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Frameworks, rigidity, flexibility

✤ A framework is a graph G = (V,E) and an assignment 
of a length ℓ(ij) to each edge ij

✤ A realization G(p) is a mapping p : V → Rd such that

|p(i) - p(j)| = ℓ(ij)

✤ A realization is rigid if all continuous motions are 
Euclidean isometries



Rigidity, flexibility

Rigid Flexible
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Degrees of freedom

✤ Take the coordinates of the n points p as variables
✤ and subtract off dim Euc(d) for “trivial motions”

dn – dim Euc(d)

✤ The edges of G index equations in these variables

#E(G) ≥ dn – dim Euc(d)

Total d.o.f:

For rigidity



Laman’s Theorem

✤ The “combinatorial rigidity” problem is

Which graphs are graphs of rigid frameworks?

✤ Theorem: For d = 2, G generically rigid “m ≤ 2n – 3” 
for all subgraphs and “#E(G) = 2 #V(G) – 3”.
✤ Generic: except a proper algebraic subset of choices of p

✤ Can test efficiently.

✤ Not sufficient in higher dimensions.



Genericity

Generic Non-generic



Intermezzo: motivations

✤ Frameworks go back to the time of Maxwell

✤ Applications in: polyhedral geometry, structural 
biology, robotics, crystallography, cond. mat., 
computer-aided design

✤ Combinatorial methods need inputs that are “generic 
enough” and treatable via “finite information”



Zeolites

✤ Class of aluminosilicates with 
broad industrial applications

✤ Geometrically, crystals of 
corner-sharing tetrahedra

✤ Useful ones are flexible

✤ Underlying graphs are regular

✤ Database of potential structures 
as crystallograpic frameworks

[Rivin-Treacy-Randall, Hypothetical Zeolite Database ]



Combinatorial analysis?

✤ Would like to be able to 
combinatorially test rigidity/
flexibility of potential zeolite

✤ Underlying graph is infinite (so 
what would an algorithm look 
like?)

✤ Geometry in crystallography is 
always special (so not generic 
enough?)



Symmetry

Infinitesimally 
flexible Rigid



Infinite frameworks

✤ For G with a countable vertex set, the solutions to 
the length equations are an inverse limit (of 
varieties).

✤ Thm (Owen-Power): Configuration spaces of 
infinite frameworks can be very wild (e.g., homeo to 
space-filling curves)



Periodic frameworks

✤ A periodic framework (G, ℓ, Γ) is an infinite framework 
with

  Γ < Aut(G)

ℓ(γ(ij)) = ℓ(ij)

✤ A realization G(p,Λ) is a realization periodic with 
respect to a lattice of translations Λ, which realizes Γ

✤ Motions preserve the Γ-symmetry

Γ free abelian, 
rank d







Colored graphs

✤ Finite directed 
graph

✤ Edges “colored” by 
elements of Γ

✤ Equivalent to 
periodic graphs

(0,0) (0,0)

(0,0)

(1,-1)(0,1)

(-1,0)
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Symmetry forcing

✤ Motions preserve the Γ-symmetry!

✤ An essential feature of the model

✤ Not allowed:



Algebraic setup

✤ Theorem (Borcea-Streinu ’10): The configuration 
space of a periodic framework is homeomorphic to a 
finite (real) algebraic variety.

|p(j) + Λ(γ(ij)) – p(i)|2 = ℓ(ij)

✤ Λ not regarded as fixed

✤ Periodic rigidity/flexibility are generic properties

Edges ij



Counting d.o.f.s

✤ Variables are coordinates of the p(i) and entries of a 
matrix representing Λ

#E(G) ≥ dn + d2 – dim Euc(d)

✤ Now subgraphs are more complicated...

Rigidity
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Counting for periodic frameworks

✤ For a colored graph, there is a natural map

H1(G,Z) →  Γ

✤ The rank of a colored graph is the rank of this image

✤ Heuristic for 2d

#E(G) ≤ 2(n + rank(G)) – 3 – 2(c – 1)



Laman-like theorem

✤ Theorem (Malestein-T ’10/13): For d = 2, a colored 
graph is generically rigid iff, for all subgraphs 

m ≤ 2(n + rank(G)) – 3 – 2(c – 1)

and 2n + 1 edges.

