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Introduction

Basic notation

N := {1, 2, 3, . . .}
Rd – the space, d ∈ N
e1, . . . , ed – standard basis of Rd

Zd – the lattice in Rd (any other d-dimensional lattice would do as well)

aff – affine hull

bd – boundary

conv – convex hull

int – interior

vol – standard volume, with vol([0, 1]d ) = 1

‖x‖ – Euclidean norm

‖x‖∞ – maximum norm
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Lattice polytopes

P(Zd ) – family of d-dimensional polytopes with vertices in Zd .

Study basic functionals on P(Zd ) invariant under affine unimodular transformations
T , that is, affine bijections T : Rd → Rd with T (Zd ) = Zd .

P(Zd ) can be split into subfamilies

Pd (k) :=
{

P ∈ P(Zd ) : | int(P) ∩ Zd | = k
}

with k = 0, 1, 2, . . .

Lattice simplices will play a particular role. So, we also introduce:

Sd (k) :=
{

S ∈ Pd (k) : S simplex
}
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k = 0: exceptional case

Pd (0) – infinite up to affine unimodular transformations (one cannot bound the
volume from above)

Pd (0) – interesting (algebraic geometry, optimization)

k ≥ 1: regular case

Extensively studied:
Scott 1976 Zaks & Perles & Wills 1982
Hensley 1983
Rabinovitz 1989
Lagarias & Ziegler 1991
Borisov & Borisov 1992
Borisov 2000
Pikhurko 2001
Conrads 2002
Nill 2005

Nill 2007
Haase & Schicho 2009
Kasprzyk 2009
Kasprzyk 2010
A. 2012
Kasprzyk 2013
Ambro 2014
A. & Krümpelmann & Nill 2015
Balletti & Kasprzyk & Nill 2016
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k = 1, scope of this talk

the simplest case under the assumption k ≥ 1.

interesting: applications in algebraic geometry

instructive: most proof ideas can be extended to k ≥ 1

Contents

G. A.: On the size of lattice simplices with a single interior lattice point, 2012

G. A., J. Krümpelmann, B. Nill: Largest integral simplices with one interior integral
point: Solution of Hensley’s conjecture and related results, 2015

Theorem (Hensley 1983)

vol(P) ≤ 22O(d log d)

∀P ∈ Pd (1)
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Lower bounds

Lower bounds

max
{

vol(P) : P ∈ Pd (1)
}

is really doubly exponential!

Theorem (Zaks & Perles & Wills 1982)

max
{

vol(S) : S ∈ Sd (1)
}
≥ 22Ω(d)

.

Zaks & Perles & Wills just give an example and do calculations.
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Idea behind the example of Zaks & Perles & Wills

Split the unity into Egyptian fractions (Egyptian partition)

1 =
1

a1
+ . . .+

1

ad
(a1, . . . , ad ∈ N)

For example: a1 = . . . = ad = d .

Theorem (Curtiss 1922, Erdős 1950)

For every fixed d , there are only finitely many such representations of the unity.

In view of this, the maximum denominator can be bounded from above.

Let’s construct Egyptian partitions of 1 involving a huge denominator ad .
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Iterate over d

1 =
1

2
+

1

2︸︷︷︸

= 3
2·3

= 2+1
2·3

= 1
3

+ 1
6

=
1

2
+

1

3
+

1

6︸︷︷︸
= 7

6·7
= 6+1

6·7
= 1

7
+ 1

42

=
1

2
+

1

3
+

1

7
+

1

42︸︷︷︸
= 43

42·43
= 42+1

42·43
= 1

43
+ 1

1806

=
1

2
+

1

3
+

1

7
+

1

43
+

1

1806

= . . .

There is a sequence emerging from this construction: 2, 3, 7, 43, 1807, . . .

