines Im \ = a*+1—1—2m do not
contain eigenvalues of EZ,()\), v =1, 2. Applying Theorem /.1 subsequently
to the pairs of the operators

Lo, = {P<y? Dy)> Ba(y’ Dy>} . H(lzj_2m(G> - Hzlzi(G> T)v
Loy, = {P(y, Dy), Bo(y, Dy)}: Hl+2m(G) — H] (G, 1)

aj41 Ai41
we get the formula ind L, = ind L, + >, where 5 is the sum of full multi-
plicities of all eigenvalues of L1(\) and L2(N) contained in the strip a; + 1 —
[—2m<ImA<a+1—-10-2m.

" More precisely, we use the generalization of Theorem 3.4 [22] for the case of transfor-
mations 21, (2o consisting near g; and h; not only of a rotation but of an expansion, too;
see also [24].



194 P.L. GUREVICH

5. Asymptotics of solutions for adjoint nonlocal problems.

I. In this section we shall obtain an asymptotics near the set I for
solutions to the problem, adjoint to (2.1), (2.2). The results of this section

will be applied to calculating the coefficients /7 in (3.22).

Notice that the approach to the study of adjoint nonlocal problems has
been suggested by the author in [9, 10, 12]. In the papers [9, 10], the solvabil-
ity and smoothness of solutions for model adjoint nonlocal problems in plane
and dihedral angles were studied. The paper [12] deals with an asymptotics
of solutions for model nonlocal problems in plane angles and in R?\ {0}. In
the present work we essentially use both the ideology of the papers [9, 10]
and the results of the paper [12].

Since we suppose Condition 3.1 being fulfilled, it suffices to obtain ap-
propriate asymptotics formulas only near the points g; and g».

Along with formula (4.3) we will use another one for the definition of the
adjoint operator. To write this formula, we introduce the following denota-
tion. For any smooth curve T C G and any distribution w € Hfl_l/Q(T)* we
denote by w - 6y the distribution from H} (G)* given by

<u, w0y >g=<uly, w>y forallu e H: (G): (5.1)

Clearly the support of the distribution w-dv is contained in Y. Similarly one

can define a distribution w-0, € HY (K)*, wherey ={y € R?: r > 0, w = b}
(b1 < b < by) and w € HE ()"

Denote by P*(y, Dy), Bily, Dy) = {Biu(y, D)y, Tily, Dy) =
{T;,(y, Dy)},y the operators, formally adjoint to P(y, D,), B,(y, D,) =
{Bopu(y, Dy)}zlzp T5(y, Dy) =A{Tou(y, Dy)},Tzl respectively.

For any distribution w,, € gL men =l ?(T,), we consider the distri-
bution w?u € Héﬁm*m"“*lm (QJ(TJ))* given by

<1, wf}u >0, (1) =< V(2 (")), Wou >, (5.2)

for all ¢ € Hot "~ 2(0,(T,)).
We claim that the adjoint operator L* : H. (G, T)* — HL™(G)* can

8 In this section, for clearness, we denote sesquilinear forms on the pairs of adjoint spaces
HF (G), HF (G)* and Hffl_l/z('f)7 H§;1/Q(T)* by <, - >¢ and < -, - >y respectively.
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be defined by the formula

L*{v, wo} = P*(y, Dy)v+ Y Bi(y, Dy)(ws-0r,)+T;(y, Dy)(wg-da,cr.))-
o=1,2
(5.3)
Here and further w, = {wg, }7;, wy = {w, }7,,
B;(Z/J D wU 6Y ZBO'/L y7 wU,LL 5To>

T;(y’ Dy)(w(? ' (SQO'(TO')) = ZT;;,L(y7 Dy)(w?u : 5QU(TU))

Indeed, using definition (4.3) of the adjoint operator L* and then rela-
tions (5.2) and (5.1), we get (omitting (y, D, ) for short)

m
<u, L{v, w,} >=<Pu, v>g+ Z Z ( < Bouuly,, Weu >v, +

o=1,2 p=1

< (Twu) (QU(-))\TU, Wop >, > =< Pu, v>qg+

Z Z ( < Bguu, Wop * (STU >a + < T(mu, wffu . 590(1*0) >a )

o=1,2 p=1

for all u € H*™(G), which yields (5.3).
We are to study an asymptotics of a given solution {v, w,} € H. (G, T)*
for the problem

L*{v, w,} =V, (5.4)

supposing ¥ € HP2m(G)*.
For this purpose, parallel to the operator L*, we consider the auxiliary
operator

L* * s H H (Hcll—li-Qm—mJu—l/Z(TJ)*x

o=1,2 p=1
X HE2m e 20, (1)) — HE(G)”
given by
L{v, w,, w.} =P*(y, D,)v+
>° (Bily, Dy)(w, - 0x,) + T3y, D)) Go,r,)). (5.5)

o=1,2
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Such an auxiliary operator was used in the papers [11, 10] for the study
of model nonlocal problems in angles. It also turns out to be very useful
in our case. On the one hand, the operator L, is not a nonlocal one since
the functions w, and w! are not connected each with another by nonlocal
transformations €, in (5.5). This will allow to use Leibnitz’s formula when
necessary. On the other hand, solutions for the problems corresponding
to L* and Lg, are related in the following way. If {v, w,} is a solution to
problem (5.4), then the distribution {v, w,, wS} is a solution to the problem

Ly{v, w,, w} =0, (5.6)

where wi = {w }7, is defined by (5.2).