✤ Cor: 4-regular graphs are ≥ 1 degree of freedom



History

✤ Similar models in engineering and physics for some 
time

✤ Whitely ’88 “uncolored” result for fixed-lattice; 
flexible Borcea-Streinu ’10

✤ Other counting heuristics from engineering (e.g., 
Guest-Kangawi ’98)



What happened next

✤ Theorem (Malestein-T ’11/13): Combinatorial 
characterizations for symmetry groups generated by 
translations and rotations or a reflection in 2d.

✤ Theorem (Jordán-Kasinitzsky-Tanigawa ’13): 
Similar statement for all odd-order dihedral groups.



Zeolites again

✤ Aside from being stuck in 2D, 
did we answer the question?

✤ Nobody “told” the zeolite which 
lattice of periods its motion 
should come from

✤ What can we say about motions 
with respect to any possible 
sublattice?

[Rivin-Treacy-Randall, Hypothetical Zeolite Database ]



Sub-lattices

We now return to the conjecture of Bob Connelly (Conjecture 8.2.8), and present

a somewhat stronger form pertaining to incidentally periodic frameworks:

Conjecture 8.2.21. If a framework (hG,mi, p) is infinitesimally rigid on the flexi-

ble torus, then it is infinitesimally rigid as an incidentally periodic (infinite) frame-

work ( eG, ep).

As an example, consider the periodic orbit graph on T 2 consisting of a single

vertex and three edges, labeled by the gains (1, 0), (0, 1) and (1, 1). The derived

periodic framework for this graph will be the triangulated grid, which is infinitesi-

mally rigid as both a periodic framework and an incidentally periodic framework.

Now we may perform periodic inductive constructions on the periodic orbit graph

to obtain other frameworks which we claim have the same property: they are in-

finitesimally rigid on T 2, but are also infinitesimally rigid as incidentally periodic

frameworks in R

2.

Of course, as described earlier, not all infinitesimally rigid frameworks on T 2

can be created through the inductive constructions of Chapter 4. This therefore

highlights the gaps that still exist between the characterizations of frameworks on

the fixed torus appearing in this thesis and the results of Malestein and Theran

[49]. Inductive characterizations of frameworks on T 2 would potentially help to

settle the conjecture above.
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Maybe it doesn’t matter...



Sub-lattices
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Fixing Γ is a 
non-trivial constraint



Ultrarigidity

✤ A periodic framework G(p, Λ), is ultrarigid if it is 
rigid, and remains so if the periodicity constraint is 
relaxed to any finite index Γ’ < Γ

✤ A periodic framework is “ultra 1-d.o.f.” if it remains 
1-d.o.f.
✤ Ultra 1-d.o.f. is interesting in 2D, since 4-regular colored graphs 

(like 2D-zeolites) can be.





Grid is 
never

ultra 1-d.o.f.



Quiz time!



The Maxwell argument is a global one; it does not provide infor-
mation about the nature of the floppy modes and does not dis-
tinguish between bulk or surface modes.

Kagome Zero Modes and Elasticity
The kagome lattice of central-force springs shown in Fig. 1A is one
of many locally isostatic lattices, including the familiar square lat-
tice in two dimensions (Fig. 1B) and the cubic and pyrochlore lat-
tices in three dimensions, with exactly z ! 2d nearest-neighbor
(NN) bonds connected to each site not at a boundary. Under
PBCs, there are no boundaries, and every site has exactly 2d neigh-
bors. Finite,N-site sections of these lattices have surface sites with
fewer than 2d neighbors and of order

!!!!!
N

p
zero modes. The free

kagome lattice with Nx and Ny unit cells along its sides (Fig. 1A)
has N ! 3NxNy sites, NB ! 6NxNy − 2"Nx #Ny$ # 1 bonds,
and N0 ! 2"Nx #Ny$ − 1 zero modes, all but three of which
are floppy modes. These modes, depicted in Fig. 1A, consist of
coordinated counterrotations of pairs of triangles along the sym-
metry axes e1, e2, and e3 of the lattice. There are Nx modes asso-
ciated with lines parallel to e1, Ny associated with lines parallel to
e3, and Nx #Ny − 1 modes associated with lines parallel to e2.