It grows fast!
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The Sylvester sequence

s1 = 2, sd+1 = sd (sd − 1) + 1

We just checked:

1 =
1

s1
+ · · ·+ 1

sd−1
+

1

sd − 1

Growth

sd+1 ≥ s2
d : roughly, we do iterative squaring starting from 2

⇒ sd ≥ 22d−1

sd d
2 1
3 2
7 3

43 4
1807 5

3263443 6
10650056950807 7

113423713055421844361000443 8
12864938683278671740537145998360961546653259485195807 9
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Geometry of Egyptian fractions

Pick any Egyptian partition

1 =
1

a1
+ · · ·+ 1

ad

with

1 ≤ a1 ≤ . . . ≤ ad

⇒ conv(0, a1e1, . . . , ad ed ) ∈ Sd (0)

I (1, . . . , 1) in the relative interior of a facet

⇒

conv(0, a1e1, . . . , ad−1ed−1, a
′
d ed ) ∈ Sd (1)

for all a′d ∈ N satisfying

ad < a′d ≤ 2ad .

Example

1 = 1
2

+ 1
2

0 2e1

2e2

0 2e1

3e2

0 2e1

4e2
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A simplex in Sd (1) with large volume

The Egyptian partition

1 =
1

s1
+ · · ·+ 1

sd−1
+

1

sd − 1

gives rise to

conv(0, s1e1, . . . , sd−1ed−1, (sd − 1)ed ) ∈ Sd (0)

⇒
conv(0, s1e1, . . . , sd−1ed−1, 2(sd − 1)ed ) ∈ Sd (1)

has a huge volume (the Zaks & Perles & Wills simplex)

Note

conv(0, s1e1, . . . , sd−1ed−1, sd ed ) ∈ Sd (1)

also has some interesting properties (the Hensley simplex)
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Upper bounds

Our approach to upper bounds

Deal with Sd (1) first and then with Pd (1)

Theorem (Minkowski’s first fundamental theorem)

Let K ⊆ Rd be a compact convex set with K = −K . Then:

int(K) ∩ Zd = {0} ⇒ vol(K) ≤ 2d .

Message

Under the 0-symmetry assumption, the complicated condition int(K) ∩ Zd = {0} is
relaxed to an easier condition vol(K) ≤ 2d .
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Reduction to the 0-symmetric case

Start with
S = conv(p1, . . . , pd+1) ∈ Sd (1),
where 0 ∈ int(S).

Consider S ∪ (−S).

Combine inequalities describing S
and −S .

Get a parallelotope P ⊆ S ∪ (−S).

Minkowski ⇒ vol(P) ≤ 2d .

−pj

pj
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vol(P) vs. vol(S)

Barycentric coordinates of 0:

0 = β1p1 + . . .+ βd+1pd+1

1 = β1 + . . .+ βd+1.

Compute ratio vol(S)/ vol(P) in other
coordinates (affine transformation)

vol(S)

vol(P)
=

1

d!2d
∏

i∈I βi
I = {1, . . . , d+1}\{j}.

⇒

vol(S) ≤ 1

d!
∏

i∈I βi
, whenever |I | = d

0 e1

e2

β2

β1
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Bounding the volume of S ∈ Sd (1)

Upper bounds on S ! Lower bounds on β1, . . . , βd+1

Hensley: Diophantine approximation ⇒

min{β1, . . . , βd+1} ≥ 2−2poly(d)

.

Argument of Hensley: a geometric component + an analytic component (estimates).
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Product-sum inequalities

We improve Hensley’s argument

Lemma (Determinant lemma)

Let A ∈ Rd×d be an invertible matrix such that{
z ∈ Zd : ‖Az‖∞ < 1

}
= {0}.

Then

| det(A)| ≥ 1.

Proof:

Minkowski for K = A−1[−1, 1]d .

Message

The complicated set of invertible A such that ‖Az‖∞ < 1 has only one integer solution
z = 0 is relaxed to the easier set{

A ∈ Rd×d : | det(A)| ≥ 1
}
.
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Product-sum inequalities

Theorem (A. 2012)

Let S ∈ Sd (1) and let β1, . . . , βd+1 be the barycentric coordinates of the unique interior
lattice point of S . Then

∏
i∈I

βi ≤
∑
i∈J

βj for every partition (I , J) of {1, . . . , d + 1}

The same message

The complicated set of the vectors (β1, . . . , βd+1) of barycentric coordinates of interior
lattice points of S ∈ Sd (1) is relaxed to a set of barycentric coordinates described by the
product-sum inequalities.
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Sketch of the proof (1)

An arbitrary rational point in
aff(p1, . . . , pi )

r :=
m1

m
p1 + · · ·+ mi

m
pi

m1, . . . ,mi ∈ Z, m ∈ N
m = m1 + · · ·+ mi

Equivalence for −mr ∈ Zn:

−mr ∈ int(S)

⇔
(m + 1)β1 −m1 > 0

. . .