So, investigating the asymptotics of the solution {v, w,, w} for prob-
lem (5.6) is equivalent to investigating the asymptotics of the solution {v, w,}
for problem (5.4).

Our plan is this. At first we will multiply the distribution {v, w,, w'}
by the cut—off function 7; and get a corresponding problem near g;. Since the
operator Lg, is not a nonlocal one, applying Leibnitz’s formula we will show
that Lym {v, wy, w} € HF?™(G)*. Therefore we will arrive at the model
adjoint problem in the angle K with a “regular” right-hand side. Using the
results of [12], we will obtain the asymptotics near g;. Then we will multiply
the distribution {v, w,, w$} by 1, and get a corresponding problem near
g>. We will arrive at the model adjoint problem in R2. But in this case a
right—hand side will be a sum of “regular” and “special” distributions. The
asymptotics of the “special” one will be defined by the asymptotics of w,
near g;, which will have been known from the first step. Further application
of the results of [12] will allow to get the asymptotics near gs.

Thus let us multiply {v, w,, w?} by n;. Notice that suppn; NQ; (V1)
& (see Fig. 2.1) and supp (w1 -0q, (r,)) C Q1(T1). Therefore niwi-do, (r,) =
From this and from (5.5), it follows that

0.
L;an{v7 We w?} = P*(y7 Dy)nlv + Bik(ya Dy)(nlwl : 5T1)+

B;(y, Dy)(mws - 6v,) + Ty (y, Dy)(mws - Sayers)). (5.7)

Let us show that the distribution n,{v, w,} satisfies the model adjoint
problem in the angle K

/:{771{717 wa} = \ij? (58)

where £} : H. (K, 7)* — HL™?™(K)* is the operator, adjoint to £; :
HEP™(K) — HL (K, ~); U e HIPm(K)*
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From (5.6) and Leibnitz’s formula, it follows that, on the one hand,
Lyni{v, we, wi} =m¥ + ¥y, (5.9)

where Uy € H"2(G)* and supp¥; C V(g1). On the other hand, the
function n;(y) — m (Q; 1(y)) is equal to 0 near g; and has a support inside

V(g1) (here we are to suppose suppn; is so small that suppm (Q;l()) C
V(g1)). Hence,

T (y, Dy)(mws - Say0rs)) — Ty (v, Dy) (m (" ()ws - Sayery)) € HEPP™(G)*

and has a support inside V(gy). This, (5.7), and (5.9) imply

P*(ya Dy)nlv + Bik(yv Dy)(nlwl : 5T1)+
BS(:% Dy)(nle ) 5T2) + T;(yﬁ Dy)(nl(le('))wg ) 592(T2)> = \1127

where Wy € H2™(G)* and supp Uy C V(g1).

Let P*(D,), B3(D,), T5(D,) be the principal homogeneous parts of the
operators P*(¢1, Dy), B3(g91, Dy), T5(g91, D,) respectively. Then, using
Leibnitz’s formula, we finally get

P*(Dy)mv + By (Dy)(mwy - 65,)+
By (Dy)(mws - 6,,) + T3 (Dy) (G5 w3 dg,0)) = ¥, (5.10)
where ¥ € H?™(K)* and supp ¥ C V(0). Here we also took into account
that near the point g; = 0 the domain G and the curves Y, coincide with the
angle K and the arms 7, respectively, while the transformation {2 coincides
with the linear operator Gy. But it is easily seen that equality (5.10) is quite

the same as equality (5.8). Indeed, the only not evident identity one should
check is

<u, T;(Dy)(nl(ggl')wg : 692(72)) >r=< (TQ(Dy)u)(gQ')l’m? MWz >y,

which follows from

<u, T;(Dy) (nl(ggl')wg : 592(’)/2)) K=
< 771(Q2_1')T2(Dy)u|92(v2)7 wg >92(’72):< nl(TQ(Dy)u)(QQ')|’yzv Wy >y,

Here we subsequently used (5.1) and (5.2).



198 P.L. GUREVICH

Applying the results of the paper [12] to equality (5.8), we shall now
obtain the asymptotics of the distribution 7;{v, w,}. Introduce some deno-
tation. Put

_ k
ng,C) — T.i>\1+2m—2 l ('l In r)qwgk*CIvC),

|
=0 ¢

(5.11)

=0
k
(k,¢) z)\1+m[m 1 Z

(k—4,0)
Wi gy =T . )

1
a[(z In T) X1,0u

L)

Here
—1, 1,
{9 0 o o Ty o=

are Jordan chains of the operator £i(\) (adjoint to £1(\)) corresponding to
the eigenvalue \; and forming a canonical system. These chains are supposed
(see Lemma 3.2 [12]) to satisfy the following condition of biorthogonality and
normalization with respect to the Jordan chains (3.15):

1
< au+k+1 TPTAS () qE)
z;z; v+k+1—p—q)! (e

{¢1pca Xgpc;,u} >= 5§C5{51 k—-1v- (512)

Here ¢, =1, ..., Jiyv=0, ..., 21— 1, k=0, ..., 21— 1; 0 is the
Kronecker symbol.