In spite of the large number of floppy modes in the kagome
lattice, its longitudinal and shear Lamé coefficients, ! and μ,
and its bulk modulus B ! !# μ are nonzero and proportional
to the NN spring constant k: ! ! μ !

!!!
3

p
k∕8 and B ! !# μ !!!!

3
p

k∕4. The zero modes of this lattice can be used to generate

an infinite number of distorted lattices with unstretched springs
and thus zero energy (30). We consider only periodic lattices, the
simplest of which are the twisted kagome lattices obtained by ro-
tating triangles of the kagome unit cell through an angle " as
shown in Fig. 1 C and D (30, 34). These lattices have C3v rather
thanC6v symmetry and, like the undistorted kagome lattice, three
sites per unit cell. As Fig. 1D shows, the lattice constant of these
lattices is aL ! 2a cos ", and their areaA" decreases as cos2 " as "
increases. The maximum value that " can achieve without bond
crossings is π∕3, so that the maximum relative area change is
Aπ∕3∕A0 ! 1∕4. Because all springs maintain their rest length,
there is no energy cost for changing " and, as a result, B is zero
for every " ≠ 0, whereas the shear modulus μ !

!!!
3

p
k∕8 remains

nonzero and unchanged. Thus, the Poisson ratio # ! "B − μ$∕
"B# μ$ attains its smallest possible value of −1. For any
" ≠ 0, the addition of next-nearest-neighbor (NNN) springs, with
spring constant k 0 (or of bending forces between springs) stabi-
lizes zero-frequency modes and increases B and #. Nevertheless,
for sufficiently small k 0, # remains negative. Fig. 2 shows the re-
gion in the k 0 − " plane with negative #.

Kagome Phonon Spectrum
We now turn to the linearized phonon spectrum of the kagome
and twisted kagome lattices subjected to PBCs. These conditions
require displacements at opposite ends of the sample to be iden-
tical and thus prohibit distortions of the shape and size of the unit
cell and rotations but not uniform translations, leaving two rather
than three trivial zero modes. The spectrum (35) of the three low-
est frequency modes along symmetry directions of the undis-
torted kagome lattice with and without NNN springs is shown
in Fig. 3A. When k 0 ! 0, there is a floppy mode for each wave-
number q ≠ 0 running along the entire length of the three sym-
metry-equivalent straight lines running from M to $ to M in the
Brillouin zone (see Fig. 3, Inset). When Nx ! Ny, there are ex-
actlyNx − 1 wavenumbers with q ≠ 0 along each of these lines for
a total of 3"Nx − 1$ floppy modes. In addition, there are three
zero modes at q ! 0 corresponding to two rigid translations
and one floppy mode that changes unit cell area at second but
not first order in displacements, yielding a total of 3Nx zero
modes rather than the 4Nx − 1modes expected from theMaxwell
count under FBCs. This discrepancy is our first indication of the
importance of boundary conditions. The addition of NNN springs
endows the floppy modes at k 0 ! 0 with a characteristic fre-
quency %% ∼

!!!!!
k 0

p
and causes them to hybridize with the acoustic

phonon modes (Fig. 3A) (35). The result is an isotropic phonon
spectrum up to wavenumber q% ! 1∕l% ∼

!!!!!
k 0

p
and gaps at $ and

M of order %%. Remarkably, at nonzero " and k 0 ! 0, the mode
structure is almost identical to that at " ! 0 and k 0 > 0 with char-
acteristic frequency %" ∼

!!!
k

p
j sin "j and length l" ∼ 1∕%". In other

words, twisting the kagome lattice through an angle " has essen-
tially the same effect on the spectrum as adding NNN springs with
spring constant j sin "j2k. Thus, under PBCs, the twisted kagome