(m + 1)βi −mi > 0

r

−mr

0
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Sketch of the proof (2): Equivalent systems, up to ±(m,m1, . . . ,mi )

m ∈ N, m1, . . . ,mi ∈ Z
m1 + . . .+ mi = m

1

β1
m1 −m < 1

. . .

1

βi
mi −m < 1

(m1, . . . ,mi ,m) ∈ Zi+1 \ (0, . . . , 0, 0)

|m1 + . . .+ mi −m| < 1,

| 1

β1
m1 −m| < 1

. . .

| 1

βi
mi −m| < 1
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Sketch of the proof (3)

Matrix form:

(m1, . . . ,mi ,m) ∈ Zi+1 \ (0, . . . , 0, 0)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥


1
β1

−1

. . .
...

1
βi

−1

−1 · · · −1 1


︸ ︷︷ ︸

=:A


m1

...
mi

m



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
∞

< 1

det(A) =
1− (β1 + · · ·+ βi )

β1 · · ·βi

determinant lemma ⇒ | det(A)| ≥ 1

⇒ conclusion
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Product-sum inequalities  lower bounds on the barycentric coordinates

Sort barycentric coordinates: β1 ≥ . . . ≥ βd+1

⇒ only d non-redundant inequalities:

β1 · · ·βj ≤ βj+1 + . . .+ βd+1 ∀j ∈ {1, . . . , d}

⇒ (easy estimation)

βj ≥ (d + 1)−2j−1

∀j ∈ {1, . . . , d + 1}

⇒

vol(S) ≤ (d + 1)2d−1

d!
∀S ∈ Sd (1)

Quite a good bound

(but not the best one)
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βj ≥ (d + 1)−2j−1

∀j ∈ {1, . . . , d + 1}

⇒

vol(S) ≤ (d + 1)2d−1

d!
∀S ∈ Sd (1)

Quite a good bound (but not the best one)
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Improvements

To improve volume bounds we need a better bound for β1 · · ·βd in the estimate

vol(S) ≤ 1

d!β1 · · ·βd
.

The next step is an analytical one: let β1, . . . , βd+1 be just real variables satisfying:

β1 · · ·βj ≤ βj+1 + . . .+ βd+1 (product-sum)

β1 + · · ·+ βd+1 = 1 (normalization)

β1 ≥ . . . ≥ βd+1 ≥ 0 (ordering)

Minimize β1 · · ·βd .
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A very similar problem considered by Izhboldin & Kurliandchik, Kvant, 1987
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Learning from Izhboldin & Kurliandchik (1)

Consider
1

a1
+ . . .+

1

ad+1
= 1

with natural numbers a1 ≤ . . . ≤ ad+1 ≤ 1.

Problem: exact upper bound on the largest denominator ad+1.

The set of such Egyptian partitions is complicated. Let’s relax it to a simpler set.

For each 1 ≤ j < d + 1 one has

1

a1
+ . . .+

1

aj
< 1.

The left hand side can be written as fraction with the denominator a1 · · · ai . Thus,
the gap is at least 1

a1···aj
.

That is,
1

a1
+ . . .+

1

aj
+

1

a1 · · · aj
≤ 1.

Denoting 1
ai

=: βi , this can be written as

β1 + · · ·+ βj + β1 · · ·βj ≤ 1.

These are exactly the product-sum inequalities!
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Learning from Izhboldin & Kurliandchik (2)

Minimize βd+1 subject to (product-sum,normalization,ordering)

Minimization of β1 . . . βd+1 is an easier task.

So, they first minimize β1 . . . βd+1

Minimum of β1 . . . βd+1 attained if and only if

β1 =
1

s1
, . . . , βd =

1

sd
, βd+1 =

1

sd+1 − 1

Proof: perturbation argument.