(k,C) (k,€)
Analogously to skectlon ;;-5 we introduce the vectors wy >’ = {wy 5/ }i,
and {U17 wl,a} - {U§ C)7 wg JO}'

We remark that, by Lemma 3.1 [12], the distributions {09, w!*: C)}

satisfy the homogeneous equation E*{vlk <) , w1 w6) }=0.
Now from equality (5.8) and Theorem 4.2 [12] we get the following result.
THEOREM 5.1. Let {v, w,} € H. (G, T)* be a solution for equa-
tion (5.4) with a right-hand side ¥ € HY*™(G)*. Then the following asymyp-
totics formula is valid:

m{v, we} = dim{vi, wie} (modH(ll(G, T)*), (5.13)

where {vy, wy,} = {v%k’o, wglff)} is defined by (5.11), d; = {dgk’o} is a
vector of some constants.

IT. Now let us study the asymptotics of the solution {v, w,} for equa-
tion (5.4) near the point go. As we mentioned above, in this case we will
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arrive at the model adjoint problem in R? \ {g,}. A right-hand side of the
equation obtained will be a sum of “regular” and “special” distributions.
The asymptotics of the latter one will be defined by the asymptotics of w,
near gi, which is already known (see Theorem 5.1).

We multiply {v, w,, w$} by n,. Since the support of 7, is contained in
V(g2) and therefore does not intersect with T1, To, and Qy(T3) (see Fig. 2.1),
we have nowy - 0y, = 0, nwy - oy, = 0, and 772w§2 - 00,(T5) = 0. Combining
this with (5.5), we get

Lina{v, w,, wi} =P*(y, D))mov + T (y, Dy)(mowy - So,ry)).  (5.14)

From (5.6) and Leibnitz’s formula, it follows that L§ne{v, w,, w?} =W+
Uy, where U, € HF2m(G)* and supp T, C V(g2)-

Let P*(D,), Tt (D,) be the principal homogeneous parts of the operators
P*(g2, Dy), Ty (g2, D,) respectively. Then, analogously to the above, we
derive that

P*(Dy)UQ'U = _Tl* (l)y)(nQU){2 : 591(T1)) + \1137 (515)

where W3 € H2™(G)* and supp s C V(go).

Let L3 : H. (R?)* — HLI?™(R?)* be the operator, adjoint to L :
HEm(R2) — HE (R?).

From definition (5.2) of the distribution w{, and from asymptotics for-
mula (5.13), it follows that mowi, is a linear combination of the functions
pidHmu=1 (1 )4 modulo Ho'™ ™+ 2(Y}), where r is a polar radius of
polar coordinates with the pole at go. Since TfM(Dy) is a homogeneous op-
erator of order my,, we can write (5.15) (taking into account (5.13)) in the
form

5100 = —npdy Wy + . (5.16)
Here U € H™2m(R2)* and supp ¥ C V(go); Wy = (O8N where W
is a linear combination of the distributions 7**172(i In r)q\pg’j’q@, 0<gq<k,

\Ifgi’qc) € ng,%”(o, 27)*, r is a polar radius of polar coordinates with the pole
at go; d; is the vector of constants from (5.13).

9 The distribution 7,7 ~2(i In r)q\pg;;f) € HP*™(R?)* is given by
< u, rixl_Q(ilnr)q\I/gﬁZO >= / <ma(-, ru(-, r), \I/gi’qo > (0, 2r) Ti;\1_2(i Inr)ardr
0

for all u € HLF™M(R?).



200 P.L. GUREVICH

Thus we see that (5.16) is a model adjoint problem in R? with the right—
hand side being the sum of the “regular” distribution ¥ and the “special”
distribution Wy;. The asymptotics of W5 is defined by the asymptotics of

the solution w; near the point gy, i.e., by the functions wg <) (see (5.11)).

Applying the results of the paper [12] to equality (5.16), we shall now
obtain the asymptotics of the distribution 75v. Introduce some denotation.
Put

(k Q) _ rl>x2+2m 2 Z zlnr quk qC) (5.17)

Here
{%0,@7 o ¢§{c,2—17C) (=1, ..., JQ}

are Jordan chains of the operator £3(\) (adjoint to £5(\)) corresponding to
the eigenvalue )\, and forming a canonical system. These chains are supposed
(see [12]) to satisfy the following condition of biorthogonality and normaliza-
tion with respect to the Jordan chains (3.3):

v

k
1 v+k+l1—p—q 5 s

Z (V+k+1—p_Q)' < a)\+ tr q‘CQ()\Q)Spéqg)a
p=0 ¢=0 ’

P >= 6 Ogey k1w (5.18)

Here ¢, £ =1, ..., Jyyv =0, ..., 30— 1, k=0, ..., 59— 1

Analogously to section 3, we introduce the vector vy = {vék’o}.

We remark that, according to [12, section 5|, the distributions vék’o

satisfy the homogeneous equation E*vék -

If \; is an eigenvalue of £5()\) (i.e., Ay = Ag), then denote by s()\;) the
greatest of partial multiplicities of A;. If A, is not an eigenvalue of £~’2‘()\)
(i.e., A1 # Xa), put s(A;) = 0.