A 

C 

D 

B 

Fig. 1. (A) Section of a kagome lattice with Nx ! Ny ! 4 and Nc ! NxNy

three-site unit cells. Nearest-neighbor bonds, occupied by harmonic springs,
are of length a. The rotated row (second row from the top) represents a flop-
py mode. Next-nearest-neighbor bonds are shown as dotted lines in the low-
er left hexagon. The vectors e1, e2, and e3 indicate symmetry directions of the
lattice. The numbers in the triangles indicate those that twist together under
PBCs in zero modes along the three symmetry direction. Note that there are
only four of these modes. (B) Section of a square lattice depicting a floppy
mode in which all sites along a line are displaced uniformly. (C) Twisted ka-
gome lattice, with lattice constant aL ! 2a cos ", derived from the undis-
torted lattice by rigidly rotating triangles through an angle ". A unit cell,
bounded by dashed lines, is shown in violet. Arrows depict site displacements
for the zone-center (i.e., zero wavenumber) ! mode which has zero (non-
zero) frequency under free (periodic) boundary conditions. Sites 1, 2, and
3 undergo no collective rotation about their center of mass, whereas sites
1, 2%, and 3% do. (D) Superposed snapshots of the twisted lattice showing
decreasing areas with increasing ".

Fig. 2. Phase diagram in the " − k 0 plane showing region with negative
Poisson ratio #.

12370 ∣ www.pnas.org/cgi/doi/10.1073/pnas.1119941109 Sun et al.

Sun et al. ’12 (PNAS)

(infinitesimal motions)





Topological soft matter: Kagome lattices with a twist
Vincenzo Vitelli1

Instituut-Lorentz for Theoretical Physics, Leiden University, 2333 CA, Leiden, The Netherlands

T he elastic response of many nat-
ural and man-made solid struc-
tures, ranging from atomic
lattices to bridges, can be un-

derstood by viewing them as a network
of balls (nodes) connected by springs
(compressible struts). The rigidity of the
resulting solids depends crucially on the
average coordination number of the elastic
network, z (i.e., the average number of
nodes each node is connected to). This
number specifies the average topology of
the network. It is a global feature that
cannot be changed by smoothly deforming
the positions of the nodes; instead, you
need to cut the struts.
Reducing the network coordination

number, z, makes the structure less rigid
until a critical point is reached when the
solid can be infinitesimally deformed
without incurring any energy cost, thereby
losing rigidity (1). In PNAS, Sun et al. (2)
study a class of lattices (Fig. 1A) right
at the threshold of mechanical rigidity.
Their analysis reveals that these systems
are extremely sensitive to boundary con-
ditions and display unusual mechanical
properties; the vibrational modes can be
zero-energy surface phonons that share
some similarities with electronic edge
states in topological quantum matter
(3). However, the character of these un-
usual phonons is not purely dictated by
network topology; rather, any smooth de-
formation (i.e., a gentle twist) matters.
The role of topology in the study of

soft materials has a long history; however,
to date, it has been mostly confined to
describing intriguing topological struc-
tures that exist in real space, such as
knotted proteins and DNA (4, 5), topo-
logical defects in liquid crystals (6, 7),
or higher genus membranes (8). Sun et al.
(2) ask a subtler question: What is the
consequence of the topology (or average
connectivity) of an elastic network on
the nature of its elementary classical
excitations?
It was Maxwell (9), concerned with

the stability of architectural structures,
who first calculated the minimum con-
nectivity, zc, below which a mechanical
structure displays floppy modes, deforma-
tions that cost zero energy. He concluded
that for a large 2D network composed of
N nodes, interacting with central forces,
the critical connectivity, zc = 4, is obtained
by exactly balancing the number of trans-
lational degrees of freedom, 2N, with
the number of constraints or bonds, which
is equal to Nz/2.

According to Maxwell’s rule, if the
network connectivity, z, is less than zc,
there are modes of deformation of the
whole network that cost zero energy and
the system is said to be below the isostatic
point. The floppy-to-rigid transition that
these simple models undergo shares simi-
larities with analogous phenomena in
randomly packed spherical grains near
the jamming transition (10–13), bio-
polymer networks (14–16), and network
glasses (1, 17, 18).
Maxwell’s counting implies that the

number of zero-energy modes is simply
equal to the number of degrees of free-
dom minus the number of mechanical
constraints. For example, in Fig. 1B, there
are eight (translational) degrees of free-
dom (corresponding to 4 nodes) and
four struts; this leaves four zero-energy
modes. Three of these modes are trivial
rigid translations and rotation, but there
is also a global finite amplitude de-
formation, which is shown as a dashed
line in Fig. 1B.
Maxwell’s rule is a global criterion that

considers purely the topology or connec-

tivity of the network (embedded in its
average coordination number), but it
neglects its detailed architecture. Sun et al.
(2) demonstrate that although network
topology is key to understanding the exis-
tence of floppy modes, their nature de-
pends sensitively on how the nodes and
forces between them are distributed
spatially throughout.
To gain qualitative insight into how