Minimization of βd+1 is solved as well, because

β1 . . . βd+1 ≤ β2
d+1

and for the above optimal solution the equality is attained.
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A conjecture of Hensley

Hensley (1983) conjectures that within Sd (1) the value βd+1 is minimized for

conv(0, s1e1, . . . , sd ed )

Izhboldin & Kurliandchik (1987) + A. (2012)

⇒ Hensley’s conjecture is true
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Back to volume estimates within Sd (1)

We want an upper bound for vol(S) for S ∈ Sd (1).

Minimizing β1 · · ·βd subject to (product-sum,normalization,ordering) we get:

Theorem (A. & Krümpelmann & Nill 2015)

For d ≥ 3, the simplex

conv(0, s1e1, . . . , sd−1ed , 2(sd − 1)ed )

maximizes the volume within Sd (1).

Furthermore: the maximizer is unique for d ≥ 4.
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Theorem (A. & Krümpelmann & Nill 2015)

For d ≥ 3, the simplex

conv(0, s1e1, . . . , sd−1ed , 2(sd − 1)ed )

maximizes the volume within Sd (1).

Furthermore: the maximizer is unique for d ≥ 4.

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 28 / 43



Back to volume estimates within Sd (1)

We want an upper bound for vol(S) for S ∈ Sd (1).

Minimizing β1 · · ·βd subject to (product-sum,normalization,ordering) we get:
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Example: d = 3 (Keep in mind: s1 = 2, s2 = 3, s3 = 7)

 Minimizer of βd+1 ( 1
2
, 1

3
, 1

7
, 1

42
) conv(0, 2e1, 3e2, 7e3)

 Maximizer of volume ( 1
2
, 1

3
, 1

12
, 1

12
) conv(0, 2e1, 3e2, 12e3)

 Another maximizer of volume ( 1
2
, 1

6
, 1

6
, 1

6
) conv(0, 2e1, 6e2, 6e3)
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Approach

The objective function β1 · · ·βd is tricky!

First, we determine a finite set in which, the optimal solution lies (perturbation
argument).

Then, we compare solutions in the finite set.
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Volume bounds within Pd (1)

Coefficient of asymmetry

For a compact convex set K ⊆ Rd with 0 ∈ int(K), the coefficient of asymmetry with
respect to 0 is

ac(K , 0) := max

{
‖a‖
‖b‖ : a, b ∈ bd(K), 0 ∈ [a, b]

}
.

a

0

b

Observe

One has ac(K , 0) ≥ 1 and

ac(K , 0) = 1 ⇔ K is 0-symmetric
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Theorem (Mahler)

For every compact convex set K ⊆ Rd one has:

int(K) ∩ Zd = {0} ⇒ vol(K) ≤ (1 + ac(K , 0))d .

Upper bounds on ac(P, 0) imply upper bounds on vol(P) for P ∈ Pd (1).
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Observe

For S ∈ Sd (1) with int(S) ∩ Zd = {0} one has

ac(S , 0) =
1

βd+1
− 1,

where βd+1 is the smallest barycentric coordinate of 0.

conv(s1e1, . . . , sd ed ) – unique minimizer of βd+1 within Sd (1)

⇒ conv(s1e1, . . . , sd ed ) – unique maximizer of the asymmetry coefficient within
Sd (1).

The maximum asymmetry coefficient is sd+1 − 2.

This can be extended

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 33 / 43



Observe

For S ∈ Sd (1) with int(S) ∩ Zd = {0} one has

ac(S , 0) =
1

βd+1
− 1,

where βd+1 is the smallest barycentric coordinate of 0.

conv(s1e1, . . . , sd ed ) – unique minimizer of βd+1 within Sd (1)

⇒ conv(s1e1, . . . , sd ed ) – unique maximizer of the asymmetry coefficient within
Sd (1).

The maximum asymmetry coefficient is sd+1 − 2.

This can be extended

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 33 / 43



Observe

For S ∈ Sd (1) with int(S) ∩ Zd = {0} one has

ac(S , 0) =
1

βd+1
− 1,

where βd+1 is the smallest barycentric coordinate of 0.

conv(s1e1, . . . , sd ed ) – unique minimizer of βd+1 within Sd (1)

⇒ conv(s1e1, . . . , sd ed ) – unique maximizer of the asymmetry coefficient within
Sd (1).

The maximum asymmetry coefficient is sd+1 − 2.