THEOREM 5.2. Let {v, w,} € H. (G, Y)* be a solution for equa-
tion (5.4) with a right-hand side ¥ € HY*™(G)*. Then the following asymp-

totics formula is valid:
MU = (dgng’Ug + d1n21121> <mod H (G, T)*) (5.19)

Here vy = {059} is defined by (5.17), dy = {dS"%} is a vector of some

constants; vy; = {vzl’o} where Uél <) s a linear combination of the functions
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piMA2m=2 (] r)q\Ifgi’qO, 0<q<k+x\), \I/gi’qo € Wi, (0, 2m)*; dy is the
vector of constants appearing in (5.13).

Proof. Let vy = {vgf’o} be a particular solution (which is defined by
Lemma 5.2 [12]) for the problem

£§U21 = —\I/Ql, (520)

where Wy = {\Ifgio} is a “special” distribution appearing in (5.16). We
remind that each element ‘I/gi’o is a linear combination of the distributions
riM=2 (G lnr)qlllgi’(f), 0 < q < k. Therefore, by Lemma 5.2 [12], the partic-
ular solution wve; has the form described in the formulation of the theorem.
Moreover, each component vgf’o of the vector vo; is uniquely defined if \; is
not an eigenvalue of £5(\) (i.e., if Ay # y). Otherwise (i.e., if A\; = \y) it is
defined accurate to an arbitrary linear combination of power solutions (5.17)
corresponding to the eigenvalue A\; = Ay. From now on we shall suppose a
particular solution vy = {Ug;’O} being fixed.

Combining (5.16) with (5.20) and using Leibnitz’s formula, one easily
checks that L£5(nov — dimover) € HEF2™(R?)*. Now the asymptotics (5.19) is
resulted from Theorem 5.3 [12], which establishes the asymptotics of solutions
for adjoint problems in R2. 0

Theorem 5.2 shows that the asymptotic behavior of solutions for adjoint
nonlocal problem (5.4) near the point g depends on the data of the problem

both near the point g, itself and near the point g, which is connected with
g2: g1 = Q1 (g2).
IV. Let us write the asymptotics formula for the solution {v, w,} €

H! (G, T)* for adjoint nonlocal problem (5.4) in the whole domain G. Put
(cf. (3.21))

{Va, Waot =mofve, 0} {Vi, Wi} =m{vi, wie}+ nef{va, 0}. (5.21)

Now Theorems 5.1 and 5.2 yield the following asymptotics of {v, w,} €
H! (G, T)* (cf. formula (3.22)):

(v, w,} = (dl{VI, Wi} + do{Va, WQ,U}) (modHé”m(G, T)*). (5.22)

6. Calculation of the coefficients in the asymptotics formulas.

I. In this section we will calculate the coefficients c(yk’o appearing in

asymptotics (3.22).
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To begin with, let us remark that the coefficients can be calculated in the
following way. At first one should find cgk’o. Since in the neighborhood V(g2)
of the point g, the function u has asymptotics (3.6), by Theorem 5.2 [12] we
have

O =< Lomgu, (T2 5 (6.1)
where v is defined in (5.17). Further, by Theorem 3.2, the function v’ =
u — couyy (where ¢y is calculated in (6.1), uje is defined in the proof of
Theorem 3.2) has the following asymptotics in the neighborhood V(g1) of
the point ¢;:

u'(y) = crun(y) +aly) (v € Vig) NG). (6.2)

Here u; is defined by (3.16); ¢; is to be found; @ € H™™(V(g1) N G). From
asymptotics (6.2) and Theorem 4.1 [12], it follows that

{e1—k-1,0) {e1—k—1,0)

cgk’o =< Lymu/, z{v§ , Wy } >, (6.3)

where {v]f’o, wglff)} is defined in (5.11).
Formulas (6.1) and (6.3) show that the value of ¢; (as well as the general
form of the asymptotics near g;) depends not only on the data of the problem

near the point g; but also from the data near g, = Q1 (g1).

We remark that similarly to (6.1) and (6.3) one can calculate the coeffi-
cients ¢, with the help of the Green formula and so—called formally adjoint
problems generated by the Green formula!®. The corresponding technique
is developed in [10, 12]. We will not recall the Green formula here, but
only mention that the corresponding formulas for ¢, are immediately ob-
tained if we use Theorems 5.4 [12] and 4.3 [12] instead of Theorems 5.2 [12]
and 4.1 [12] respectively. Formally adjoint problems have the advantage that
they are considered in “original” spaces, but not in adjoint ones (spaces of
distributions). Therefore corresponding eigenvectors and associated vectors
can be found explicitly in a number of cases.

But, anyway, both adjoint problem— and formally adjoint problem—based
formulas for ¢, involve the solution u itself. Further we are to get formulas
allowing to calculate the coefficients ¢, only in terms of a right—hand side

{f, f»} of problem (2.1), (2.2).

