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Exercise 1. (6 points)
Determine the Christoffel symbols for the following surfaces:

i) fi:[-%,%]x[0,2m) = R3, (u,v) — (cos(u) cos(v), cos(u) sin(v), sin(u)) and

ii) fo:[0,27) x [0,27) = R3, (u,v) > ((R+7cos(u)) cos(v), (R+7 cos(u))sin(v), rsin(u)), 0 < r < R.
Exercise 2. (6 points)
Let ¢ = foy be a curve parametrized by arc length which is contained in a surface patch f : Q ¢ R? — R3,

The Darbouz frame {T, B, N} is defined by the relations T'(s) := ¢/(s), B(s) = N(s) x T(s), and N(s) is
the surface normal at ¢(s). The frame equations of this generalized frame are

T’ 0 Kg  Kn T
B'l=|-k, 0 14 B, (1)
N’ —kn —Tg O N

where k4 is the geodesic curvature, K, the normal curvature, and 7, the geodesic torsion.
i) Derive the Darboux equations.

ii) Show that the normal curvature k, satisfies xk, = b(7/,7’), and that the curvature of ¢ satisfies
2

KRS = ng + n%.
iii) Show that if ¢ is a Frenet curve and an asymptotic line (i.e. £,(s) = 0 for all s) then the geodesic
torsion is equal to the torsion of the Frenet frame (i.e. 7,(s) = 7(s)).

Exercise 3. (4 points)
Let 2 : Q — R be a C%-function and let f: Q — R (u,v) — (u,v,2(u,v)) denote its graph. Show that
the second fundamental form of f is given by

1

(bij) = Whess(z). (2)



