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Exercise 1. Let K be a number field. Recall that K is called totally real if all its embeddings
into C lie in R, and K is called totally imaginary if all its embeddings into C do not lie in R.
The field K is called a CM field if K is a quadratic extension of a totally real number field F'.

(a) Show that a number field K is a CM field if and only if there exists a totally real field
F and an element « € F such that K = F(y/a), where a is an element in F the image
of which under any embedding F' — C is a negative real number.

(b) Let K be a CM field. Compute the rank of the unit group Ui of K.

(c¢) Let F' be a totally real field, and let K be a totally imaginary quadratic extension of F'.
Compute the rank of the unit group U of F', and conclude that Ur C Uk is a subgroup
of finite index.

(d) Let F' be a totally real field, and let K be a totally imaginary quadratic extension of
F. Let a — @ be the nontrivial automorphism of K fixing F. Then p(a) = p(a) for all
homomorphisms p : K — C, where p(a) means the complex conjugate of the complex
number p(a).

(e) Notations and conventions are as in (d). Show that for all a € Ug the element & € u(K).
(Hint: We have shown in the class that an algebraic integer is in p(K) if all of its
conjugates in C have absolute value 1.)

(f) Notations and conventions are as in (e). Show that the map

¢ Uk — p(K)/p(K)?
2o @
a
is a group homomorphism.
(g) Notations and conventions are as in (f). Show that Ker(¢) = pu(K)Up.

(h) Notations and conventions are as in (g). Show that p(K)Ur as a subgroup of Uk has
index 1 or 2.

Exercise 2. Let (, be a primitive n-th root of 1, n > 2. Define K := Q(({,) and F :=
QG + ¢ 1)
(a) Show that F' is totally real.

(b) Show that K is totally imaginary.
(c) Show that K is a CM field.

If you want your solutions to be corrected, please hand them in just before the lecture on June 20, 2017. If
you have any questions concerning these exercises you can contact Dr. Lei Zhang via 1.zhang@fu-berlin.de or
come to Arnimallee 3 112A.
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