10 Tn this case, additionally to Conditions 2.2 and 2.3, one must demand the system
{Bou(Dy)}i2q tobe normal on v, (o = 1, 2), where By, (D,) is the principle homogeneous
part of By, (g1, Dy).
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II. We are supposed to calculate ¢, with the help of some special distri-
butions from the kernel of the operator L* : H. (G, T)* — HLP™(G)*. To
begin with, assume that {v, w,} € H. (G, T) is an arbitrary distribution
from the kernel of L*.

Let us calculate the value of the expression < Lu, {v, w,} >.

We suppose that the following consistent condition is fulfilled. If the
vector ¢, contains % in its tth position, then the vector d, has d,(,{c’”_k_l’o
in its tth position. The same is true for all the other vectors related to the
adjoint problem ({vy, w14}, ve, etc.).

Besides, we keep assuming that the Jordan chains corresponding to the
eigenvalues ), and A, of the operators £,(\) and £5()\) respectively satisfy
conditions of biorthogonality and normalization (5.12) (for v = 1) and (5.18)
(for v = 2).

By virtue of (3.22), we have Lu = LUy + LepUs + L, where @ €
HP™(G). Since {v, w,} belongs to the kernel of L* : H. (G, T)* —
HPm™(G)*, we get < L, i{v, w,} >= 0. Therefore, by virtue of (3.23), we
can write

< Lu, i{v, w,} >=< LUy, i{v, w,} >+ < LcUs, i{v, w,} >. (6.4)

Let n,(w, r) be the function 7, written in polar coordinates with the pole
at g, (v =1, 2). For e > 0 we introduce the functions n, . (w, r) = n,(w, 7/¢).

At first let us consider the 1st term in the right-hand side of (6.4). Since
the difference 7, — 1y . vanishes near g;, we have (n, — i c)ciuy € Héme(G).
It follows from this and from (3.21) that

< LUy, i{v, we} >=<Leym oy, i{v, wy} > . (6.5)

Put for short Uy . = c¢imcuy. Since suppUy. C V(g1) NG =V(0) N K,
we have

LU, . = LU + {P(y, Dy) - P<Dy)> B, (y, Dy) - Ba(Dy>}u1,€~

Here P(D,) is the principal homogeneous part of P(¢1, D,); B,(D,) is de-
fined by (3.14). This and Theorem 5.1 imply that the right—hand side of (6.5)
has the form

< Ell/{LE, idl{vl, U)Lg} >+ < Ell/{LE, Z{F, GU} >+
<A{P(y, Dy) = P(Dy), By, Dy) — Bo(Dy)}Us,
i(di{vy, wi,}+{F, Go}) >, (6.6)
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where {v;, w;,} is defined by (5.11), {F, G,} € H.(K, 7)*.
By Theorem 4.1 [12], the 1st term in (6.6) is equal to (ci, di)''. The
2nd term in (6.6) is majorized by

cllth el gvem gy ILF Gotllae i, 5+ = O(D),

where we use the Hardy—Littlewood symbol “O” with its usual interpretation
(O(1) tends to 0 as € — 0).

By virtue of the boundedness of the imbedding operator of H.?7(K)
into HP*"~1(K), Lemma 3.3 [15], and the inequality a < a; + 1, the last
term in (6.6) is majorized by

el ell ezm g lda{or, wio} +{F, Godllma, (i, 7+ < EUell rom gy = O(1)-
Thus, as € tends to 0, we get
< LClUl, i{’U, wg} >= (Cl, dl) (67)

Now let us consider the 2nd term in the right-hand side of (6.4). Since
the functions (7o —"n..)caus and (7 —n1..)caura belong to the space HL2™(G),
we obtain from (3.21) that

< LeoUs, i{v, we} >=< Leg(nacus + mcta2), i{v, we} > . (6.8)

Put for short Us,. = comoua, Uiar = cami 2. Using Theorems 5.1
and 5.2, write the right-hand side of (6.8) in the form

< Lolly e, idovy > + < Lol ¢, idivar > + < P(Dy)lUhay, idiv; > +
< Bl(Dy)um,e + (Tl(Dy)UQ,a) (Ql(y)) |717 idlwl,l >+
< BQ(Dy)Z/{lQ@ Z.dlwl,g > +O(1) (69)

Here P(D,), T1(D,) are the principal homogeneous parts of P(¢1, D,),
T(g2, D,) respectively; B,(D,), 0 =1, 2, are defined by (3.14).

By Theorem 5.2 [12], the 1st term in (6.9) is equal to (ca, da).

Since Lacoug = 0 (see (3.5)), the 2nd term in (6.9) is equal to

< [[,2, 772’5]02/&2, idlvgl >, (610)

' Here (c1, dp) (and further (cp, ds), etc) stands for the inner product of the corre-

sponding complex vectors: (c1, dy) = 3 cF)qler=F=10),
k¢
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where [-, -] is the commutator. Using the condition 0 < a — a; < 1, one can
easily check that (6.10) is equal to

~

(Ar2(e)cz, dv), (6.11)

where 12112(5) is a matrix of the corresponding order, the elements of which
are linear combinations of the functions 271 (i In ).