This can be extended

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 33 / 43



Observe

For S ∈ Sd (1) with int(S) ∩ Zd = {0} one has

ac(S , 0) =
1

βd+1
− 1,

where βd+1 is the smallest barycentric coordinate of 0.

conv(s1e1, . . . , sd ed ) – unique minimizer of βd+1 within Sd (1)

⇒ conv(s1e1, . . . , sd ed ) – unique maximizer of the asymmetry coefficient within
Sd (1).

The maximum asymmetry coefficient is sd+1 − 2.

This can be extended

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 33 / 43



Observe

For S ∈ Sd (1) with int(S) ∩ Zd = {0} one has

ac(S , 0) =
1

βd+1
− 1,

where βd+1 is the smallest barycentric coordinate of 0.

conv(s1e1, . . . , sd ed ) – unique minimizer of βd+1 within Sd (1)

⇒ conv(s1e1, . . . , sd ed ) – unique maximizer of the asymmetry coefficient within
Sd (1).

The maximum asymmetry coefficient is sd+1 − 2.

This can be extended

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 33 / 43



Observe

For S ∈ Sd (1) with int(S) ∩ Zd = {0} one has

ac(S , 0) =
1

βd+1
− 1,

where βd+1 is the smallest barycentric coordinate of 0.

conv(s1e1, . . . , sd ed ) – unique minimizer of βd+1 within Sd (1)

⇒ conv(s1e1, . . . , sd ed ) – unique maximizer of the asymmetry coefficient within
Sd (1).

The maximum asymmetry coefficient is sd+1 − 2.

This can be extended

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 33 / 43



Theorem (A. & Krümpelmann & Nill 2015)

The simplex conv(0, s1e1, . . . , sd ed ) is the unique polytope in Pd (1) maximizing the
coefficient of asymmetry.

In combination with Mahler’s inequality the latter gives

Corollary (A. & Krümpelmann & Nill 2015)

vol(P) ≤ (sd+1 − 1)d ∀P ∈ Pd (1)
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Corollary (A. & Krümpelmann & Nill 2015)

vol(P) ≤ (sd+1 − 1)d ∀P ∈ Pd (1)

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 34 / 43
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Corollary (A. & Krümpelmann & Nill 2015)

vol(P) ≤ (sd+1 − 1)d ∀P ∈ Pd (1)

G. Averkov (OvGU Magdeburg) Minkowski-type theorems 34 / 43



Proof idea

Consider an ‘extremal chord’ (starting in a vertex) of P ∈ Pd (1). There is a lattice
simplex of dimension ≤ d which is at least as asymmetric as P (see figure).
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Further results

Further results (1): A. & Krümpelmann & Nill 2015

For S ∈ Sd (1) with int(S) ∩ Zd = {0} we also get sharp upper bounds on:

i-dimensional volume of i-dimensional faces

Dual volume vol(S∗)

I recently extended to Pd (1) by Balletti & Kasprzyk & Nill

Volume product vol(S) vol(S∗)

The i-th barycentric coordinate βi

For some of the quantities: characterization of equality case.

Approach

Solve Izhboldin & Kurliandchik type optimization problems with other choices of
objective functions.

Characterization of equality cases involves some number-theoretic considerations.
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Further results (2): A. & Krümpelmann & Nill 2015

Sharp bounds on the lattice diameter for

Arbitrary P ∈ Pd (k) with k ≥ 1

Lineality-space maximal P ∈ Pd (0)

Approach

We re-use an argument from a paper by A. & Wagner & Weismantel 2011
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Outlook

A. & Krümpelmann & Nill (work in progress)

‘Nearly optimal’ volume bounds for S ∈ Sd (k) with k ≥ 1.

Open problems

What is the maximum volume of P ∈ Pd (1) ?

How asymmetric is a lattice polytope P ∈ P(Zd ) with respect to its most
‘symmetric’ interior lattice point? (Provided int(P) ∩ Zd 6= ∅).

I Pikhurko conjectures that a certain simplex with two interior lattice points is extremal.
I Question is open for every d ≥ 2.

Description of Ehrhart polynomials (open for every dimension d ≥ 3)

I vol(P) vs. |P ∩ Zd | vs. | int(P) ∩ Zd |
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Thank you for your attention!
Happy Christmas time!
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