Maxwell’s rule breaks down, consider the
configuration of balls and struts shown
in Fig. 1C, which is topologically equiva-
lent to Fig. 1B. No struts are cut; the
only difference is that their lengths are
adjusted so that all the masses become
nearly collinear. This seemingly innocuous
architectural change causes Maxwell’s
naive counting criterion to break down.
The floppy mode in Fig. 1B no longer
exists, but it is replaced by the two zero-
energy modes shown as dashed blue and
black lines in Fig. 1C. Once added to the
three finite translations and rotation, we
count five floppy modes and not merely
four, as predicted by Maxwell.
Sun et al. (2) calculate the elastic

properties and vibrational modes of
a model system constructed by twisting the
Kagome lattice, as shown in Fig. 1A. They
find that network topology is not every-
thing. The character of the floppy modes
depends sensitively on boundary con-
ditions and network architecture (e.g., on
the relative angle between bonds and
not merely on the average coordination
number). This conclusion can help to
elucidate more complex questions con-
cerning the heat capacity and thermal
conductivity of covalent network glasses at
low temperature and sound propagation in
granular media (19).
In addition, the twisted Kagome lattices

have a peculiar elastic response compared
with most materials: If you stretch them,
they expand, rather than contract, in the
direction perpendicular to stretching.
The root cause of this unusual behavior is
the vanishingly small bulk modulus that
causes the speed of acoustic surface
waves to vanish. As a result, even the
tiniest surface strains may propagate su-
personically through this fragile material.
Although focused primarily on linear
phonons, the work of Sun et al. (2) also

Fig. 1. (A) Isostatic lattice created from a Ka-
gome lattice. (B) Weakly connected network of
struts and balls exhibits a finite amplitude mode
of deformation that costs zero energy, repre-
sented by the dashed line. (C) Topologically
equivalent network obtained by smoothly de-
forming the system shown in B violates the Max-
well criterion and displays five zero-energy modes
[Adapted from Sun et al. (2)].
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Characterizing ultrarigidity

✤ Could start with a rigid periodic framework G(p, Λ)

✤ For each possible finite-index sub-lattice Λ’, lift to a 
framework G’(p’, Λ’)

✤ Check the rank of the rigidity matrix

✤ G’(p’, Λ’) is not generic... can’t apply M-T theorem

✤ This is not a finite process



Algebraic characterization

✤ Theorem (Malestein-T ’13+): An infinitesimally 
rigid periodic framework G(p, Λ) is ultrarigid if and 
only if the system

d(ij) := p(j) + Λ(γ(ij)) – p(i)

<-d(ij),v(i)> + <ωγ(ij)d(ij), v(j) > = 0

is full rank for all d-tuples of primitive roots of unity 
ω.



Decidability

✤ The theorem says that to prove ultrarigidity, it is 
enough to show that:
✤  a finite collection of polynomials (minors)
✤ has no torsion points (solutions in roots of unity) except for all 1’s

✤ Counting/computing torsion points and torsion 
cosets is well-studied
✤ Fact: There are algorithms that compute the maximal torsion cosets 

for varieties defined over number fields (Bombieri-Zannier, others)
✤ Cor: Ultrarigidity is decidable



An algorithm

✤ Theorem (Malestein-T ’13+): There is an effective 
constant N depending only on #V(G) and the max. 
1-norm of the γ(ij) s.t., if there are no torsion points 
in roots of unity of order ≤ N, then there are none.

✤ Corollary: Can check ultrarigidity with a very 
simple algorithm: try all potential bad d-tuples of 
roots of unity.



Summary

✤ Symmetry-forcing has brought interesting classes of 
infinite frameworks within the reach of 
combinatorial techniques.

✤ In 2d, we have good characterizations in a lot of 
cases.

✤ If we don’t pick the periodicity lattice in advance, 
the question of rigidity is still decidable



Questions

✤ More combinatorial characterizations of 
ultrarigidity?

✤ Nicer geometric conditions?

✤ How generic of a property is ultrarigidity?