Further, let us recall that the function u,s is a solution for problem (3.19),
(3.20). Hence the sum of the 3rd, 4th, and 5th terms in (6.9) is equal to

< [P(Dy), telcawrs, idivy > + < [Bi(Dy), mc|catiiat
([Tl(Dy)> 771,5]C2U2) (91(34))]71, idlwl,l > +
< [BQ(Dy)a 771,&]021512, idlez > (6.12)

and therefore is of the form (6.11). Thus we see that
< LCQU27 i{’U, wa} >= (CQ, dg) + (A12(€)CQ, dl) + O(]_), (613)

where Ajo(e) is a matrix of the corresponding order, the elements of which
are linear combinations of the functions e*2=1 (i In ).
From equations (6.4), (6.7), and (6.13), it follows that

< Lu, i{v, w,} >= (g, da) + (c1 + A12(e)ca, di) + O(1), (6.14)

ITI. Keeping denotation of section 4, we will denote by U, ..., Ug the
ordered set of functions Uﬁ’“‘), which are the elements of the vectors U,
v =1, 2, defined by (3.21).

Denote by Vi, ..., Vg the set of functions {Vy(k’o, Wlsff,’o}, which are the
elements of the vectors {V,,, W, ,}, v =1, 2, defined by (5.21).

Suppose the sets {U, ..., Ug} and {Vi, ..., Vg} are ordered consis-
tently, i.e., the equality U, = U9 is fulfilled simultaneously with the equal-
ity V, = {Vy({g,u*k*LC)7 lsqu,u*k*LC)}‘

In this work we restrict ourselves to the case when d = 0 in Lemma 4.2.
This mean that any solution to homogeneous problem (2.1), (2.2) from the
space H.™™(@) necessarily belongs to the space H.™™(G). In that case
we will show that for any right-hand side {f, f,} € H. (G, T) the co-
efficients in the asymptotics formula for solutions are uniquely defined. If
d > 0, then, similarly to the case of “local” problems (see Theorem 3.6 [18,
Chapter 4]), there is some freedom in choosing the coefficients of the asymp-
totics. Moreover, the procedure for calculation of the coefficients becomes
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more technically complicated (while the idea remains similar to the one we
shall describe below) and will not be considered here.

So, suppose d = 0. Then, by virtue of Lemma 4.2, there exist solutions
Vi, ..., Vg€ Hle(G, T)* for the equation L*Y = 0, linearly independent

{

modulo HL(G, T)*. By (5.22) we have Y, = > dyuW (mod H(G, T)*),
k=1

t=1, ..., 5 Since ), ..., Yy are linearly independent modulo H! (G, T)*,

the matrix ||dy| is nonsingular. Hence, without loss in generality, we can
assume that

YV, =V (modH;(G, T)*), t=1, ..., (6.15)

Now let us prove that the elements of the matrix As(e) appearing
in (6.14) have finite limits as ¢ — 0. This limit will be denoted by Ajs:

A12 = hn(l) A12(€) .

Let 1, be the length of the vector ¢, (or d,, which is the same), v = 1, 2.
Clearly, lo + I3 = . Suppose for definiteness that the first [y elements in
the ordered set {Uy, ..., U} ({Vi, ..., Vg}) are components of the vec-
tor Uy ({Va, Wa,}) and the last [; ones are components of the vector U;

({ 1 170'}>:
U, .... U = U U
{ 1 ’ -{} { l2 ) ll }

<{V1, Ve =V Waed, {W WLU}/}).

' '

l2 l1

Now fix an arbitrary ¢ from the set {1, ..., I3} and an arbitrary k from
the set {lo+1, ..., s}. Substituting in (6.14) u = U; (which is a component
of the vector Usy) and {v, w,} = Y (which is, by (6.15), a component of the
vector {V1, Wi, } modulo H.(G, T)*), we get ¢; = 0, dy = 0, and therefore,

< LU;, iV} >= ag(e) + O(1). (6.16)

Here ay(¢) is the corresponding element of the matrix Ajs(€). The left-hand
side of (6.16) does not depend on e. Therefore ay(¢) has a finite limit as
e — 0.

Thus, passing in (6.14) to the limit as e — 0, we get

< LU, i{U, ’U)a} >= (CQ, dg) -+ (Cl + Algcg, dl) (617)
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THEOREM 6.1. Let u € HY2™(G) be a solution for problem (2.1), (2.2)
with a right-hand side {f, f,} € H. (G, T). Then u has the asymptotics

U= (icﬂ%) (mod Héme(G)) (6.18)

The constants ¢; (t =1, ..., 3) can be calculated by the formulas
=<A{f, fo}, iV > (6.19)
ift <ly (i.e., ¢; coincides with a component of the vector {c(zk’o});
=<A{f, o}, iV —i|Ar, oo V)" " > (6.20)
—i2

if la <t < 3 (i.e., ¢; coincides with a component of the vector {cgk’o}). Here
[-]; stands for the jth component of a vector.

Proof. Substituting {v, w,} = M1, ..., {v, w,} = Vg subsequently
n (6.17), we obtain formulas (6.19) and (6.20). O

Theorem 6.1 shows that the values of the coefficients i) are the func-
tionals over the right-hand sides {f, f,} of problem (2.1), (2.2). These
functionals depend on the data of the problem in the whole domain G, but
not only in the neighborhoods V(g;) and V(gs).

REMARK 6.1. We remind that the elements of the matriz Aia(e) are
linear combinations of the functions e’ (ilng)?. Hence, if A1 # A2, then
Alg = 0.

7. Example.

I. In this section we consider an example illustrating the results of sec-
tions 2-6.

Keeping denotation and assumptions of sections 2 and 3, we consider the
following nonlocal problem

jaly,
= 3 nl) g = f) WEG\K). ()
|a|<2

Bou = u(y)|r, +eou(Q®))lr, = fo(y) (yeTo; 0=1,2). (7.2)

Here P(y, D,) is a 2nd order differential operator, properly elliptic in G,
with infinitely smooth coefficients p,(y); e, € C. For clearness we assume

||
Zpa ) 0u =Au, v=1, 2. (7.3)

|af=2 alaa?
[e%
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Let us obtain the asymptotics of a solution u € H2(G) for problem (7.1),
(7.2) with aright-hand side {f, f,} € H® (G, T) € H® (G)x [] H*(Y,),
o=1,2
assuming 0 < a —ay < 1.
At first, according to section 3, we consider the asymptotics of the solu-
tion u in the neighborhood V(gs) of the point g,. For this purpose one must

write the model equation in R?\ {g,}. Taking into account (7.3), we obtain

Au=fy) (yeR\{g:}), (7.4)

where f € H? (V(g2)).
Write equation (7.4) in polar coordinates with the pole at go:

0/ 0 02
TEO%) + a_;; =r’f(w, r) (0<w<2m, 7>0).
Applying formally the Mellin transformation, we get
d*a 9. =
ﬁ_A :F(/\,W) (0<W<27T),

where @ and F are the Mellin transforms of « and r2f with respect to r.

Introduce the corresponding operator—valued function

. d?
Lo(N) = e AN W2 (0, 2m) — Ly(0, 27).

Let us suppose, additionally to Condition 3.1, that there is the only
eigenvector ¢y (w) corresponding to the eigenvalue Ay (a1 —1 < Im Ay < a—1)
of L5(A) and there are no associated vectors.

Then, by Theorem 3.1, we have

u(y) = cauz(y) +aly) (v € V(ge)). (7.5)
Here c, is a scalar constant, uy = r**2(,(w) is a power solution for homoge-
neous equation (7.4); (w, r) are polar coordinates with the pole at g, and
the polar axis being, for definiteness, tangent to the curve Q;(1;) at go;
we Hy (V(g2))-

Now we consider the asymptotics of the solution u for problem (7.1),
(7.2) in the neighborhood V(g;) of the point g;. Let 4(y) (y € V(g1)) be a
rotation with respect to g; (with no expansion for simplicity) and the shift
by the vector gigs. Let Qu(y) (y € V(g1)) coincide with the operator G,
of a rotation by an angle wy (by < by + wy < be) and an expansion with a
coefficient By > 0.
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According to section 3 and assumption (7.3), the asymptotics of u in
V(g1) coincides with the asymptotics of a solution for the problem

Au= fly) (yeV(0)NK), (7.6)

ulyoyny = fi—cafie (y€V(0)Nm),

7.7
W + U@l — o (B EVO) ). 0

Here f € H? (V(0) N K),

fl = fl - ela(Ql(y))h/(O)ﬂ’h € H21/2(V(0> N 71)7
1

fi2 = e1ua (U(y)) v = e1r2¢2(0)'2.

Similarly to the above we obtain the corresponding operator—valued func-
tion ,Cl()\) : Wg(bl, bQ) — Lg(bl, b2> X CQ given by

2
Li(N)p = {% = X0, @(W)lomby, PW)|umt, + e2e™ "o (w + w2)lw:b2}.
(7.8)
Let us suppose, additionally to Condition 3.1, that there is the only
eigenvector ¢ (w) corresponding to the eigenvalue A\ (a1 —1 <Im X\ < a—1)
of £1(\) and there are no associated vectors.
Then, by Theorem 3.18, we have

u(y) = crui(y) + caurz(y) +a(y) (y € V(g1))- (7.9)

Here ¢; is some scalar constant, ¢y is the constant appearing in (7.5); uyp =
r22019(w) (12 € W2(by, by)) is a particular solution for the following prob-

lem in the angle K with the “special” right-hand side (cf. (3.19), (3.20)):

Au=0 (yeK), (7.10)
u"Yl = —fi2, u|’72 + 62u(g2y)"72 =0; (711>
up = r'*p;(w) is a solution for homogeneous problem (7.10), (7.11); (w, 7)

are polar coordinates with the pole at the point g, = 0; u € Hgl (V(gl)).

To write the asymptotics in the whole domain G, we introduce the func-
tions Uy = myuy, Uy = noug + myuse. Then (7.5) and (7.9) imply:

12’ We calculate pa(w) for w = 0 because of the special choice of polar coordinates (see
above).
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Let u € H2(G) be a solution for problem (7.1), (7.2) with a right-hand
side {f, f,} € H) (G, 1), 0<a—ay; <1. Then we have

u= <01U1 + 02U2> (mod Hfl(G)>, (7.12)

where ¢y, co are some scalar constants.

IT. From asymptotics formula (7.12) and Theorem 4.1 we can derive the
connection between the indices of the operators

LCL = {P<y7 DZU)? Bcr} : HE(G) - Hg(Gv T)7
L., ={P(y. D,). Bo}: H; (G) — H, (G, T)

corresponding to problem (7.1), (7.2), but acting in different weighted spaces.
Since the sum of full multiplicities of eigenvalues \; and )y is equal to 2 in
our case, the connection between the indices is as follows:

indL, =ind L,, + 2.

ITI. To calculate the coefficients ¢, in formula (7.12), we will study the
asymptotics of solutions for the adjoint nonlocal problem.

Consider the operator L* : HY (G, T)* — HZ (G)*, adjoint to L =
{P(y, D), B,}: H: (G) — HY (G, T). The operator L* is given by

<u, L{v, w,} >=<P(y, Dy)u, v>¢ + Z < Bou, wy >,
o=1,2

where {v, w,} € H} (G, T)*, ue H? (G).
Let us study the asymptotics of a solution {v, w,} € HY (G, T)* for
the problem

L*{v, w,} =V, (7.13)

where U € H2(G)*.

In [12] it is shown that ), is an eigenvalue of the operator £%()), adjoint
to L£,(\). Denote by {11, X1, € La(by, by) x C? (1 € Ly(0, 27)) the eigen-
vector of L1(\) (£3(\)) corresponding to the eigenvalue A; (\y). Conditions
of biorthogonality and normalization (5.12) and (5.18) assume the form

< =200, U, >= 113, (7.14)
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Put {vy, w1, } = {r™Mey, 77y o} (vy = 7724,), where (w, 7) are polar
coordinates with the pole at g; (with the pole at g, and with the polar axis
being tangent to the curve (1) at g).

Further, by Theorem 5.1, we have

m{v, we} = dim{v, wis} (mong(G, T)*), (7.15)

where d; is some scalar constant. By Theorem 5.2, we have
MU = (dgngﬂg + d1n2v21> (mod HS(G)*). (7.16)

Here dj is some scalar constant, d, is the constant appearing in (7.15); vy =
rMahy; (w, ) are polar coordinates with the pole at go and the polar axis
being tangent to the curve Q;(Y1) at go; 1o € Lo(0, 2w). Moreover, the
distribution vy is a particular solution for the following adjoint equation in
R?\ {g2} with the “special” right-hand side (cf. (5.20)):

/Au - dy /u —E1X1, iyt Ddr  for all u € Cg°(R?\ {g2})™.
R2 0

Put {Vo, Wy} = m{ve, 0}, {Vi, Wis} = m{vi, wie} + n2{var, 0}

Then (7.15) and (7.16) imply:

Let {v, w,} € HY (G, T)* be a solution for problem (7.13) with a right—
hand side ¥ € H?(G)*. Then we have

(v, w,} = (dl{Vl, Wio) + do{Va, Wz,a}) <modH3(G, T)*), (7.17)

where dy, dy are some constants.

IV. Now let us calculate the coefficients ¢, appearing in (7.12). Formu-
las (6.1) and (6.3) assume the form

Cy =< A(T}QU), 1V9 >R2,
o1 =< {AU, |, U]y, + et (Gay)|rn }, i{v1, wie} >,

where v/ = n;(u — coua).

13 One can show that A, # 0 whenever there are no associated vectors corresponding to
the eigenvalue \,. Hence there always exist vectors {¢1, X1,,} and v satisfying (7.14).

14 We calculate u(w, r) for w = 0 because of the special choice of polar coordinates (see
above).
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Now let us write the formulas allowing to calculate the coefficients ¢, only
in terms of a right-hand side {f, f,} of problem (7.1), (7.2) (i.e., independent
of a solution ).

Following section 6, we assume for simplicity that any solution to ho-
mogeneous problem (7.1), (7.2) from the space H2(G) necessarily belongs to
the space H2 (G). Then there exist solutions Yy, Y, € HY (G, Y)* for the
equation L*) = 0, linearly independent modulo HC(G, T)* such that

Y, ={V,, W,,} (modHf;(G, T)*), v=1, 2.

Let 7, be the functions defined in section 6.

Then from Theorem 6.1 we obtain the following result.

Let u € H2(G) be a solution for problem (7.1), (7.2) with a right-hand
side {f, f-} € HY (G, T). Then the function v € HZ(G) has asymp-
totics (7.12). The constants ¢, (v =1, 2) are calculated by the formulas

Cp =< {f7 fa}u Zyl >,
c =<A{f, fo}, (D — A1dh) >

Here Ais is a scalar constant given by

A = l{% < A(naeua), ivar > + < {AM1u12), M cUi2]y, + M fizly,
Metizly, + e2(m u12)(Gay)ls, ), i{vr, wig) >, (7.18)

where the limit does exist.

REMARK 7.1.  The function uy (u12) is a solution for homogeneous
equation (7.4) (a solution for problem (7.10), (7.11) with the special right—
hand side {0, —fi2, 0}). Therefore, similarly to section 6, one can easily
check that A5 = hH(l) const - A2~ From this and from the existence of the

limit in (7.18), it follows that A1y = 0 whenever A\ # Aq.

The author is grateful to Professor Alexander Skubachevskii for attention
to this work and valuable advice.
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